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H Bargaining with outside investors

This Appendix shows that introducing bargaining is equivalent to reducing the arrival rate
of outside investors. To simplify the presentation, we start by considering the case of a firm
with no growth option before turning to the general case.

If the firm has mean cash flow rate p; and no growth option, its optimization problem

can be formulated as

Vile) = sup B [/ e (dD, — (f, + nS(CT|(m V)))AN.) + 78, (53)

TEO

where
S(CEL|(m, Vi) = Vi(CF) = Vi(CL) = fi = Vi(CZ + fo) = Vi(CL) — fi

represents the financing surplus associated with the strategy m = (D, f), and © denotes the

set of dividend and financing strategies such that
70
E. [ / eP(dD, + f.AN,)| < oo,
0

Since the firm value appears in the objective function, the optimization problem in (53) is
akin to a rational expectations problem: When bargaining over financing, outside investors
have to correctly anticipate the strategy that the firm will use in the future. Accordingly, if
the function V; satisfies (53) and 7* € © attains the supremum, then we say that (7*,V;) is
a rational expectations equilibrium for the firm.

In order to simplify the construction of such an equilibrium, consider the equivalent

probability measure P* defined by

dP*

=™ (1 —n)™ t>
7P i G >0,

Fi

and observe that due to Girsanov’s theorem for jump processes (see Dellacherie and Meyer
(1980, VII.45-50)) the Poisson process has intensity \* = A(1 — n) under P*. Let also ©*

denote the set of strategies such that

T0
E? {/ e P(dDs + fsdNy)| < 0.
0



The following proposition shows that a rational expectations equilibrium can be constructed
by considering the optimization problem of an auxiliary firm for which investors arrive at

rate A* and do not bargain over the terms of financing.

Proposition H.1 Consider the optimization problem defined by

70

V*(¢) = sup E {/ e P(dDg — fsdNg) + e ™l | .
TEO* 0

and assume that the function V;* is Lipschitz continuous. If there exists a strategy ™ € ©*NO

that attains the above supremum then (7*, V*) constitutes a rational expectations equilibrium.

Proof. Let (7*, V") be as in the statement. Using the definition of the optimization problem
together with standard dynamic programming arguments, we deduce that

tATo
XP = e CE) 4 [ e D - LN

0+

is a supermartingale under P* for any strategy m and a martingale for the optimal strategy

m*. By application of the Doob-Meyer decomposition this implies that for every = there

exists a predictable process " and a non-decreasing process A™ such that
t t
X[ =V(CF) —1—/ (97dBs — dAT) + / e PPAX(dNs; — N'ds)
0 0
t t
—V(CF) + [ 02aB - dAT) ¢ [ AV (CD) - £)(aN, - N
0 0

where AZ;, = Z; — limy, Zs denotes the jump in the process Z and the last equality follows

from the definition of the process X™. This in turn implies that
tATo
V= IV G+ [ ADs = (o4 nS(CE |, V)N,
0

t
— X7+ / e Pn(AV(CT) — £,)dN,
0
t

V) + [ OIB AT+ [ - ) @VI(CT) - LN, - Mds)

0 0

is a supermartingale under P for any strategy m and a local martingale under P for the



optimal strategy n*. In particular, we have

Vit(e) = Y = AV (Cg) = Ec[Y[T] = AV(CF)

r tATo ]

= E, |e PV )+ / e "*(dDs — (fs +nS(CL|(m, V")) dN5)

L 0+ -
— AV(CF)

tATo
> E, eV (O ) + / e (dD, — (f, + nS(CL_|(x, V;")))dN.)
0

for all t > 0 and every m where the last inequality follows from the fact that

Vi*(c) =z sup(z + Vi'(c — x)) .
x>0

Using the assumed Lipschitz continuity of the function V* together with the dynamics of

the cash buffer process it can be shown that
70
sup |Y/"| < Ag + Ayml, + AQ/ e P(dDg + fsdNjs) (54)
t>0 0

for some constants (A;)?_, where

t
/ e "odB,
0

Since the right hand side of equation (54) is integrable for any © € © it follows from the

*
m, = sup
s<t

dominated convergence theorem and the definition of V;* that

V() > sup E. [ / " e (dD, — (fu + 0S(CT|(x, V)N, + e-mv;*w)] (55)

TEO

=sup E, [/ e P(dDgs — (fs + nS(CT_|(m, V;¥)))dNy) + e’”o&] )
0

TEO

On the other hand, if (7,,)3%, denotes a localizing sequence of stopping times for the local



martingale Y™ then

V(o) =Yy — AVS(CF) = B [Y] + ADj] — AV (CF) — ADy

TONTn
= B | MO, )+ / e”S(dDZ—(fs+nS(C§*I(W*M*)))st)]
0

"(CF) — AD;

ToNTR
= B e+ [ e—ﬂSdD:—<fs+ns<c:i|<w*,w*>>>st>]
0

where the last equality follows from the fact that

V() = ADg + Vi’ (c — ADj) = AD; + Vi (CF)

7

due to the assumed optimality of 7*. Since 7* € O it follows from equation (54), the

dominated convergence theorem and the definition of the function V;* that

70
Vitle) = Ee {/ e™(dD; — (fs + nS(CT|(x", Vi)))dN,) + e~ (56)
0
Combining equations (55) and (56) shows that (7*, V;*) is a rational expectations equilibrium

and completes the proof. [ |

Having dealt with the case of a firm with no growth option, we now turn to the case of a
firm that possesses an option to expand operations. Let (77, V}*) be a rational expectations
equilibrium after investment that satisfies the conditions of Proposition H.1 and denote by II
(resp. IT*) the set of triples m = (D, f,T") where T is a stopping time and (D, f) € © (resp.
©*) is a dividend and financing strategy. Relying on dynamic programming arguments, we

have that the optimization problem of such a firm can be formulated as

V(c) = sup E.

mell

/oTOA e (dDs = [fs + nS(CT[(m, V, Vi) ]dN;) (57)

+ Linperye Lo + >y PV (CF)

where

S(CLN(m, VoVD) = Lueny VICE + fi) + L=y Vi (CL + for = K) = V(CL) = /i



represents the financing and investment surplus. In accordance with our previous definition,
(m*, V, V{*) forms a rational expectations equilibrium if (V) V}*) satisfy (57) and 7* € IT attains
the supremum. The following proposition is the direct counterpart of Proposition H.1 for

the case of a firm with a growth option.

Proposition H.2 Consider the optimization problem defined by

V*(c) = sup E

mell*

ToNT
/ e™*(dDy — fodNy) + Lmyarye ™ by + Limy>rye "V (CF)
0

and assume that the function V* is Lipschitz continuous. If there exists m* € 1I* N 1I that
attains the above supremum then the triple (7*, V* V*) constitutes a rational expectations

equilibrium.

Proof. The proof is similar to that of Proposition H.1 and therefore is omitted. [ |

I High-contact condition

This Appendix shows why the high-contact condition in Dumas (1991) can be applied in
Section 2.1 and throughout the paper. By Lemma B.2 in the main appendix we have that

. _ - /H— Ti,0 _ Gz<b)E(C> B Fl(b>Gl(C)
) — B o=t _ E(0)Gi(e) = Gi(0)Fi(c)
Hi(cy b) - Ec [6 ( ) 1{Ti;b§7'i,0}:| - Gz(b)E(O) . Fz(b)Gl(())’

where the functions Fi(c) and G;(c) are two linearly independent solutions to the second

order ordinary differential equation

Ap(c) = Lig(c).

Using these properties in conjunction with equations (5) and (8) of the main text allows us

to derive an explicit expression for the value v;(b;b) at the boundary. Now let

0v;(c; b)
dc

fz’(C; b) =

denote the function describing the first order condition with respect to the barrier level.

Combining the result of the first step with equation (8) of the main text and the definition

6



of the functions F;(c) and G;(c), we easily get

pH;(c Nb;b) A1 — L(cAb;b))
_'_
Atp A4p

fi(e;0) = fi(b; b) : c;b > 0.
Since the bracketed term on the right hand side is strictly positive for all b > 0 and ¢ > 0
we obtain that the validity of the first order condition at ¢ = b is equivalent to its validity

at all ¢ > 0. To conclude the argument let

0?v;(b; b)

o 0

gi(b) =
denote the function describing the high contact condition. A direct calculation using once
again (8) and the definition of the functions Fj(c) and G;(c) shows that

A OLi(b;b)  p OH(bib)

9:(b) = fi(b: ) A+p  Oc _A+p Oc

(58)

The function H;(c;b) is increasing while the function L;(c; b) is decreasing and therefore we
have that the bracketed term on the right hand side is negative or zero. Since these two

functions are linearly independent by construction we have that their Wronskian determinant

OHi(c;b)
Oc

WIH;, Li)(¢;b) = Li(c; ) Hi(c: b)%
is everywhere different from zero and combining this with the fact that H;(b;b) — 1 =

L;(b;b) = 0 we deduce that ‘%g—(cb;b) < 0. This in turn implies that the bracketed term
on the right hand side of (58) is strictly negative and it follows that the first order condition

is equivalent to the high contact condition.

J Probabilities of investment

The probabilities of investment from internal and external funds can be computed as

Pi(c)
Pg(c)

f(e;(0,C)),
1= f(¢;(0,CF)) — g(c; (0,CF))



for K < K**, and

PI<C) = 1{C>Cz}f(c; (CZM CI*{))a
Pp(c) =1ie<cyy (1= h(e A Cyy; (0, Cy)))
+ Yescpy (1= f(6 (CL, CR)) — 9(c; (CL, C))h(Cy; (0, Ty )

otherwise. In these equations, the bounded functions f, g and h are defined by

f(c; (Au B)) = E. [e_ATOYBl{To,BSTo,A}] )
9(¢; (A, B)) = E. [e ™ 7 y<rop)] »
hles (4, B)) = B, [ 0],

for some A < B where 7y denotes the first time that the uncontrolled cash buffer process
with mean cash flow rate o reaches the nonnegative level b and 74(B) denotes the first time
that the cash buffer process with mean cash flow rate j reaches the level A < B given that
it is reflected from above at the level B.

The following proposition relies on standard methods to provide closed form expressions

for the functions f, g and h and thereby allows to compute the probabilities of investment.

Proposition J.1 The functions f, g and h solve
1
(re + po)d'(c) + 50%5"(0) — Xo(c;b) =0, c € (A, B),

subject to the boundary conditions

=
=

A,B)) = g(B; (A, B))
9(A; (A, B)) = f(B; (A, B))
h(Aa (A>B)) =1- h/<B; (A> B)) =1,

0
1

9
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and are explicitly given by

( ) (C) F()(A)G[)(C)
fe,(A,B)) = Go(A)VF, (B) Fo(A)Go(B) + Fo(A)Go(B) — Go(A)Fo(B)’
Go(B) Fy(c) Fo(B)Go(c)
9(c, (4, B)) = RLATGH(E) - Col AR (B) Gl ATR(B) — Fo( AT (B
(e (43 B)) = ——— o BN s

Fo(AVGY(B) — ColAFLB) * CalAVFLB) — Fo(AC(B)

where the functions Fy and Gy are defined in equations (35) and (36).

K Gambling

K.1 Proof of the results in Section 3.1

In this Appendix we establish the results of section 3.1 regarding the optimal policies of
the firm in an environment where management is allowed to engage in risky gambles. Since
Vi(c) is concave we have that the firm never gambles post-investment, and it follows that
the critical investment cost that determines the present value of the growth option remains
unchanged when the firm is allowed to gamble. Accordingly, we assume throughout this
Appendix that K < K* so that the growth option has strictly positive net present value.
The method of proof that we use is similar to that of the previous appendices: We will
construct a solution to the HJB equation and then rely on verification arguments to show

that this solution coincides with the value of the firm. Consider the operator

d2

Lo=Lo+ 5 G2d2

and let L*¢(c) = max{Lop(c), Lop(c)}. With this notation we have that the HJB equation

associated with the firm’s problem is given by
max{L*V(c) + \(V1(C}) = Cf — K +c—V(c)),Vi(c— K) = V(e),1 = V'(c)} = 0,(59)

subject to the initial condition V' (0) = ¢y. Assume that the firm invests from internal funds
at some level b > K of cash reserves and denote by v(¢; b) the corresponding value. Following

the same logic as in the previous appendices we expect that given the optimal threshold this



function satisfies both the value matching condition
v(c;b) = Vi(e — K), c>b,

and the smooth pasting condition
v'(b;b) = V{(b— K).

Combining these conditions with the definition of V;(¢) and the fact that v(c; b) must satisfy

the differential equation
Lv(e;b) + A(VA(CT) = C7 — K4+ c—wv(c;bh) =0 (60)

in a left neighborhood of b we deduce that signv”(b; b) = signZ(b — K') where

2

Z(e) = (m — o = rK)V{(0) + S V/'(c).

This shows that the second derivative at b has the same sign as Z(b — K), and allows to
easily determine when a given investment threshold will give rise to gambling. Building on

this observation we now construct an auxiliary function I'(¢; b) as follows:

CaAse 1: Ir Z(b — K) < 0 then we define I'(¢; b) as the unique solution to

Lol(c;0) + AX(VA(CY) —Cf — K +c¢—T(c;b)) =0, c€[0,0] (61)
subject to the value matching and smooth pasting conditions

[(c;b) — Vi(e— K) =T"(b;b) — V] (b— K), c>b.

In this case it follows from Lemmas B.5 and B.6 imply that the function I'(¢;b) is concave
and satisfies I'V(¢;b) > 1 for all ¢ > 0 as well as I'(¢; b)) > Vi(c — K) for ¢ > K.

CAsE 2: Ir Z(b — K) > 0 then the function is convex in a left neighborhood of b and it

follows that the strategy will involve gambling. In this case we let

[(c;b) =T(c;b),  c € [bi(D), 0],

10



where the function on the right hand side is the unique solution to

LeD(e;b) + X (VA(CY) = Cf = K +c—T(¢b)) =0, ce0,0], (62)
[(c;b) — Vi(c— K) =T'(b;b) — V] (b — K), c € [b,00)

and the constant
bi(b) =sup{0 <a <b:T"(a;b) <0or IV(a;b) <1} >0

defines the lower end-point of the last interval over which the function I'(c;b) is convex with
a derivative greater or equal to one. If b7(b) = 0 then I'(c;b) is convex with a derivative

larger than one over the whole interval [0, b]. Otherwise, two subcases may arise:

CASE 2.A: IF bi(b) AZ(b — K) > 0 and T"(b%(b),b) = 1 then the firm should distribute a
lumpsum dividend and abandon the option of financing investment with internal funds. In

this case we let
[(c;b) = w(c; b3(b), ¢ €[0,b7(b)]

where the function w(c;b5(b)) is defined as in Appendix E and the constant b5(b) is the

unique solution to the linear equation

_ prbs() + AA(CT) — OF — K+ b5(b))

b3(b) — by (b) + T(by(b), b) PR

Note that, by definition, the right hand side coincides with the value w(b%(b); b5(b)) of the
function w(e; b3(b)) at the target level of cash holdings.

CASE 2.B: Ir b(b) AZ(b— K) > 0 and (b (b),b) = 0, then the firm will stop gambling at
the point where its cash reserves fall to bi(b), but will not abandon the option of financing
investment with internal funds as the marginal value of cash remains strictly above one. In

this case we let

D(c;b) =T(c;b),  c€0,bi(b)],

11



where the function on the right hand side is the unique solution to
Lol(eb) + AA(CY) = € — K +c—T(esh) =0, ce [0,b(0))
subject to the value matching and smooth pasting conditions
D(b1(b);b) — T(b7(b); b) = T (b7 (b); b) — T’ (b3 (b); b) = 0.

Note that in this case the function I'(c; b) is twice continuously differentiable over the interval
(0,b) since the function T'(c; b) satisfies the differential equation (62) and I (b3(b), b) = 0.

Consider now the functional transformation of Lemma D.1 corresponding to the second

order differential operator

d 1 ,d

A direct calculation implies that under this transformation I'(¢; b) is convex while V;(c — K)

is linear and, since these functions are tangent at ¢ = b, we deduce that
[(e;b) > Vi(e — K), c> K.

Furthermore, the function I'(¢;b) solves (60) with a derivative that is always greater than
or equal to one and therefore satisfies (59). To obtain a solution of the HJB equation it
now only remains to show that b can be chosen so that the initial condition I'(0;b) = ¢ is
satisfied.

Lemma K.1 When I'(0; K) < £y the value function is given by V(c;G) = I'(¢; Cg) where
the constant Cg is the unique solution to I'(0; Cq) = £y in [K,C} + K).

Proof. The existence of a solution with the required property will follow by continuity once
we show that I'(0; C} + K) > {y. By construction, we have that

(O + K;Cf+ K)—1=0<I"(CF + K;CF + K)

where the inequality follows from the fact that since K < K* we have Z(CY) > 0 by Lemma
C.3. This immediately implies that bj(CY + K) = Cf + K, and it now follows from the

12



construction of the function I'(c; b) that we have
['(e;CF + K) = w(ce; b3(CT + K)).

Assume towards a contradiction that we have I'(0; C} + K) < ¢y. Using the above expression
together with the same argument as in the proof of Lemma E.1 then shows that Cf}, >
b3(C + K), which contradicts Lemma E.3 and it follows that there exists a solution C with
the required property. Given this solution, we have that I'(¢; Cg) solves the HJB equation,
and the verification arguments Lemmas F.1 and F.5 show that it coincides with the value of

the firm. In particular, the solution C'g has to be unique, and the proof is complete. [ |

When I'(0; K) > /¢y it should be optimal to invest as soon as possible and liquidate
afterwards if investment is financed from internal funds. In this case the smooth pasting
condition does not hold and, as a result, we need another function to describe the value of
the firm. Let

(p+ M6 — AN(CT) — )

°= po + 1K

and consider, for each a > 1, the function defined as follows:

CASE 1”: IF a > Q then we define the function ¢ (c; a) as the unique solution to
Lop(c;a) + A(Vi(CT) = CF = K +c—1(ca)) =0,  ce[0,K],
subject to the boundary conditions
V(K;a) —a=1v(c;a) — Vi(c — K), c> K.
In this case we have that
2

%q/z”(K; a) = (rK + uo)(Q —a) <0

and an application of Lemma B.7 shows that the function 1(c; a) is concave with a derivative

that is everywhere greater or equal to one.

13



CASE 2: If a < Q then we let

iﬁ(c; CL) = %(C; a)a ce [5T(a)7 OO),

where the function on the right hand side is the unique continuously differentiable solution

to the differential equation

Latho(c;a) + A(Vi(C]) = Cf = K +c—=¢o(c;a)) =0, ce[0,K], (63)
subject to

o(c;a) = Vi(e— K) =y, (K;a) —a =0, c € [K, ),
and the constant

Bi(a) =sup{0 < c < K :4/(c;a) <0 or Yl (c;a) <1} >0

defines the lower end-point of the last interval over which the function 1, (c; a) is convex with

a derivative greater than or equal to one. By construction, we have ¢/ (K;a) = a > 1 and
1
(0" + G a) = (K + 110)(Q —a) > 0

so that the function 1(c; a) is convex in a neighborhood of the investment cost. If 57(a) =0
then it is convex with a derivative greater or equal to one over [0, K|. Otherwise, two further

subcases may arise:

CaseE 2'A: If a < Q and ¢/ (Bi(a);a) = 1 then the firm should distribute a lumpsum
dividend and abandon the option of financing investment with internal funds. In this case

we let

U(ca) = w(e; B3(a)),  cel0,55(a)

where the function w(c; 85(a)) is defined as in Appendix E and the constant 5(a) is the

unique solution to the linear equation

. ] ooy FrBi(a) + AVI(CT) — CF — K + f3(a))
B3(a) = Bi(a) + ¢ (Pi(a); a) = PR :

14



Note that, by definition, the right hand side coincides with the value w(f3;(a); 85(a)) of the
function w(c; f5(a)) at the target level of cash holdings.

CASE 2'B: If a < Q and ¢(f7(a); a) = 0 then we let

Y(c;a) = Pp(cia),  cel0,pi(a)],

where the function on the right hand side is the unique continuously differentiable solution

to the differential equation
Lothp(c;0) + Al(c) = K +4p(c;a)) =0, c€0,51(a)],
subject to the value matching and smooth pasting conditions

Up(B1(a); a) — vo(Bi(a); a) = Yy, (Bi(a); a) — ¥o(Bi(a); a) = 0.

Note that in this case ¢(c;a) is twice continuously differentiable over (0, K') since ¢,(c; b)
satisfies both the differential equation (63) and ¢/ (5;(a);a) = 0.

Lemma K.2 When I'(0; K) > {y the value of the firm is given by V(c;G) = (c¢;a”)
where the constant a* is the unique solution to ¥(0;a*) = £y in (V/(0),00) and there is

no intermediate dividend distribution region.

Proof. By construction we have that ¢ (c; V{(0)) = I'(¢; K). Therefore the result follows
from the same arguments as in the proof of Lemma K.1. In particular, we have that for any
constant a > Q the function ¥ (c;a) is concave with a derivative greater or equal to one.
This implies
lim ¢(0;a) < lim (—aK + $(K;a)) = —oc

and the existence of a solution to ¥(0;a*) = ¢y follows by continuity and the intermediate
value theorem. Given the value a* of the derivative at the boundary it is easily shown that
the function ¢(c; a*) solves the HIB equation and the verification arguments Lemmas F.1
and F.5 show that it coincides with the value of the firm. In particular, the solution a* has
to be unique.

To establish the last claim in the statement we argue as follows. Since the value function

15



is non decreasing in the gambling limit we have
Vi(0) = ¢(K;a") = V(K;G) 2 V(K;0) = Vi(0).

This implies that V(K;0) = V4(0) and hence, when G = 0, the value of the firm is given by
u(c; K). Tt therefore follows from the results of the previous appendices that K < K(0) <
K**(0). Now assume that the optimal strategy for G > 0 includes an intermediate dividend

distribution region. By construction this implies that we have
Vie,G) =d(ca”) =W(c),  ce[0,Cy]

and relying once again on the fact that the value function is non decreasing in the gambling

limit we deduce that
V(e0) S V(@) =W(e),  cel0,C]

Combining this inequality with the results of the previous appendices then shows that we
must have K > K™ which contradicts the fact that K < K(0) < K**(0). |

Lemma K.3 For any G > 0 there exists K(G) such that T'(0,K) > fy if and only if
K > K(G).

Proof. We need to prove that the equation I'(0; K') = £, can have at most one solution and
to this end it suffices to show that I'(0; K) is strictly monotone decreasing in K. Since the
function I'(¢; K) is concave for sufficiently large investment costs the same argument as in

the proof of Lemma K.2 shows that we have
lim I'(0; K) = —o0
K—oo

and it follows that it is enough to show that I'(0, K) is strictly monotone. Suppose to
the contrary that this function is not strictly monotone so that there are investment costs

K, < K5, which can be chosen arbitrarily close to each other, such that

The same arguments as in the proof of Lemmas K.1 and K.2 show that the function I'(¢; K;)

16



is the value of a firm with investment cost K; and liquidation value £, and that the associated
optimal strategy does not include an intermediate dividend distribution region.

By definition we have that the function

2

(0 K) = (i = o = rE)V{(0) + S V{'(0)

is decreasing in the investment cost. It follows that Z(0; K) > Z(0; K3) and, since K; and Ky
can be chosen arbitrarily close to each other, we may assume without loss of generality that
the quantities Z(0; K;) and Z(0; K3) have the same sign (the only exceptional case occurs
when the turning point is located at the point where Z(0; K') = 0 but this non-generic case

can be treated by a limiting argument). We consider two cases:

Case 1: If we have Z(0, K;) < 0 then Z(0; K3) < Z(0; K1) < 0 so that the function I'(¢; K;)
is concave on [0, K;]. It follows that we have I'(¢; K;) = u(c; K;) in the notation of Lemma

F.7 and the same arguments as in the proof of Lemma F.8 directly leads to a contradiction.

Case 2: If we have Z(0; K3) > 0 then consider the functions defined by h;(y) = I'(y+ K;; K;).

By construction we have that these functions satisfy

(0% + G*Lyrkimny) B () + (o +r(y+ )Ry (y) — (p+ M) hi(y) + A(VA(CT) = Cy +y) = 0,

N | —

on [—K;, 0] where b; = bj(K;) < K; gives the threshold above which the function I'(¢; K;) is

convex and satisfies
h!(b; — K;) =T"(bi; K;) = 0.
It follows that the function m(c) = hi(c) — ho(c) satisfies
S0+ GO (y) + (g rly + K (w) — (o + Nmly) + (K — Ka)y(y) = 0

subject to m(0) = m’(0) = 0 on the interval [(by — K1) V (by — K3),0]. Since hh(y) > 0 it
follows from Lemma B.6 that m(c) is strictly decreasing and convex on that interval and

these properties imply that we have by — Ky > by — K7 as well as

hi(y) > ha(y),  y € [ba — K>, 0]
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Since the function h;(y) remains convex on [by — Kj,by — K5 and the function hs(y) is

concave on that interval, we then get that the function m(y) satisfies

1
507 m" () + (o + r(y + K2))m'(y) = (p+ Nmly) + r(Er = Ka)ha(y) =0

on the interval Iy = [—Kj,b; — K;] with m/(b; — K7) < 0 < m(by — K3). Therefore it
follows from Lemma B.6 that the function m(c) is strictly positive on that interval. Since

the function hy(c) is strictly increasing this in turn implies that
['(0; K1) = hi(— K1) > hao(— K1) > he(—Kz) =T'(0; K2) = T'(0; K1)
which provides the required contradiction. [ |

Lemma K.4 For any G > 0 there exist K(G) < K**(G) < K* such that the optimal policy
includes an intermediate dividend distribution region if and only if K > K**(G). In this
case the value of the firm can be constructed as in Case 2.A above and the lower end point

of the intermediate dividend distribution region is b3(Cq) = Cyy .

Proof. Let us start by establishing the second part of the statement. If the optimal strategy
includes an intermediate dividend distribution region then it follows from Lemmas K.1 and

K.2 that the value of the firm V(c; G) = I'(c; Cg) satisfies

LoV (c;G)+AW(CT) —C] —K+c¢—V(c;G)) =0, c € [0;65(Cq)]
subject to the boundary conditions

V(0;G) — by = V'(b5(Ce); G) — 1 =V"(b5(Cq); G) = 0.

By the uniqueness result of Lemma E.1 this implies that have V(c; G) = W (c) for all ¢ < C;,
and therefore by(Cg) = Cf;, which is what had to be proved.

If there exists an intermediate dividend distribution region then we know from the first
part of the proof that this region is given by [C}y,, C;(G)] and, since the thresholds Cf;, and
C5 (@) are continuous in the investment cost, the claim will follow once we that there exists
a unique value of the investment cost K = K**(G) such that C}(G; K) = C},(K). Assume

towards a contradiction that this is not the case so that there exist investment costs K; < K
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such that C} (G; K;) = Oy, (K;) and denote by W;(c) the unique solution to
L Wi(e) — AW;(e) + AVi(CH) — CF — K; +¢) =0, c>0, (64)

which coincides with the function W(c; K;) on [0, Cyi, (K;)]. From the proof of Lemmas B.7
and F.2 we know that this auxiliary function is concave on the interval [0, ¢f] = [0, C}, (K;)]

and convex otherwise so that
Wie)>W'(c)) =1, c#¢

Furthermore, Lemma E.2 shows that ¢ < ¢} and it follows from the first part that we have
Wi(c) = V(e; G; K;) on [0, Cq(K;)] and therefore Wi(c) > Vi(c— K;) for all ¢ > K; convexity.

Now consider the function defined by
k(c) = Wi(c) — Wi(c)

A direct calculation shows that this function satisfies the differential equation
Lok(c) — (A —=r)k(c) + %szg’(c) =0, c >0,

as well as the inequalities k(c3) < 0, k(¢f) > 0. Differentiating (64) and applying Lemma
B.7 we deduce that

Wy'(c) >0, c>c.

Therefore, it follows from Lemma B.5 that the function k(c) cannot have negative local
minima and this implies that there exists a unique ¢, € (¢, ¢}) such that k(c,) = 0, k' (¢.) > 0
and k(c) > 0 if and only if ¢ > c,. In other words, the function Wy(c) — Wi(c) attains a
global minimum at the point ¢, and Wy (c.) > W/ (c,). Subtracting (??) with i = 2 from
itself with ¢ = 1, evaluating the resulting differential equation at the point ¢* and using the

fact that the function Ws(c) is convex on [cj, 00) we obtain
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and therefore

- - A
Wi(e) — W —(Ky,— K >0
1(c) 2(c) < p+)\( 2 1), c=0,
by definition of ¢,. However, since Wi (c) > Vi(c— K) for ¢ > K; and V{/(c) > 1 forall ¢ > 0

we finally obtain that

A
m(Kz — K1) 2 Wi(Ca(Ks)) — Wa(Co(K>))
= Wi(Ca(K3)) = Vi(Ca(K2) — Ks)
> Vi(Ca(K3) — K1) = Vi(Cg — K3) > Ky — Kj,
which establishes the required contradiction. [ |

Proof of Theorem 5. Assume first that K > K(G). By Lemmas K.1 and K.3 we have
that the value of the firm is I'(¢; Cg). The existence of the critical investment cost K**(G)

follows from Lemma K.4 and the remaining results follow by setting C};(G) = C¢ and
Cy(G) = Liuncg)>0b1 (C(G))

whenever the investment cost is such that K < K**(G), and
(CL(G), Cu(G)) = (h1(Ca), Ca)

otherwise. When the investment cost is such that K < K(G). the result follows directly
from Lemmas K.2 and and K.3. |

Lemma K.5 Let (a1, as,b) be such that b > 0 and denote by V(c; G) be the unique solution

to

Le¥(c;G) +AV(C]) = (CT+ K —¢) = ¥(;G)) =0, ¢=0, (65)
subject to

T(b;G) —ay = V(b:;G) —as =0 (66)

Then the function V(c; G) converges to the linear function a1+ (c—b)as uniformly on compact

subsets of the positive real line as G — 0.
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Proof. Rewriting (65) as

1 (re 4 po) V' (¢; G) — p¥(c; G) + AVA(CY) — (CT+ K — ¢) — ¥(; G))

_5\11 (¢;G) = e

and using standard continuous dependence results for solutions of linear differential equa-
tions, we get that W(c;G) converges uniformly to the unique solution of the equation
U”(¢) = 0 subject to (66), and the claim follows. |

Lemma K.6 The critical investment costs K(G) and K**(G) are respectively decreasing

and increasing in the gambling limit.

Proof. Assume that K < K(G) so that we have V(¢; G) = 9(c; a*) for some a* > 1. Using

the fact that the value of the firm is non decreasing in the gambling limit we get
V1(0) = ¢(K;a*) = V(K;G) > V(K;G"), G <G.

This implies that it is optimal to exercise at K when the gambling limit is equal to G’ and it
immediately follows that K (G) < K(G'), which is the desired result. Similarly, if the costs
is such that K > K**(G) then the construction of the function I'(¢; b) and the fact that the

firm value is non decreasing in the gambling limit jointly imply that
W(c)=T(c;Cq) =V(e;G) > Vie; G, c< Gy, G <G
and it immediately follows that we have K > K**(G’) which is the desired result. [

Lemma K.7 Assume that K > K**(G). Then the dividend distribution threshold C}(G) is

monotone decreasing in G and there exists a constant G < oo such that C;(G) = Cy;.

Proof. Let y > Cf;, be a fixed constant and denote by ®(¢; y; G) the unique solution to the

second order differential equation
La®(c;y;G) + AVA(C) = (CT + K —¢) = ®(6;9,G)) =0, c€y,00), (67)
subject to the boundary conditions

' (y;y;,G) — 1= 2(y;4,G) — (y — Cpy + W(Cyy)) = 0. (68)
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The same argument as in the proof of Lemma D.2 (based on Lemma D.1) implies that this

function satisfies the inequality
O(c;y;G) > c— Chy + W(CH),  ¢>0. (69)

Indeed, under the transformation of Lemma D.1 the function ®(c;y, G) becomes a line that
is tangent to the transformation of the function ¢ — Cj;, + W(Cy;,) at the point y and the
inequality follows by noting that the latter transformed function is concave. Combining
(69) with the differential equation shows that ®”(y;y; G) > 0 and it thus follows from an
application of Lemma B.7 that the function ®(¢;y; G) is convex on the interval [y, co).

Fix now two arbitrary gambling limits G; < G5. Under the transformation of Lemma
D.1 associated to the operator L5, — A, we have that the function ®(c;y;G1) becomes a
line that is tangent to the transformation of the function ®(¢;y; Gs). Using this property in

conjunction with (67), (68) and the above convexity then gives

" * * 1 "
Ly @"(c;y; Go) + MVA(CT) = (CT + K = ¢) = @(c;; Ga)) = 5(G1 = G (c;45.Ga) < 0.

This implies that the function ®(c;y;Gs) is concave under the transformation of Lemma
D.1, associated to the operator L5, — A and it now follows from the same argument as in
the proof of Lemma D.2 that

D(c;y: G2) < (cy; Gh), c>y.

This shows that ®(c; y; G) is monotone decreasing in G and the same argument, using the fact
that the transformation of the function ®(c; y; G) parametrized by the constant y is a tangent
line moving along the graph of the concave transformation of the function ¢ — Cy;, + W(C5y,),
shows that ®(c;y; G) is also monotone decreasing in y.

After these preparations, we now turn to the proof of the statement. By continuity, we
have that the threshold Cj(G) is the smallest value of y for which the graph of ®(¢;y; G)
touches that of Vj(c — K) from above, and the required monotonicity follows from the
monotonicity properties that we established in the first part. In particular, we have that
C5(G) = Cyy, if and only if the graph of ®(c; Cy; G) touches that of Vi(c — K) from above.
Since by assumption K > K**(G) > K**(0) we have that C}(G) > Cj,, and it follows that
O (c; Cyy; G) is strictly larger than V(e — K) for small values of the gambling limit. On the
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other hand, the results of Lemmas E.3 and K.5 imply that the graph of ®(c; Cj,; G) crosses
that of Vi(c — K) for sufficiently large values of the gambling limit and the required result

now follows from the intermediate value theorem. [ |

Lemma K.8 The investment threshold, which can be either C}(G) or Cj(G) depending on

the investment cost, is monotone increasing in G.

Proof. Let G; < G be given gambling limits, denote by Cg ; the corresponding investment
threshold, and suppose that Cq1 > Cg2. Using the value matching condition together
with the fact that the value of the firm is increasing in the gambling limit and satisfies
V(e; Gy) > Vi(e — K) for all ¢ < Cg,; we immediately deduce that

V(Cq2;Ga) = Vi(Caa — K) < V(Cqa;G1) < V(Caa; Ga),

which is a contradiction. |
Lemma K.9 The function G(K) is monotone increasing in K.

Proof. By definition we have that G(K) is the inverse of K**(G) and the result thus follows
from Lemma K.6. u

Proof of Proposition 6. The proof follows directly from Lemmas K.6, K.7, K.8, and K.9.
|

We complete this section with a characterization of the firm value in the limit where gambling

becomes unconstrained. For each candidate investment threshold b > 0, let
Poolc;0) = W(esb), e < b (b),

Poc(e;0) = A(e;b) =Vi(b = K) + (¢ = b)) = V{(b = K)(c=b)", ¢ = b (b),

where the nonnegative constant b’ (b) < b is the unique solution to

(0 + N AW (0);0) = (ko + b (0)VI (b — K) + AVi(C]) — (CT + K =0 (1)),

and the function W(¢;b) is the unique solution to the differential equation (61) subject to

the value matching and smooth pasting conditions
W (b5 (b); b) — A(bL,(b); b) = W'(bZ,(b): b) — Vi(b — K).
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The following result constitutes the direct counterpart of Lemma K.1 for the case where size

of the firm’s gambling position is unconstrained.

Lemma K.10 When G — oo the value of the firm is given by V (c; 00) = I'so(¢; Ci o) where
the constant C& is the unique solution to I'(0; CZ) = {y. In particular, the value of the

firm is concave on the positive real line with a flat piece on the interval [b5 (CE), C].

Proof. The proof follows from Lemmas K.1 and K.5. |

K.2 Proof of the results in Section 3.2

Denote by V(¢; A;b) the value of a firm that searches for new investors, optimally gambles

when opportunities arise, and invests as soon as ¢ > b.

Lemma K.11 The function V(c; A;b) belongs to C*((0,b)) N C(R,), and there exist a pair
of thresholds C | (b) < b < C5,(b) such that it satisfies

0= LoV (c; A;b) + Licerer .0z, AO(c; ) — V(e A; b))
+AVL(CH) = CF = K 4+ ¢ —V(c; Asb))
for all ¢ € (0,b) with the function

c— C;l(b)
Cya(b) — C; 1 (b)

O(c;0) = V(C;1(b); A; ) + (V(C;(b); A;0) = V(Cy 1 (b); As b))

Proof. The same arguments as in the proof of Proposition 3 in Hugonnier, Malamud and

Morellec (2014) imply that V(c; A; b) belongs to C2((0,b)) N C(R,) and satisfies

LoV (e; A;0) + O(c; b) =0, 0<c<b (70)
with the nonnegative function

O(c;b) = max E[V(c+z;A,b) — V(e A, b)] = C[V](c; A;b) — V(e; A b).

z:E[z]<0

Therefore, the proof will be complete once we show that

O(c;0) = Lce(cz,).cz,0m (O 0) = V(e Ash)), <D
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for some thresholds Cj ,(b) < b < C54(b), and to obtain this result it is sufficient to show
that there can be at most one interval over which V'(¢; A;b) is convex.

Suppose first V" (b; A;b) < 0 so that the function is concave in a left neighborhood of b.
In this case we claim that the function is actually concave on [0, b] so that gambling in never
optimal. Indeed, suppose that this is not the case, and let ¢; denote the first point below b

where the second derivative is equal to zero. Then
¢(c) = A(CIV](e; A;0) — V(e; A; b))

is decreasing on the interval [c1,b A Cyo(c1)] and it thus follows from Lemma B.7 that we
must have V”(c1; A;b) < 0. This contradicts the definition of the point ¢; and therefore
establishes the required concavity.

Suppose now that either V”(b;A;b) > 0 or that the function V(c¢;A;b) has a convex
kink at b due to non smooth pasting with post investment firm value. In this case the last
gambling interval to the left of b necessarily contains b and we claim that there can be only
one such interval. Indeed, by definition of the optimal gambling strategy we must have
that V" (Lg1) < 0 where L, denotes the left end point of the last gambling interval, and
combining this inequality with the same argument as above based on Lemma B.7 shows that

the function V(c; A;b) is concave on the interval [0, L, 1]. |
Lemma K.12 We have V(c; A;b) < limg_,oo V(c; G) = V(c;00) for all ¢ >0 and b > K.

Proof. By Lemma K.10 we have that V (c; c0) is increasing and weakly concave. Combining

this with Jensen’s inequality immediately shows that

max E[V(c+ x;00) — V(c;00)] =0, c>0,
z:E[z]<0

and, because V'(c;00) > 1, the desired inequality will follow from standard verification
arguments provided that we can show that (Lo + F)V(c;00) < 0 for all ¢ > 0. In the
no-gambling region, this inequality holds as an equality. In the gambling region, we have
(Lo + F)V(e;G) =0 for all G > 0 and therefore

PV (e:C) — (et m)V(e:G) = FV(6:G) = 1 (0* + GOV(:6G) 2 0

where the inequality follows from the fact that continuous gambling only occurs at points

where the value of the firm is convex. Letting G — oo on both sides and using the fact that
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the function V(¢; 00) is linear in the gambling region by Lemma K.10, we get that
(Lo + F)V(c;00) = (re+ po)V'(e;00) — pV(c;00) + FV(¢;00) <0
and the proof is complete. [ |

Lemma K.13 FEither V’(C’;}yg(A);A; Clro(N) = VI(CF (M) =K), for some Cp; ,(A) € [K, Cf(00)]
K.

or the optimal investment trigger is explicitly given by Cj(A) =

Proof. If we have V/(K;A; K) > V/(K) then the same arguments as in the case without
gambling (see Lemma F.6) implies that the firm value is given by V(c; A; K). Suppose now
that we have V'(K; A; K) < V{(K). Since

V(Cp(00); A; Gy (00)) = V(C(00); 00) = Vi(Cy(o0) — K)
it immediately follows from Lemma K.12 that we have
V!(Ci(00); A; i (00)) 2 V(G (00); 00) = V(i (00) — K),
and the desired result now follows by continuity and the intermediate value theorem. [ |

Proof of Proposition 7. The first part follows from the fact that when U”(C};) < 0 the

value of the firm U(c) is concave and, therefore, satisfies

E . —0.
x:%l[i]}éo U(c+xz)—=U(c)) =0

Let us now turn to the second part, denote by 9(c; A) = V(c; A; O (A)) the candidate value
function and let C;,(A) = C; ,(Cf ,(A)). Our first observation is that

'(c;A) > 1, c>0,

as soon as A is sufficiently large. Indeed, because V(c; A, b) is convex over at most one interval
we have that the derivative can fall below one only in the gambling region. However, Lemma
K.14 implies that in this region 9(c; A) and its derivative converge to ©(c; Cp;,(A)) and its

derivative as A — oo, and the latter is larger than one because
O'(c; Cpp(N)) = VI(Cgo(N) = K) = 1.
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Our claim regarding the derivative of the function o(c;A) for large A then follows by

continuity. The same arguments as in the proof of Lemma F.1 imply that
Vile— K) <9(c; A), c> K,
and it remains to show that

H(c) = (Lo+ F)o(e;A) + A max Efo(c+z;A) —9(c; A)] <0, c>0. (71)

z:E[z]<0

By construction we have that this inequality holds as an equality on the interval [0, CE,@(A)L
and is equivalent to (Lo + F)Vi(c — K) < 0 on the interval [C7,(A), 00). Because the latter
has been established in the proof of Lemma F.4 it now only remains to establish the result on
the interval [Cf; ,(A), € 5(A)]. Combining the value matching and smooth pasting conditions
with the fact that equation (71) holds as an equality for all ¢ < Cp;,(A) gives

H(Chp(N)+) = 5 (W(Crrol(A) = K) = 0" (Ciy(A): 4)) < 0

where the last inequality follows the strict concavity of the post-investment firm value and
the fact that we must have 9" (Cp;,(A); A) > 0 if gambling is optimal. As shown by Lemma
K.14 below we have that

lim (Cg5(A) = Cp,(A)) = 0

Asoo” 9

and it thus follows by continuity that (71) holds on [Cf; ,(A), C5 ,(A)] for A sufficiently large.

Combining the above inequalities shows that

0 = max{1 — 9'(¢; A),Vi(c — K) — 0(c; A),
(Lo+ F)o(c;A)+ A max Eo(c+x;A) —o(e; A)]}

z:E[z]<0

for all ¢ > 0 and the desired result now follows from verification arguments similar to those

of the previous sections. [ |

Lemma K.14 We have

0= lim (Cg,(A) = Cpe(A)) (72)

A—o0
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and

0= lim Lieeic;, .05, (9(c; A) = O(c; (M) (73)
= lm Teeeie; )., (7'(cA) = ©'(c; C(A))) (74)

uniformly for all ¢ > 0.

Proof. Let us start with the second part of the statement. The function o(c; A) is bounded
from above by the first best firm value, and using this property together with standard
arguments (see, e.g., Hugonnier, Malamud, and Morellec (2014)) we deduce that both o'(c; A)
and 9" (c¢; A) are uniformly bounded. Therefore, it follows from (70) that
Jmax Blo(e+ 3 A) = 0(e; A)] = Leeie, (),¢5501) (O(c; Crp(A) = 0(es N))

is bounded and converges uniformly to zero for all ¢ > 0, that is equation (73) holds. Suppose
now towards a contradiction that equation (74) does not hold. Then, passing if necessary to
a subsequence, we get that there exists {A}r>1 such that Ay — oo, the thresholds C ;(A)
both converge to finite limits, and

lim 1geeer (a0 (0'(c; Ak) — ©'(c; Oy (Ax))) > 0.

k—o0 9,2

Assume without loss of generality that the limit interval I = [C}(00),C5,(00)] is non

g,2
degenerate, let ¢* € I and pick € > 0 such that

A=[c —e,c ¢ C[Ch (M), Coa(Ny)], K> 1.

Since ¥'(¢; A) and 9”(¢; A) are uniformly bounded, the Arzela-Ascoli theorem implies that

the family

{@/(U; C(?,e(Ak)) — ' (u; Ay) }ueA,kzl

is compact. Therefore, there exists a further subsequence Ay, — oo such that the derivative
of the function defined by

Pr, (1) = O(u; Cpr (A, ) — 0(u; Ag,)

converges to a function such that F'(u) # 0 for all u € A. Because convergence is uniform
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this implies that we have

u2

lim (g, (u2) — @r, (u1)) = lim @), (x)dx = /uz F(x)dz #0

n—oo n—oo uq uq

for any u; < uy € A. This contradicts the fact that @g(u) — 0 for all u € A and completes
the proof of (74). To establish (72) we argue as follows. Because the function

p(u; A) = O(u; Cfr () — 9(u; A)

converges uniformly to zero on the interval [CT]

(A), Cfro(A)] we have that

lim (B (A); O, (A)) = 5(C7,(A); A)) = Jim 9(Cg(A); A) =0,

A—o0

and the required result follows by noting that the function ©(c; Cf;,(A)) is tangent to the
function Vi(c — K) at the point C3 (A). [

Lemma K.15 The function f/(c; A) is monotone increasing in A and converges as A — oo

to a piecewise C* and continuous function V(c;00) that is concave and satisfies

0 > max{1 — V'(¢; 00),Vi(c — K) — V(c; 00),
(Lo+ FIV(c;00) + A max B[V(c+;00) = V(e;00)]}

forall ¢ >0 and A > 0.

Proof. Monotonicity in A is clear and convergence follows by the same arguments as above.
Now pick a sequence (A")p2; such that the thresholds C},(A") and Cj,(A") converge to

finite limits. Since all derivatives stay bounded, it has to be that the term
Leetes, am .0z, ampA™(O(c; O (A™)) = V(¢ A CH(A™)))

also stays bounded, and it follows that
Tim Lieeie , (am).c;amy (O(c: CH(A™) = V(e A" C(A"))) = 0.

Thus, the function V(c;00) is concave outside [C51(00), Csy(00)] and linear inside that
interval. Since it is either continuously differentiable or has a concave kink at point ¢ = K

we have it is globally concave and the proof is complete. [
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Lemma K.16 We have V(c; 00) = V(c; 00) for all ¢ > 0.

Proof. By Lemma K.12 we have that V(¢; A) < V(c; 00) for all A > 0 and taking the limit
shows that V(c;00) < V(e;00). On the other hand, the same argument as in the proof of
Lemma K.12 shows that the concave function V (c; 0o) satisfies (59) with an inequality for any
G > 0. As a result, standard verification arguments imply that we have V(c; G) < V(¢; 00)
for any value of G and the result now follows by letting G — oo. [ |

Proof of Proposition 8. By Lemma K.16 we have that the value functions implied by the
two specifications coincide in the limit and remaining claims in the statement follow from
the definition of the thresholds. [ |

L Finitely many growth options

A key and novel feature of the optimal policy for a firm with a growth option is that it may
include an intermediate payout region where shareholders optimally abandon the option of
investing with internal funds. This feature is unexpected, but we contend that it is in fact
universal in models with fixed costs and capital supply frictions.

To make this point, we consider in this section a firm with assets in place and N > 1
growth options that arrive sequentially over time. The initial mean cash flow rate of the
firm is po and the exercise of the i’th growth option allows to increase the mean cash flow
rate from p; ¢ to p; > p;—1 by paying a constant cost K;. To prevent the simultaneous
exercise of multiple growth options, we assume that the firm can hold at most one growth
option at a time and that, after exercising each growth option, the firm enters a waiting
phase in which the next growth option arrives at an exponentially distributed random time
with intensity A,. As in the benchmark model, management seeks to maximize shareholders’
wealth and has full flexibility over the investment, payout, and financing policies of the firm.

The sequential arrival and exercise of the growth options is illustrated in Figure 8.

Insert Figure 8 Here

To solve this extension of the model, we use the fact that there are finitely many
investment opportunities and proceed backwards in time starting from the last period where
the firm has exhausted its growth potential. Let V,;(c) denote the value of the firm as a
function of its cash holdings in the period where it holds the i’th growth option, and V;, ;(c)

30



denote the value of the firm in the waiting period following the exercise of this growth option.
After the exercise of the last growth option, the value of the firm is V,, y(¢) = Vn(c), where
the later is the value of a firm with a mean cash flow rate uy and no growth option that
was derived in section 2.1.

Similarly, in the period prior to the exercise of the last growth option, the value of the
firm is given by V, n(c) = V(c) where the later is the value of a firm with a single growth
option that was derived in section 2.2. To proceed further in this backward recursion, we
now have to solve the problem of the firm in the waiting period between the exercise of a

growth option and the arrival of the next one.

L.1 Optimal policy in the waiting period

In the waiting period following the exercise of the i’th growth option, the firm may retain
earnings to avoid inefficient closure and to exercise not only the next growth option but
potentially each of the N — ¢ growth options that it stands to receive. Following the logic of
the previous section, we therefore conjecture that the optimal strategy in the waiting period
can be characterized in terms of an optimal target level and up to N — ¢ intermediate payout
intervals, whose upper ends correspond to the points where the firm decides to temporarily
stop hoarding cash to finance a future investment opportunity.

In order to describe the class of all such strategies, let s = (a,b,z) where z > 0 is
a constant that represents the target level for the cash holdings of the firm when raising

outside funds and a,b € R"} for some n € [0, N —i| are vectors with
a1§b1§a2§b2§---§an§bn§x

that specify the earnings retention intervals and the intermediate dividend distribution

intervals associated with the strategy. Specifically, for every given s as above, the set
R(s) = (0,a1) U (b1, az) U+ U (b1, an) U (b, ) = | Ri(s)
k=0

gives the region over which the firm retains earnings and searches for new investors while its

complement in [0, z], that is

D(s) = | Di(s) = | [an. bal,

k=1
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gives the collection of intermediate dividend distribution intervals (i.e. the “bands”). When
its cash holdings are above the target x, the firm makes a lump sum payment ¢ — x. When
its cash holdings are in Ry(s), the firm retains earnings, distributes dividends to remain in
the same interval, and searches for new investors in order to adjust its cash holdings to the
target level x. If its cash holdings fall to the lower endpoint of the interval before outside
funds can be secured, then the firm is liquidated if £ = 0 and otherwise stops hoarding cash
towards the exercise of one of its future growth options. In the latter case, the firm makes

a lump sum payment to shareholders given by
by — ar, = |Di(s)| = inf(Ri(s)) — sup(Ry_1(s)) > 0,

in order to bring its cash buffer down to the next earnings retention interval and then
follows an entirely similar payout, financing, and liquidation strategy. Figure 9 provides an

illustration of the value of a firm as a function of its cash holdings in the waiting period.

Insert Figure 9 Here

Let v,,;(c, s) denote firm value under such a strategy. Standard arguments show that in
in the retention region R(s), this function is twice continuously differentiable and satisfies
o2
puni(c:5) = (re + o)t (e 8) + 5ol i(cro)
+ N [vni(z58) — @ 4+ ¢ — vy i(c;8)] + Ao [Voit1(c) — vni(e; s)]

subject to the value matching conditions
UM(O, S) = &

at the point where the firm is liquidated. This differential equation is similar to equation
(2) in the main text with the exception of the last term on the second line which accounts
for the change in the value of the firm that occurs upon the arrival of the next investment
opportunity.

In each of the dividend distribution intervals, the value of the firm is defined by imposing

the value matching condition

Uni(c;8) = ¢ — ag, + v i(ag; s), ¢ € Di(s),
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and the fact that, once in the interval Ry(s), the firm distributes dividends to maintain its
cash holdings at or below the right endpoint of the interval implies that

limu,,; (¢;8) =limw, , (¢;5) = 1.

ctlay ’ clx ’
The above equations provide a complete characterization of the value associated with a given

band strategy and can be solved using techniques similar to those of section 2.2 of the paper.

To determine the optimal strategy, we further impose the smooth pasting conditions

lim o), (c557) = 1, (75)
by
at each of the points where the firm stops hoarding cash towards the exercise of one of its

future growth opportunities, and the high contact conditions

lim vy, (¢;87) = limw, ; (¢;s7) = 0. (76)

ctar, ™ ctes T
at the target level 7 and each of the intermediate target levels a7, . Later in the Appendix,
we show that there always exist a unique s; such that these conditions are satisfied and a
detailed analysis of the Bellman equation associated with the problem of the firm in the
waiting period allows us to prove that the corresponding strategy is optimal. The following

proposition summarizes our findings.

Theorem L.1 The value of the firm in the waiting period following the exercise of the i’th

growth option is given by
Vai(e) = vni(c; s))

and satisfies

1
=N

Vii(z}) (ra; + pi + Ao Vot (7))

where the triple s} that determines the optimal earnings retention and dividend distribution

intervals is the unique solution to (75) and (76).

Theorem L.1 shows that in the waiting period that follows the exercise of the i’th growth

option, the optimal strategy may include up to N — ¢ intermediate dividend distribution
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intervals (bands). But this upper bound is rough as many of these intervals may actually
collapse. While it does not seem possible to determine ex-ante the number of intermediate
payout intervals, we provide later in the Appendix an explicit algorithm that allows to
analytically construct these intervals for each given target level. We also prove the following

result.

Proposition L.2 Suppose that the exercise of the i’th growth option changes the tangibility
of assets from @;_1 to p; and capital supply from X\;_1 to A\;. Then, the dividend distribution
region D in the waiting period following the exercise of the i’th growth option is increasing
with respect to @; in the inclusion order, and the target cash level x} is monotone decreasing

with respect @; and \;.

L.2 Optimal strategy for a firm with a growth option

Having constructed the value of the firm in the waiting period, we now consider the optimal
policy of a firm that already holds a growth option. As a first step towards the solution to
this problem, the next result provides a sufficient condition for the growth option to have a

positive net present value.

Proposition L.3 A sufficient condition for the i’th growth option to have positive net

present value is that
Viilay) — o — Ki 2 Vi (L) — Gy,

where the function V;_1(c) and the constant C}_, denote the value and optimal target level

of a firm with mean cash flow rate ;1 and no growth option.

The intuition for this result is clear. Indeed, the left hand side of the inequality gives the
maximal value that the firm can attain by exercising the growth option. The right hand side
gives the maximal value that it can achieve by abandoning the growth option. In the later
case, the firm not only abandons the next growth option but also all subsequent ones.

To simplify the presentation of our results, we assume below that

r

K; < K = min {Vm(xf) -z +Cr = Vi (CFy), M} (77)

for all . In the single option case, this condition is necessary for a positive net present

value but this is not so with multiple options because in that case the net present value of
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an individual option can no longer be determined on a stand-alone basis. In the present
context, this assumption allows us to guarantee that the regions over which the firm invests
with internal funds are half-lines instead of unions of disjoint intervals. This assumption can
be relaxed at the cost of significantly more involved notation.

When the firm holds a growth option, cash holdings serve two purposes: Reducing the risk
of inefficient closure and financing investment. Following the logic of the single option case,
we therefore conjecture that the optimal strategy can be described in terms of thresholds

tw < Cfp < Cfy with CFy > K;. When the investment cost is low, it should never be
optimal for the firm to abandon the option of investing with internal funds. We therefore
expect the firm to follow a barrier strategy as in section 2.2.1 of the paper with 0 = Cy, =

71~ On the contrary, when the investment cost is high, we expect the firm to follow a
strategy similar to that of section 2.2.2 of the main text, with an intermediate dividend
distribution interval at the point where the firm optimally abandons the option to invest
with internal funds.

To verify our conjecture, we start by constructing the value v, ;(c; b) of a firm that follows
a strategy as above with thresholds b = (by, by, b3) where by < by < b3 and bg > K. Standard
arguments imply that in the region (0, b;) U (bs, b3) over which the firm retains earnings and
searches for investors, v, ;(c; b) is twice continuously differentiable and satisfies the differential
equation

2
PUo,i(C;0) = (e + pim1)vg;(c; b) + %v'olﬂ-(c; b) + N [Via(xf) —af — Ki + ¢ — v,,(c; b))

subject to the value matching conditions

Uo,i(OS b) =Li_1.
'UOJ'(C; b) = Vnz(c_Kz)7 CZ bg.

)

This differential equation is similar to that of section 2.2.2 of the main text with the exception
of the last term which reflect the fact that upon finding new investors the firm raises funds
to invest and simultaneously adjust its cash holdings to the target level x7 that is optimal
in the waiting period following the exercise of the growth option.

If the thresholds under consideration are such that [by, bo] = {0}, then the above equations

are sufficient to determine the value of the firm and can be solved in closed form using a
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modification of equation (14) of the main text. Otherwise, the value of the firm satisfies
’Uo,i(C; b) =C— bl + Uo,i(bl; b), c e [bl, bg],

and the fact that in the lowest retention region (0,b;) the firm distributes dividends to
maintain its cash holdings at or below b; implies that we have
limv! .(c;b) = 1.
by 0,2( )
In this case, the value of the firm under the given strategy can be derived in closed-form
using a modification of equations (22) and (23) of the main text.
To determine the optimal strategy, we distinguish two cases depending on the level of

the investment cost. If the investment cost is sufficiently low, then we set b; = (0,0, C; )

and determine the optimal investment trigger by imposing the smooth pasting condition

lim v,(c; b7) = V,f”( Tn— 1K) (78)

et i H

If the investment cost is high then, the optimal investment trigger is still determined by the
above smooth pasting condition but this equation now needs to be solved in conjunction

with the smooth pasting and high contact conditions

lim o) ,;(c;07) = lim v, ;(c;0]) —=1=0 (79)

cTC;W ’ ciC;iL

that determine the intermediate payout interval.
In the Appendix, we show that in either case the above equations admit a unique solution
and a detailed analysis of the Bellman equation associated with the problem of the firm allows

us to confirm our conjecture regarding the optimality of the corresponding strategies.

Theorem L.4 Assume that condition (77) holds. Then there exists a constant K* < K}
such that the value of a firm holding a growth option is

Voi(€) = vo,i(c; b7)

where the thresholds b} are given by the unique solutions to (78) and (79) when K; > K}*
and by the unique solution to (78) such that C}y, = C7 = 0 otherwise.
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Theorem L[.4 shows that the results derived in the one growth option case naturally
extend to a model in which the firm has multiple growth options. Later in the Appendix, we
show that these results also hold if we incorporate search and issuance costs in the model. In
this case however, firms only raise funds when the cash buffer is below some threshold Cf;,
where the financing surplus equals 0. We conclude this section with the following proposition,

which provides analytic comparative static results on the optimal investment trigger.

Proposition L.5 Suppose that the exercise of the i’th growth option changes the mean cash
flow rate from p;_1 to u;, asset tangibility from p;_1 to w;, and capital supply from X\;_1 to
Ai. Then, the investment trigger C}y is monotone increasing in capital supply Ai—1, current

drift p;—1 and current asset tangibility ¢;_1, and is decreasing in p;.

L.3 Proofs

In this Appendix, we consider the extension of the model to finitely many growth options
outlined in the main text with the additional feature that upon raising outside funds the
firm incurs not only the bargaining cost nS;V (c) but also a fixed cost . In such a model,
the firm will look for outside funds only when the financing surplus S;V(c) exceeds the fixed
cost and we will show below that this occurs precisely when the firm’s cash reserve are below

a constant trigger level.

Remark 1 (Search costs) Since financing opportunities arrive at the jumps times of a
Poisson point process, the presence of a fixed cost of financing k is equivalent to that of a

search cost ks = K/ that the firm incurs continuously over time when searching for investors.

To solve the firm’s optimization problem in the presence of multiple growth options we
start by formulating two auxiliary problems, whose solutions will serve as building blocks in

the construction of the value of the firm and the optimal strategy.

Problem 1. Let V, be a nonnegative function, denote by 7, a random time distributed

according to an exponential distribution with parameter A\, > 0, and consider

To/ATO
Voi(e; Vo) = sup E. { / e P (dDy — a(fr)dNy) 4 Liryerye 0l + Lip,crye P Vo(Cr) |
(f,.D)eO 0
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subject to
dC, = (rCy- + i)t + odB, — Dy + fudN,, (80)

where the stopping time 7y stands for the firm’s liquidation time, the set © is defined as in

Appendix B.1 of the main text and we have set a(z) = z + K1z}

The goal of Problem 1 is to determine the optimal financing and payout strategy in the
waiting period between growth options, given that the next option arrive at the random
time 7, at which point the value of the firm will be some given function V,(C,,). Following
the same logic as in previous appendices, we have that the HJB equation associated with
Problem 1 is

maX{L‘Z-VM(c) + an,z(c) + )\o(‘/o(C) — Vn,i(c>>7 1— V,;i(c), gl(C> — Vn,z(c)} = 0,
where the operator F now takes the form

FV(e) = Amax(V(c+ f) —a(f) = V().
to take into account the presence of the fixed cost. Using the methods developed above
for the case without the investment option, it is possible to show that the optimal policy
for Problem 1 is of barrier type as soon as the function V,(c) is concave. However, in the
many options case studied here the function V,(¢) will coincide with the value function
V,i(c) of a firm with a growth option and we know from the analysis of the single option
case in the main body of the paper that this function generally fails to be concave. This
non-concavity significantly alters the optimal policy of the firm and leads to the multiple
dividend distribution intervals reported in Theorem L.1.

To deal with the optimization problem of the firm in the phase where it already holds a

growth option, we now introduce a second auxiliary problem:

Problem 2. Given a nonnegative and piecewise C? function V,,, consider the optimal

dividend, financing, and investment problem defined by

TATO
V,i(c; Vi) = sup E. {/ e " (dD; — a(f;)dN;) + Lirsrore ™l + Lirerne 7TV (Cr)
0

mell

subject to (80) where II denotes the set of 7 = (7, D, f) such that (D, f) € © is an admissible

financing and payout strategy, and 7 is a stopping time.
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The goal of Problem 2 is to determine the optimal financing, payout, and investment
strategy of a firm holding a growth option, given that upon investing the value of the firm

will be V,,(¢). The corresponding HJB equation takes the form
max{L;Vyi(c) + FVoi(c), 1 =V, ;(c), li(c) = Vou(c), Vale) = Vou(e)} = 0.

Having solved Problems 1 and 2 for arbitrary functions V, and V,,, we will construct the value
function of a firm with multiple growth options recursively. Using the result of Proposition 1
in the main text, we know the value Vy(c) = V,, y(c) of a firm that has exhausted its growth
potential. Taking this function as given, we solve Problem 2 with V,(¢) = Viy(c — Ky) to
determine the value V, y(c) of the firm in the period where it holds its last growth option.
Then, we solve Problem 1 with the function V,,(¢) = V,, n(c) to determine the value V;, y_1(c)
of the firm in the period where it awaits the arrival of the last growth option, and continuing

this process allow to compute the value of the firm in all phases.

L.4 Solution to Problem 1

We start by solving Problem 1 for a fixed function V,(c). Since the algorithm for constructing
the value function of this problem is quite involved, we briefly describe the main idea. As
in the case without growth options, we use a shooting-based construction that starts from a

target cash level and shoots backward towards the value matching condition at zero.

— We start with a conjectured target cash level b and require that the value function be C?
at that point. This requirement together with the ODE (81) below for the conjectured
value function uniquely pins down the value at that cash level. Then, we define the

conjectured value function 1 (c; b) as the unique solution to the corresponding ODE

— If this solution satisfies ¢'(c;b) > 1 for all ¢ > 0, we are done. Otherwise, let & (b)
be the first level of cash from the right at which ¢'(¢;b) = 1. This defines the upper
bound of the first interior dividend distribution region and we define ¢ to be linear in
¢ below that cash level, until it hits the lower bound. At the lower bound, the value
function has to satisfy the C%-condition, which, as we show below, means that v has

to hit the graph of an explicitly given function ¢(c;b).

— At that point, the algorithm restarts: we again define v to be the solution to the ODE
until the derivative )" hits 1 again, in which case we define it to be linear until it hits

the graph of ¢ again, etc.
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Once the function ¥(c; b) has been constructed for any target cash level b, the optimal target
level z is determined to match the value matching ¢(0;z}) = ¢; at the origin.

By construction, the function (c; b) defined above always satisfies ¢'(¢; b) > 1, however,
in order to complete the verification argument, we need to check the supermartingale condi-
tion inside all the dividend distribution intervals. This is technically non-trivial. Throughout

this process, we will always make the following technical assumption:

Assumption L.6 The function V,(c) is such that max.V,(c) > €;, V.(c) > 1 for all ¢ >0
and V)(c) =1 for sufficiently large c.

This assumption will always be fulfilled in the problems under consideration because, as
we show below, it is always optimal for the firm to distribute dividends when its cash buffer
is sufficiently large. Denote by Y (¢) = Y(¢;b) the unique twice continuously differentiable

solution to
LY () + M(Vale) = Y () + MY (D)~ (b—) =Y () = 1) = Y'(b) =1 = Y(5) =0 (81)
for ¢ < b and satisfying
Y(e;b) = Y(bib) + (¢ — b)

otherwise. The fact that such a function exists follows from the results in Appendix E and

we note that the smoothness of the function Y (c;b) and (81) jointly imply that

rb+ 1+ A Vo (D)

Y(b;b) = S

Having computed the function Y'(¢;b) we let

A b A b
0(b) = arg max re 4 it AVo(w) g tet Vo(b) —by,
x2b P+ A P+ A
and define
Y . _ _ —
p + )\0 P _|' /\o + )‘

Note that we have Y (b;b) = Y (6(b);0(b)) by construction and that since ¢'(x;b) < 1 for

sufficiently large « we know that the function ¢(x; b)—z is monotone decreasing for sufficiently
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large x. Then, we define the function
(e 0) = (e b; Vo)) = V(e 0(b))
for ¢ > (;(b) where

¢1(b) = arg max ){Y(C; 0(b)) = ¢(c;b)}.

c€[0,6(b)

Here, and everywhere in the sequel, we use the convention that the maximum of an empty

set is zero, i.e., max{()} = 0. We then have the following result.

Lemma L.7 The function 1(c;b) is concave on [(1(b),0(b)] and satisfies Y'(¢;b) > 1 in that

interval.

Proof. Since Y'(A(b); #(b)) = 1, it suffices to prove concavity. Let Y (¢;0(b)) = Y (c; 0(b)) —ec.
Differentiating (81) and evaluating the result at the point ¢ = 6(b), we get

SOV 0(0): ) = p+ Do — = AVL(O(E)) > 0 (33)

because ¢'(0(b);b) — 1 < 0 by the definition of #(b). Since Y"(0(b); (b)) = 0, this in turn
implies that Y (c; 8(b)) is concave in a small neighbourhood of (b). Now assume that (83) is
strict (the general case follows by a small modification of the arguments), suppose that the

function is not concave on [(;(b), 8(b)] and let
¢, = argmax{c < 0(b) : Y"(c; (b)) = 0}

Since the function Y (¢; A(b) is concave on [c,, A(b)], and Y (c; 8(b) < ¢(c;b) on [¢(b); 6(b)] by
definition of ¢;(b), we get that Y”(c*;0(b) > 0 and therefore

0= %a?f/”(c*; 0(b) = (p+ N (Y (3 0(b) = $ee; b) + c) = (rew + p)Y' (.5 0(b)) <0,

which is a contradiction. [ |

In order to proceed further in the construction, let x;(b) denote the first point below
¢1(b) where the functions Y (c;0(b)) and ¢(c;b) coincide, that is

k1(b) = arg Ceg}%)){Y(C; 0(b)) = ¢(c;b)},
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and consider the following algorithm: If

()= min  Y'(c;0(b)) > 1
1(0) celrr (6).¢1 (b) (¢;0(5))

then we continue the function ¢ (c; b) further for lower values of ¢ as the solution to the above
ODE. If on the contrary d6,(b) < 1 then we let

b) = ar max {c:Y'(¢;0(b)) =1
Q) =ams_ mas - {e:V'(600) = 1)

0ib) = arg_maxx {o:(cib) =~ Gu(b) + Y (6(0):0)

and continue the function for lower values of ¢ by letting
(e ) = ¢ = &i(b) + Y (£1(b); (b))

for ¢ € [61(b), ¢1(b)] and ¥(c;b) = H(c; 01(b)) for ¢ € [(2(b),0:1(b)] where H(c) = H(c;61(D))

is the unique twice continuously differentiable solution to

0= LiH(c) + Ao(Vo(c) = H(c)) + MY (b;b) — (6(b) — ¢) = H(c) — k)" (84)
= H'(01(b); 01()) — 1 = H"(61(b); 61(b))

and we have set

(2(b) = arg ceg}gfgb)){ﬂ (c;601(b)) = o(c;b)}-

Continuing this process, we arrive at a function ©(c;b) defined on [0,0(D)] that is linear
on the finite union of intervals given by Ule 60;(b),€;(b)] for some k € N and satisfies the

differential equation (84) on the complement of these intervals.

Lemma L.8 The function 1 (c;b) satisfies both ¢'(c;b) > 1 and
Li(e;) + A (Y(0(b); 0(b)) — (6(b) — ¢) = 1h(esb) — )T + Ao(Vo(e) — (b)) <0 (85)
for all ¢ > 0.

Proof. First, we need to show that ¢’(c;b) > 1. We will only consider the first step in
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the above construction of ¥(c;b) (i.e., up to the boundary 6,(b)). Since the construction of
¥(c; b) follows the same steps for ¢ € [0,6,(b)], the general claim follows by induction.

By Lemma L.7, the function ¢ (c;b) is concave for ¢ > (;(b). Thus, if Y'(¢;0(b)) hits 1
before 1)(c; b) hits the graph of ¢(c;b), we have that the desired inequality ¢’(c; ) > 1 holds
for all ¢ above the first interior candidate dividend distribution region. Suppose now that
Y (¢;0(b)) hits the graph of ¢(c;b) again before Y’(¢; 0(b)) hits 1 and let

Y(e;0(b)) =Y (c;0(b)) — c

as before. If Y”(6,(b); #(b)) < 0 then the same argument as in the proof of Lemma L.7 implies
that 1(c; b) stays concave as long as ¥(c;b) < ¢(c;b). Assume now that Y”(61(b); 0(b)) > 0
so that the function Y'(¢; 0(b)) is increasing in a small neighbourhood of 6;(b) and suppose
that the required assertion is not true. In this case, Y'(c;0(b)) is increasing in a right

neighbourhood of
¢, = argmax{c < 0;(b) : Y"(¢; (b)) = 0}.
In conjunction with the differential equation this implies that

ST (e00) = (0 + AT (cx; 006)) — blewib) + ) < 0

which is a contradiction. Continuing by induction, we get that ¢’(c;b) > 1 for all ¢ > 0 and
it only remains to prove the supermartingale property. In the regions where the derivative
' (¢;b) # 1 we have that ¢(c; b) solves (85) by construction. Therefore, the supermartingale
property only has to be shown in the regions where the function is linear, but this follows

by direct calculation because in those regions we have ¥(c;b) > ¢(c;b). [

Theorem L.9 There exists a unique constant x} such that (0;2}) = 4; and Y(c;zf) =
Vil Vi) gives the value function of Problem 1. Furthermore, the region in which the firm

optimally searches for outside investors is given by {c < C} for some C > 0.

Proof. Let b* = argmax.>o{¢(c;b) — c¢}. For this choice we clearly have that ¢(c;b*) =
(b5 b%) for all ¢ > 0 and it follows from Assumption L.6 that ¢ (0;0*) > ¢;. On the other

hand, we have
i {(0:5) — b} < lim {9(5:b) — b} = —oc
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because V!(b) = 1 for sufficiently large b by Assumption L.6 and the existence claim follows
by continuity. Uniqueness follows from the verification argument. Indeed, by the same
verification argument as in the case with no investment options, V,,;(c;V,) is the value
function of the firm. Therefore, the target cash level is unique. To complete the proof it

remains to establish that the search region
{c>0: V(25 V,) —af +c— Kk > V0ule; Vo) }
is an interval but this immediately follows from the fact that V ;(¢;V,) = ¢'(¢;27) > 1. R

An immediate consequence of our algorithm is

Lemma L.10 The number of dividend distribution intervals does not exceed the number of

local minima of ¢(c;xt) — ¢ plus one.

Proof of Theorem L.1. The proof of Theorem L.1 follows directly from Theorem L.9,
Lemma L.10, the characterization of V, ;(c¢) provided below and Lemma L.20. |

Proof of Proposition L.2. The proof is based on the observation that ¢(c; b) and ¢’(c; b)
are, respectively, decreasing and increasing in b. The proof of this claim is analogous to that
of Lemma B.4 of the paper and is omitted. It immediately follows that z} is decreasing
in ;. Similarly, the claim about the dividend distribution region follows because 9'(c; b) is
monotone increasing in b and therefore the region {¢ > 0 : ¢/(¢;2}) = 1} is expanding as
the target level z7 decreases. The proof of monotonicity in A; follows by similar arguments,

based on Lemma B.6 of the paper. [ |

Lemma L.11 We have

S Mot r(z; + Ki)

Vn,i (x;ka ‘/;)) 0

Proof. By construction we have that V,,;(c;V,) is twice continuously differentiable and
satisfies 0 = 1 =V, ;(z; Vo) = V), (2; V;,). Combining this with (84) shows that

ST .
Vn,z‘(f-k' Vo) _ rT; + i+ O‘/;("L‘z)‘
p

1)

and the desired claim follows since, by assumption, p; — ;1 > rK; and V,(c) > 0. [ |
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The following observation allows to determine the critical value k.. of the fixed cost
above which the firm optimally decides to never raise outside funds and concludes our

discussion of the solution to Problem 1.

Proposition L.12

Rmax = (Vn,z(l':; ‘/;) - Vn,l(ov V’O) - x;k) |,{:0'

L.5 Solution to Problem 2

Having constructed the solution to Problem 1, we now present a general algorithm for solving
Problem 2. Proceeding as in the previous cases, we start by picking a candidate option
exercise threshold b that we will later vary to obtain value matching at the origin. In order
to construct the associated value, we start by defining an auxiliary function Y, ;(c;b) that is

set to coincide with V,, ;(¢ — K;) for ¢ > b and is constructed as follows on the interval [0, b] :

1. If b — K; > xf then we let

gozmax{c<xf+Ki:Yo7,-(c;b) > TC+M}

P

and define the auxiliary function by setting

Y,i(c;0) = Voi(e — K;) = Vii(2)) + (¢ — K; — o)

7

for ¢ € [¢o,b] and Y, ;(c;b) = H(c) for ¢ € [0, (o] where the function H(c) is the unique

twice continuously differentiable solution to

L, 1H(e)+ AXVyi(zf)—(c— K;—xf) — H(c) — k)T =0 (86)
subject to the value matching and smooth-pasting conditions

0=H(() — Vpni(Go— K;) =1—H'({o)

at the point (o (recall the convention that the supremum of an empty set is zero).

2. If b— K; <z then we let Y, ;(c;b) = H(c) for all ¢ € [0, b] where the function H(c) is

the unique twice continuously differentiable solution to the differential equation (86)
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subject to the value matching and smooth-pasting conditions
0= H(b) = Voi(b— K;) = H'(b) =V, ;(b— K)

at the point b.

Given the auxiliary function Y, ;(c;b) we let
¢1(b) = max{c € [0,0] : Y, ,(c;0) = 1}

denote the first point at which the derivative reaches one (and zero if such a point does not

exist), and define the function

rx+u_rx+u+A(Vn,z($f)—(xz‘—i-Ki—c)—m)}
p p+A '

é(x) = max{

in complete analogy with (82). The same arguments as the study of Problem 1 imply that
we necessarily have Y, ;(¢1(b);0) > ¢((1(b)). Consequently,

01(b) = max{c € (0, (b)] : ¢(c) = Yoi(Cu(b)) + ¢ — G(b)}

is well-defined. Finally, we define the value function w,;(c;b) associated with the given

candidate investment trigger by setting

Woi(¢;b) = Lieso,(0)) [You(cV G(D);b) + (¢ — Gi(0)T] + Lie<a, o1 H )

where the function H(c) is the unique twice continuously differentiable solution to (86)

subject to the value matching and smooth-pasting conditions
0= H(01(b)) — You(0:(b)) = H'(6:(b)) — 1.

Note that due to the definition of ¢(z) we have that w,;(c;b) is twice continuously differen-
tiable at the point 6 (b) where it satisfies the high contact condition w?” ,(6,(b);b) = 0.

0,1

Proposition L.13 The function w,;(c;b) satisfies the HJB equation
max{L;_1w,;(c;b) + AFw,i(c;b), Vi i(c — K;) — wei(c;b),1 — w;i(c; b)} =0.
Proof. By construction we have that w;,;(c;b) > 1 for ¢ > 0;(b) and the same arguments
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as in the study of Problem 1 imply that w,;(c;b) is concave on the interval [0,6;(b)] and
therefore satisfies wy, ;(c;b) > 1 on this interval. This immediately implies that there exists
a threshold C; ,(b) > 0 such that we have

Fw,i(c;b) = (Vii(x}) — (af + Ki — ¢) — wei(c;b) — k)T
= Lie<c, 03 (Vai(@]) — (27 + Ki — ¢) —wo(c;b) — k) .
On the other hand, the inequality
L 1w, (c;b) — pw,i(c;b) + Fw,i(c;0) <0

holds as an identity for ¢ € [0,6,(b)] U [¢1(b),b] and as an inequality in [61(b), (;(b)] because
Wo.i(c; ) > ¢(c) in this interval. To prove the inequality for ¢ > b, we will need to show that
the search thresholds satisfy C',;(b) < C, ; + K; and to this end it clearly suffices to show
that wy,;(c;0) <V, (c— K;) for all ¢ > Kj. Since the two other possible cases are completely
analogous we only consider the case where the trigger satisfies b € (C,, ; + K;, o} + K;). Let

k(c) = w,i(c;b) — Vii(e — K;)

and suppose for the moment that we have both V ;(c) > 1 and wy;(¢;b) > 1 for all ¢ > 0.
Then, for ¢ > max{C,,(b),C, ; + K;}, we have

Li1k(c) + (rK; — (i — p1i-1))Vy, i(c — K;) = 0 (87)

and it follows from Lemma B.6 that the function k(c) is decreasing. This immediately implies
that we have C',;(b) < C,,; + K; and it follows that the function k(c) satisfies

0= Liik(c) + (rKG — pi + pi1)Vyy i(c = Ki) = (Vai(z]) — (2] + K — ¢) = Vai(e) — k)

on the interval [C,,(b),C,, ; + K;| and (87) on the interval [0,C, ;(b)]. If there are intervals

) =20,1

where either of the derivatives is equal to one then we only need to show that
V,{}i(c -K)=1= wﬁm-(c; b) = 1.

Let (01(zF),&(xf)), ..., (Ou(x)), Ee(x))) with 6, > ... > 6, give the dividend distribution

intervals for the function V;, ;(¢). We only consider the first interval. The general case follows
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by induction. By definition, we have that V,; ;(¢1(b)) = 1. Therefore, the same argument as
above implies that we have w), ;(¢1(b) + Kj;0) < 1 and therefore wy, ;(¢1(b) + Ky;b) = 1 since
w,, ;(c;b) > 1 by construction. Now, consider the function

re+ i+ No(Voi(e) = Vii(e)) + A(Vii(al) —af +c— k)T
Oni(c) = P

By the construction of the interval [0;(b), (;(b)] we have
Vm(c — Kl) Z ¢m(c — KZ), (A [91(1)) -+ Ki, <1(b) + Kl]

Furthermore, the same argument as above based on Lemma B.6 of the paper shows that
We,i(c;0) > V(e — K;) for all ¢ € [(1(b), 8(D)]. Let

re+ pimy + A Voa(ad) —xf +c— r)t

(bo,i(c) = o+ )

Using the fact that V,;(c) — V,.i(c) > 0 for all ¢ > 0 and p; — ;-1 > rK; by assumption we
deduce that the inequality

Pnilc — Ki) > ¢oi(c) (88)

holds if either ¢ > max{C,, ;+ K;,C,,;} or C, ;+ K; > C, ;. Since, as shown above, the latter
inequality necessarily holds whenever (;(b) + K; < max{C, ; + K;,C,;} we have that (88)
holds in a neighbourhood of ¢;(b). By continuity this in turn implies that

Woi(c;0) > Vyi(c — K;) > ¢ni(c — K;) > ¢o.(c) (89)

in a neighbourhood of (;(b) and it follows that w,;(c;b) is linear with slope equal to one
in that neighbourhood. By definition, w,;(c;b) remains linear with slope one until it hits
the graph of ¢,;(c) at some level & (b) of the cash buffer and it only remains to show that
§1(b) < 01(b). Suppose to the contrary. By definition, we cannot have C,; € [(1(b),£1(b)].
Therefore ¢, ;(c — K;) > ¢,.:(c) holds also for ¢ > & (b) and hence (89) holds true over the
interval [(1(b), &1 (b)]. But this is impossible because w,;(£1(0); b) = ¢,.:(£1(b)) by definition
of £1(b). Thus, we conclude that w), ;(c;b) <V, ;(c— Kj;) and therefore w, ;(c;b) > V,, ;(c— K;)
for all ¢ > K;. [ |

Lemma L.14 The function w,(c;b) is monotone increasing in b
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Proof. Let b; > by. Since, by the above wy ;(c;0) <V, ;(c — K;), we have
wy,;(ba; br) <V i(by — KG) = w), ;(ba; b2).

Thus defining k(c) = w,;(c; b1) —w, i (c; by), we get that k(be) > 0, k'(b2) < 0 and the required

assertion now follows from Lemma B.6. [ |

In order to state the next results consider the twice continuously differentiable function
defined by W;(c;b) = Wi(c A b;b) + (¢ — b)T where the function W;(c;b) is the unique twice

continuously differentiable solution to
0= L 1 Wile;b) + A Vyi(z}) — 2 — K; + ¢ — Wile;b) — k)T
subject to the boundary conditions 1 — W/(b;b) = W/ (b;b) = 0.

Lemma L.15 The function W;(c; b) is monotone increasing with respect to b > 0 there exists
a unique threshold C}y, such that Wi(0; Cfyy) = ;. Furthermore, for any b > 0 there exists
a threshold C, y,(b) such that

{e <b: V(@) — 27 — Ky + ¢ — Wi b) — k> 0} = 0,0 1(b)]
and the function Wi(c; Cfy,) satisfies W (c; Cfy) > 1 for all ¢ > 0.
Proof. The proof is similar to that of Lemma E.1 of the paper and therefore is omitted. B

To simplify the notation in what follows we let Wi(c) = Wi(c;Cfyy) and Wi(c) =

Wi(c; Cfyy) unless there a risk a confusion.

Lemma L.16 If K; < K then
Wi(Ciw) < Vaalai) —of — Ki + Ciy

and either Wi(c) < V,,i(c— K;) for all ¢ > K; or there exists a unique crossing point C; with
the property that Wi(c) < Vyi(c — K;) if and only if ¢ > C.

Proof. The proof is analogous to that of Lemmas E.3 and E.4 of the paper. [

Proof of Proposition L.3. The proof follows directly from Lemma 1..16. |
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The following lemma follows by the same arguments as Lemma F.8 of the paper. For

simplicity, we assume that K < Kpax With kpay defined as in Proposition L.12.

Lemma L.17 Let

) 3

and for any z > 0 define the function g;(c; z) to be the unique twice continuously differentiable

solution to

Li19i(c; 2) + Meeay (i + ¢ — gi(;2)) = 0
with the boundary conditions

0=4;—gi(0;2) = 2+ i — gi((2;2)
Then we have lim,_,q gi(z; 2) = oc.

Lemma L.18 Suppose that K < K} and mings g, (W;(c) — Vai(c — K;)) < 0. Then, there
exists a threshold z, > 0 such that

(a) gi(c;24) > Viile — K;) for all ¢ > K;,
(b) There exists a unique point Cf;; > K; such that g;(Cpr;; 24) = Vai(Cpry — Ki).

If C; = K then the optimal policy is to exercise at ¢ = K; and liquidate. Otherwise, the

optimal policy is to exercise the growth option at Cf; ;.

Proof. Let us subtract from both g¢;(c; z) and V,, ;(¢) the function

A
D;(c) = —— (Vm(x;“) +e—af — K, — K+

. i1 —l—rc)
p+ A

pHA—r

and denote the new functions by §(c; z) and V,,;(c). Then, let us apply to these functions
the transformation of Lemma D.1 of the paper with meeting intensity A = 0, i.e. consider
the equation £, 1f = 0, and apply the transformation using the solutions Fjo(c) and
Gio(c) to this equation. Denote by g;(c;z) and VM(C) the resulting functions. Lemma
D.1 immediately yields that g;(c; z) is concave on the interval [0, F;(z)/G;(z)] and linear

afterwards, whereas Vm(c) is globally concave. Furthermore, it follows from Lemma L.17
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that on [Fj(z)/G;(z), +00) the slope of the function g;(c; z) converges to infinity as z decreases
to zero and this implies that g;(c; z) > V,,;(c — K;) for any sufficiently small values of z and
all ¢ > K;.

The next important observation is that W;(c) = gi(¢; C; ) for all ¢ > 0. Indeed, both
functions satisfy the same ODE with the same boundary conditions at the origin and the
point C; - so the claim follows by the uniqueness of the solution to a second order equation.
Let us now show that g;(c; z) > Wj(c) for z < C;  and all ¢ > 0. Indeed, by Lemma B.6 of

the paper we have that the function
k(c) = gi(c; z) — Wi(c)

is either monotone increasing or monotone decreasing and the claim for ¢ € [0, z] follows
because g;(z;z) > W;(z) for sufficiently small values of z by Lemma L.17. The claim for
¢ > z follows directly from the result of Lemma B.6 of the paper.

Since mingsx,(W;(c) — V,i(c — K;)) < 0 by assumption, the existence of a threshold
z, satisfying the conditions of the statement follows by continuity. It is also clear that if

Z,’i > K;, then g;(c; z.) satisfies the smooth pasting condition at the point C;j,i and therefore
gi(c; ) = woi(c; Cry), e <

In particular, this implies that the function g;(c; z,) touches the graph of the function V,, ;(c)

at a single point and the proof is complete. [ |

Lemma L.19 Suppose that K < K} and mingsg, (W;(c) — Vai(e — K;)) > 0. Then, there
are thresholds Cf iy > C7p > Cly, such that

wo,i(c; CZ*,H) - VVZ(C)
for all ¢ < C’ZL.

Proof. Denote by d;(c; b) the unique twice continuously differentiable solution to the equa-

tion

Li10i(c;0) + A(Vyi(ai) —z7 — Ki + ¢ — £ = di(c; b))* =0
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with the boundary conditions
0(b; b) — Wi(b) = &;(b; b) — Wi(b).

The same argument as in the proof of Lemma F.4 implies that §.(c;b) can have at most a
single turning point. If §;(c;b) is non-increasing, then there will be at most a single Cj,
at which ¢; — 9i(¢; b) changes sign. Otherwise, there will be at most two such points. By

construction we have

for all ¢ > K; and it follows from Lemma L.16

5@(@; é’z) = Vn,i(Ci - Ki)-
Therefore, by continuity, there exists a threshold b = C} such that the function d;(c; C; )
touches the graph of the function V;(c — K;) from above at some point C}, > C} and the
same argument as in the proof of Lemma F.4 of the paper implies that 6;(c;C; ;) > 1. R

Proof of Theorem L.4. By Proposition 1..13, we only need to show that there exists a
solution to the equation w,;(0;b) = ¢;_; but this follows directly from Lemmas L.18 and

L.19. Verification follows by the same arguments as above. [ |
Lemma L.20 The function V,, ;(c) has at most N — n intervals of convezity.

Proof. We prove the claim by induction. The case i = N follows from Lemma B.4 of the
paper. Suppose now that the claim is proved for V,, ;(¢), and let us prove it for V,,;_;(c). First,
we note that by construction the function V;(c) can have at most one interval of convexity
in the no-investment region and combining this with the induction hypothesis implies that
the function V,;(c) has altogether at most N — i + 1 intervals of convexity. Furthermore,
it follows from Lemma B.7 of the paper that the second derivative of V,;(c) inside a cash
retention interval can change sign at most once. It follows immediately from the construction
of the function V,,;_1(c) that it cannot have more intervals of convexity that the function

V,.i(c) and this completes the induction step. |

Proof of Proposition L.5. We only prove monotonicity in A\;_;. The other claims are
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established similarly. Let \; < Ay and define
k(c;b) = woi(050; A2) — w, (05 b5 Ay).

Then we have k(b) = Ek'(b) = 0 as well as k”(b) < 0 and it follows from Lemma B.6 of
the paper that k(c) cannot have negative local minima. Thus, k(c) < 0 and it follows
that w,;(0;b; A) is monotone decreasing in A. Monotonicity in ¢; is a direct consequence of
Proposition L.21 below. [ |

Proposition L.21 Suppose that an increase in a parameter « increases V, ;(c) and simulta-
neously decreases V,{Z(c) Then, the threshold for investment from internal funds is decreasing

m .

Proof of Proposition L.21. For simplicity, we only consider the case without issuance
costs. Let a; > as. By continuity, it suffices to consider the cases where both parameter
values ay, ay correspond to either the Cf;,; or the CF;; regimes. For simplicity, we omit the
index ¢ for the various threshold and simply denote them by C7;, Cy;, C} and Cj, to denote
them.

Consider first the case of a barrier policy and suppose that the desired monotonicity does
not hold so that there exist oy > ay with Cfj(aq) = Ci(a2) = Cf. Let A; = V,,,(C}; —
K;(a1); ;) and consider the function defined by

Ry(e) = Vailes3) — Aj. (90)
By assumption, we have that

0= Ri(C}) = Ra(Cy) = RU(Cy) < BY(CE) (91)
and A; > Ay. Furthermore the function R;(c) satisfies

Li1Rj(c) = pAj + MVai(z(ay); ;) — 27 (a;) — Ki(oy) — Aj + ¢ — R;(c)) = 0. (92)
on the interval [0, C};] it follows that the function k = Ry — Ry satisfies

0= L 1k(c) + Mk(c) + p(As — A) + \Z = k(C}) > K (CF)
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where the constant Z is defined by
Z = Voi(ai(an);on) — o7 (on) — Ki(on) — Ay — (Voi(@7 (02); az) — a7 (a2) — Ki(az) — Az)

and the notation K;(«;) indicates the possible dependence of the investment cost on . We
claim that Z < 0. Indeed, since 1 <V, ;(c— K;(a1); 1) <V, ;(c— Ki(a1); az) by assumption

we get
yilon) = zi (o) + Ki(an) < 27 (a) + Ki(aq) = yi(o, az)

and it follows that

yi(o,a2)

yi(an)
7 = / (Vé,i(c — Ki(on); 1) — 1) de — / (Vé’i(c — Ki(o);a0) — 1) de (93)

g Cy

yi(o)
< / (V2 (e — Kion)ion) — V(e — Ki(on); aa)) de < 0.

Co

By Lemma B.6 this in turn implies that the function k(c) is monotone decreasing and it
follows that we have 0 < k(0) = Ay — A; < 0 which is a contradiction.

Suppose now that both parameters correspond to a band strategy and Cj; (o) = Cjy(az) =
C; for some aq > . On the interval, [max{C} (a1), C}(a2)}, Cy, the functions R;(c),j =
1,2 defined in (90) satisfy (91)-(92) and therefore the same argument as above implies
that the function k& = R; — Ry is monotone decreasing on [max{C}(a1),C}(a2)}, Cxl.
Consequently, R} < R} and hence R hits the value of 1 earlier (from the right) than
R),. That is, Cj(a1) > Cj(ag) and hence k(c) is decreasing on [C} (aq), Cj;]. Since

1 = Ri(c) < Ry(c), cel=I[Cyla),Cr(an)]

it follows that the function k(c) is also decreasing on I. Since k(Cj;) = 0, we have that
Ri(c) > Ra(c) on [Cf(aq),CF]. We will now show that Cj, (o) < Cj(a2). Indeed, the
algorithm for the construction of the value function w,;(c;b) implies that the threshold Cf;,
is the first point below C}(«;) where R;(c) hits the graph of the function defined by

(7“ + )\)C + pi—1 + Zj

¢j(c) = Y
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with the constant
Zj = —pA; + AVi(Ci(ay); o) — Cf () — Ki(aj) — Aj).

By (93) and the inequality A; > As, we have Z, > Z;. Therefore, since Ry(c) < Ri(c) on the
interval [C} (a1 ), Cj;] we have that the function Ry (c) hits the graph of the function ¢o(c) at
a cash level that is higher than the cash level at which the function R;(c) hits the graph of
the function ¢;(c) and it follows that we have both

Ry (Ciy (1)) < Ra(Ciy(an))  and  Ry(Chy(en)) > Ry(Ciy(an))-

The same argument as in the first part of the proof now implies that k£(0) > 0 which provides
the required contradiction because k(0) = Ay — A; < 0 by assumption. [
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Figure 8. The model with multiple growth options

This figure illustrates the model with multiple options: The firm initially has mean cash flow
rate o and does not any growth option. At the exponentially distributed time (; the firm
receives its first growth option and exercises optimally at the stopping time #;. The second
growth option then arrives after the exponentially distributed time (, — 6, has elapsed and
is optimally exercised at the stopping time 6. This goes on until the optimal exercise of the
last growth option at the stopping time 6. After that time the mean cash flow rate of the

firm remains constant.
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Figure 9. Value of the firm in the waiting period between growth options

This figure represents the value of a firm as a function of its cash holdings in the waiting
period between the exercise of the ¢’th growth option and the arrival of the next one. In this
picture the optimal strategy includes two intermediate dividend distribution intervals and
three earnings retention intervals whose location are specified by the vectors (af, bf) and the

target x;.
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