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Abstract: A Friedmann–Lemaitre–Robertson–Walker space–time model with all curvatures k = 0,±1
is explored in f (R, T) gravity, where R is the Ricci scalar, and T is the trace of the energy–momentum
tensor. The solutions are obtained via the parametrization of the scale factor that leads to a model
transiting from a decelerated universe to an accelerating one. The physical features of the model are
discussed and analyzed in detail. The study shows that f (R, T) gravity can be a good alternative
to the hypothetical candidates of dark energy to describe the present accelerating expansion of
the universe.
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1. Introduction

Observational data such as Planck [1], baryon acoustic oscillations (BAO) [2], the
Wilkinson microwave anisotropy probe (WMAP) [3], large-scale structures (LSS) [4], cos-
mic microwave background radiation (CMBR) [5], and Type-Ia supernova (SNe-Ia) [6–8],
have become a vital pillar in comprehending modern cosmology. These observations
suggest that the universe has undergone a pillar of accelerated expansion twice, viz.,
early inflation [9–11] and late-time acceleration. The inflationary phase has resolved the
flatness and horizon problems [9] as well as the entropy problem partially. Acceleration at
late-times is supposed to be caused by an unknown component known as dark energy (DE)
that occupies approximately two-thirds of the total energy budget of the universe [12,13].
The most widely acknowledged ΛCDM (cold dark matter) model based on Einstein’s
theory of general relativity (GR) explains the late-time acceleration phenomenon via a
cosmological constant (CC), Λ [14,15], which is characterized by an equation of state (EoS)
parameter ω = −1.

Though the standard model explains various physical phenomena, such as the forma-
tion and evolution of the large-scale structure in the early universe and the abundance of
matter and energy [16,17], etc., it experiences setbacks such as coincidence and fine-tuning
problems [18,19]. Due to these setbacks, researchers have proposed some dynamic can-
didates for DE. These include quintessence [20], phantom energy [21,22], tachyons [23],
Chaplygin gas [24], and k-essence [25]. However, due to the lack of evidence of the exis-
tence of any of these forms of DE, a class of researchers are not in favor of accommodating
these hypothetical candidates of DE. Instead of such a theoretical form of energy, they prefer
to seek some other alternatives to explain acceleration at late times. One way is to modify
the action of GR. The modified theories naturally unify early-time inflation and late-time ac-
celeration [26,27]. The most popular modified theories include f (R) theories [28,29], scalar
Gauss–Bonnet gravity f (G) [30], generalized Gauss–Bonnet f (R, G) [31], f (T) theory [32],
f (Q) theory [33], and f (Q, T) gravity [34].
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Among modified gravity theories, initially, the focus was put only on altering the
geometrical part of the EH action. Later, explicit coupling of an arbitrary function of the
Ricci scalar R and the matter lagrangian Lm was introduced, and a maximal extension of
the EH action was proposed [35]. These theories came to be known as the f (R,Lm) gravity
theories [36]. In 2011, Harko et al. [37], through non-minimal general coupling between
geometry and matter, introduced f (R, T) gravity, where T is the trace of the stress–energy
tensor. Exotic imperfect fluids or quantum effects provide the rationale for selecting T as a
Lagrangian argument. The authors argued that the variation of the stress–energy tensor
with respect to the metric is represented by a source term. Consequently, the matter content,
as well as the geometrical part, contribute to cosmic acceleration. Furthermore, neither
ghosts nor Laplacian instabilities exist in this theory [38]. Additionally, the theory has
passed observational tests on intra- and extra-galactic scales. This extraordinary behavior
and observational validity set this theory apart from other theories of gravity by producing
notable signatures and effects. Therefore, f (R, T) gravity has gained a lot of interest
and rose to the top of the list of potential solutions in many contexts on galactic and
intra-galactic scales.

Jamil et al. [39] reconstructed some f (R, T) gravity models and showed that the dust fluid
reproduces ΛCDM, phantom-non-phantom era and phantom cosmology. Azizi [40] studied
wormhole solutions in the framework of f (R, T) gravity. Alvarenga et al. [41] studied the
evolution of scalar cosmological perturbations in the metric formalism. Sharif et al. [42] studied
the energy conditions for the FLRW universe with perfect fluid. Pasqua et al. [43] reconstructed
modified holographic Ricci dark energy. Alves et al. [44] explored gravitational waves in this
theory. Momeni et al. [45] presented a study of the generalized second law of thermodynamics
in the scope of f (R, T) gravity. Das et al. [46] generated a set of solutions describing the interior
of a compact star which admits conformal motion. Using a perfect fluid as the only matter
content, Shabani and Ziaie [47] studied classical bouncing solutions in a flat FLRW background.
Deb et al. [48] explored the physical features of anisotropic strange stars beyond the standard
maximum mass limit in f (R, T) gravity. Elizalde and Khurshudyan [49] discussed the formation
of specific static wormhole models. Ordines and Carlson [50] investigated changes in the earth’s
atmospheric models coming from the f (R, T) modified theory of gravity (for more details,
see [51,52] and the references therein).

On the other hand, it is also well known that prior to the current accelerating expansion,
the universe had undergone a decelerated phase in the past. However, constructing viable
scaling models that allow the universe to transition from a decelerating to an accelerating
phase is still a challenging task. An alternative is to seek the solutions of the field equations
under an assumption which would be consistent with the observed kinematics of the
universe. This phenomenon has piqued the interest of many researchers. Some theorists
working in this area have attempted to study it by constructing cosmological models using
geometrical parameters, such as the parametrization of the deceleration parameter, Hubble
parameter, or scale factor, which can provide the transition from past deceleration to present
acceleration [53–56]. Most of these models have been studied in homogeneous and isotropic
backgrounds [57–65], but some studies have also been considered in homogeneous but
anisotropic backgrounds [66–72].

Knowing the EoS of DE is one of the biggest challenges in theoretical physics [73–77]
as well as in observational cosmology today [78,79]. The observations seem to favor
an evolving EoS for DE [80,81]. Considering all curvatures k = −1, 0,+1, the present
study deals with a transit FLRW model in f (R, T) gravity. We consider a scale factor as
proposed in Ref. [82]. We investigate the nature of matter and its sources, which exhibit
cosmological evolution as suggested by the theoretical background and supported by the
various observations. In particular, we seek to answer whether f (R, T) gravity could be a
possible alternative to various hypothetical forms of DE.

The work is organized as follows. The model and field equations followed by their
solutions are presented in Section 2. The geometrical behavior of the deceleration parameter
is also presented in the same section, and the constraints for a physically realistic scenario
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are obtained therein. Thereafter, the nature of matter is examined. As compared to
GR, in the f (R, T) theory of gravity, due to coupling, some additional terms arise in
the energy–momentum tensor. These extra terms may be considered as coupled matter or
energy, which may behave as either perfect fluid or DE. The nature of this coupled matter
is examined in Section 3. The behaviour of effective matter is studied in Section 4. The
results are summarized in Section 5.

2. The Model in f (R, T) Gravity

The spatially homogeneous and isotropic FLRW space–time metric is given as follows:

ds2 = dt2 − a2(t)
[

dr2

1 − kr2 + r2(dθ2 + sin2 θdϕ2)

]
, (1)

where 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π, a is the scale factor, and k represents the geometrical
curvature of the universe, i.e., k = 0 implies a flat universe, k = +1 is a closed universe,
and k = −1 is an open universe. We consider the energy–momentum tensor of the matter
as follows:

Tij = (ρm + pm)uiuj − pgij, (2)

where ρm is the energy density and pm is the thermodynamic pressure of the matter. In
comoving coordinates, ui = δi

0, where ui is the four-velocity of the fluid that satisfies the
condition uiuj = 1.

Harko et al. [37] considered some functional forms of f (R, T) gravity models. The
authors mentioned that in the f (R, T) theory of gravity, the field equations are governed by
the choice of the source of matter. Therefore, by choosing suitable matter fields, a different
cosmological model is obtained by choosing a different functional form for f . In their paper,
those authors took the simplest case, i.e., f (R, T) = 2 f (T) + R, showing the equivalence
with a cosmological model with an effective cosmological constant, which varies with
Hubble parameter, i.e., Λ ∝ H2. It was also shown that gravitational coupling is no longer
constant, but is now a function of time, viz., Ge f f = f ′(T)± G, where a prime represents a
derivative with respect to the argument. Thus, the term 2 f (T) in the gravitational action
modifies the gravitational interaction between matter and curvature. Although there is not
any fundamental basis for considering a liner combination of R and T, the authors showed
that the choice of f (T) = λT for the dust matter leads to the power-law expansion of the
universe, a ∝ tα, where α depends on the coupling parameter λ.

The choice f (R, T) = R + 2λT also corresponds to GR with an additional matter
content on the right side of the field equations. This allows for a wider variety of behaviour,
which reduces to GR when λ = 0. The right side of the field equations are similar (but not
the same) to general relativity, containing a fluid with viscosity or heat conduction. Hence,
the entropy problem could be solved using the f (R, T) theory. Several problems, such as
the fine-tuning problem, coincidence problem, and cosmological constant problem can be
solved by the dynamic Λ in theory, and it can still satisfy observations [83]. The variable
Λ parameter occurring in the theory may be written as a function of T where T is the
trace of Tij, and is sometimes called “Λ(T) gravity”. Hence, this means that a variable Λ
can be derived naturally from f (R, T) gravity via a Lagrangian formulation. However,
the choice f (R, T) = R + 2λT has not always been met with a positive reception by the
scientific community in a few papers [84,85]. Such criticism has been addressed in Ref. [86]
recently. Very recently, Jaekel et al. [87], on some observational grounds, proposed that
f (R, T) = R + λT and f (R, T) = R + eT models should be ruled out. However, their
analysis is biased. Staying on the conservative side, those authors considered the age of the
universe as more than 14.16 Gyrs. Also, there are some other constraints that were followed
in their study. These models are, at the very least, still viable at lower redshift limits, as
shown in Ref. [88]. We shall return further to the comments in Ref. Jaekel et al. [87] later in
the conclusion.
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Moreover, it was shown earlier [89] that when reconstructing f (R, T) = R + 2 f (T), an
exponential solution implies that f (R, T) = R + λT. A similar result is true for power-law
solutions, but in this case, f (R, T) = R + λTα, where α is a constant. It is well known that
the conservation equation does not necessarily hold in f (R, T) gravity—see Appendix A.
Moreover, a scalar field with flat potential was studied earlier in the f (R, T) = R + 2 f (T)
theory of gravity [90], looking for conditions for energy conservation. Surprisingly, it
was found that the expression f (R, T) = R + 2 f (T) had the same form as before, viz.,
f (R, T) = R + 2λT. Hence, this linear form of f (R, T) has a significant physical and
mathematical basis. Whilst being simple, this form allows one to investigate salient points
of this theory. Hence, this simple form is popular with most researchers in the field. In the
present study, we also consider this form.

The field equations in f (R, T) = R + 2 f (T) gravity with the system of units
8πG = 1 = c, are obtained as follows:

Rij −
1
2

Rgij = Tij + 2
(

Tij + pgij

)
f ′(T) + f (T)gij, (3)

where a prime represents the derivative with respect to T. The above equation for
f (T) = λT, i.e., f (R, T) = R + 2λT, where T = ρ − 3p, simplifies as follows:

Rij −
1
2

Rgij = (1 + 2λ)Tij + λ(ρ − p)gij. (4)

For the (1) metric and the energy–momentum tensor (2), the above equation yields
the following:

3H2 + 3
k
a2 = ρm + λ(3ρm − pm), (5)

2Ḣ + 3H2 +
k
a2 = −pm − λ(3pm − ρm). (6)

It is vital to note that in the f (R, T) theory of gravity, both pm and ρm do not reflect
the effective pressure and energy density as in GR. Indeed, the coupling between matter
and f (R, T) gravity adds some additional terms visible on the RHS of the field equations.
Additional contributions can be collected in terms of geometrical effective pressure and
energy density. This can be associated with the dark sector. If the modified gravity sector is
responsible for the late time accelerated phase, then the additional terms can be interpreted
as DE. This is the convention that we adopt in this work. We term the additional terms with
λ as “coupled matter” or “coupled energy”. Therefore, to distinguish the “main” matter
from the “coupled” matter or energy, we write ρ f = λ(3ρm − pm) and p f = λ(3pm − ρm),
which represents the coupled matter or energy.

Now, Einstein’s equations with the cosmological constant Λ on the right-hand side of
the field equations are as follows:

Rij −
1
2

Rgij = Tij + Λgij.

Comparing this with (4), we notice that a variable Λ in f (R, T) gravity may be defined
as follows:

Λ = Λ(T) = −(2pm + T)λ = (ρm − pm)λ.

Hence, we see that variable Λ arises naturally in f (R, T) gravity. Thus, additional
matter–geometry coupling terms work as a variable cosmological parameter. This can
assist in solving the fine-tuning problem, coincidence problem, and cosmological constant
problem. In addition, observations can also be satisfied [83].

Ideally, the solutions of (5) and (6) are supposed to be obtained by solving the conser-
vation equation. However, as far as f (R, T) gravity, as mentioned earlier, is concerned, the
usual conservation equation in GR is not satisfied [37]. However, only in a few cases does
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the chosen f (R, T) function lead to a conservation equation holding true. In Ref. [90], two
of the present authors studied such a case. For a complete discussion on this, we would
like to refer to a recent study [91]. Secondly, if one tries to compute the analogue of the
conservation equation in f (R, T) gravity, this leads to very complicated expressions, and
even more so if one inserts this into the Friedmann Equation (5). This is extremely difficult
to solve; hence, most researchers resort to assuming some form of scale factor, Hubble
parameter, deceleration parameter, equation of state parameter, etc.

The transition from a decelerated phase to an accelerated phase must be present in
any realistic model. However, due to our lack of knowledge of dark energy, constructing
viable scaling models that allow the universe to transition from a decelerating phase to
an accelerating phase is still a challenging task. An alternative is to seek solutions of field
equations under an assumption which would be consistent with the observed kinematics
of the universe. This phenomenon has piqued the interest of many researchers. Some
theorists working in this area have attempted to study it by constructing cosmological
models using geometrical parameters, such as the parametrization of the deceleration
parameter, Hubble parameter, or scale factor, which can provide the transition from past
deceleration to present acceleration, and be consistent with observations. Many researchers
have considered similar geometrical evolutions (for an extensive list, see Refs. given in [92]).
Some authors [68,93–95] have studied another form of the hybrid scale factor, which also
describes the transition from the decelerated to accelerated expansion of the universe.
Apart from these works, there are a plethora of similar works.

We see that Equations (5) and (6) consist of three unknowns, i.e., ρm, pm, and H. Hence,
to determine a solution, one extra assumption is required. We have considered the simple
parametrization of the scale factor as recently studied by Mishra and Dua [82]:

a(t) = exp(αt + β)p, (7)

where α > 0, β > 0, and 0 < p < 1 are arbitrary constants.
Now, let us discuss the scale factor considered here further. The approach to seek

solutions of the field equations under an assumption which would be consistent with the
observed kinematics of the universe is known as cosmography, which has been extensively
studied in the literature. In Ref. [90], two of the present authors cited many such works
conducted earlier. While following this reverse approach, the authors obtained similar
scale factors.

As far as the parameters are concerned in solution (7), we have tried to consider the
most general form. Later, while investigating, we realized that some of the parameters are
just scaling and shifting parameters. Therefore, we dropped them out. If we would have
analyzed without those parameters, it would be a very specific study, and one could argue
why such a particular study must be considered. In any case, there are many papers in the
literature where such parameters are included.

The Hubble parameter, H = ȧ/a yields the following:

H(t) =
αp

(αt + β)1−p . (8)

Using a = a0/(1 + z), where a0 is the present value of a, and z is the redshift, one obtains
the t − z relationship [82]:

αt + β = [A − log(1 + z)]
1
p ,

where A = (αt0 + β)p, t0 is the present time. Using the above t − z relationship, the Hubble
parameter is obtained in terms of redshift z as follows:

H(z) = αp[A − log(1 + z)]1−
1
p . (9)
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Similarly, the deceleration parameter, q = −aä/ȧ2, in terms of the redshift, is as follows:

q(z) = −1 +
(

1
p
− 1

)
[A − log(1 + z)]−1, (10)

where A = (1/p − 1)/(1 + q0), and q0 is the present value of the deceleration parameter.
Recently, using the 51 points H(z) data set [96] and the 1048 points Pantheon SNe-Ia

data set [97] with H0 = 67.77 km s−1 Mpc−1 [98], Mishra and Dua [82] obtained observa-
tional constraints on q0 and p, and reported the best-fitted values q0 ≈ −0.40 and p = 0.47
with the H(z) data set and q0 ≈ −0.54 and p = 0.66 with the Pantheon data set.

Figure 1 plots the deceleration parameter q versus redshift z for the best-fitted values
mentioned above. We observe that the universe transits from deceleration (q > 0) to accel-
eration (q < 0) at a redshift od z = 0.8 for the H(z) data and z = 1.2 for the Pantheon data.

1 2 3 4
z

-1

0

1

2

3

4
q

p=0.66,q0=-0.54 (Pantheon SNeIa)

p=0.47,q0=-0.40 (H(z))

Figure 1. Deceleration parameter q in terms of redshift z with the best-fitted values of p and q0.

We note the following. Firstly, the deceleration parameter for the adopted form of the
scale factor describes a transition from a deceleration in the past to acceleration in the future.
Secondly, the values of p and the current deceleration parameter q0 occur in our equation
for the deceleration parameter q(z). To plot our deceleration parameter, as in Figure 1, we
use the values of q0 and p obtained from observations, as mentioned above. The calculated
values of the transition redshift zt work out to be 0.8 and 1.2. Whilst this is somewhat higher
than the value for the ΛCDM model, it is within the error bounds [99]. Thirdly, the usually
quoted values of qt are based on the ΛCDM model, and values for alternative theories or
models could be somewhat different whilst the model has the required salient features.

The main objectives of our study are as follows:

• Investigating the nature of matter in the presence of which the model can yield the
desired evolution of the universe.

• Examining the role of f (R, T) gravity.
• Comparing and distinguishing outcomes from those of Einstein’s gravity.

Using (7) and (8) in (5) and (6), we obtain the energy density and pressure of matter
as follows:

ρm =
e−2(β+αt)p

[
k(8λ + 3) + α2 pe2(β+αt)p

(β + αt)p−2(2λ − 2λp + 3p(2λ + 1)(β + αt)p)
]

(2λ + 1)(4λ + 1)
, (11)

pm = − ke−2(β+αt)p
+ α2 p(β + αt)p−2[2(3λ + 1)(p − 1) + 3p(2λ + 1)(β + αt)p]

(1 + 4λ)(1 + 2λ)
. (12)



Universe 2024, 10, 272 7 of 18

The vital requirement is now to corroborate that the assumption we chose to find a
solution results in a realistic cosmological model, e.g., ρ ≥ 0. We note that ρm ≥ 0 requires
λ ≥ 0 in all the three models k = 0,±1.

Let us examine the behavior of actual matter. The EoS parameter of actual matter
ωm = pm/ρm provides the following:

ωm = − k(β + αt)2 + α2 pe2(β+αt)p
(β + αt)p(2(3λ + 1)(p − 1) + 3p(2λ + 1)(β + αt)p)

k(8λ + 3)(β + αt)2 + α2 pe2(β+αt)p
(β + αt)p(2λ − 2λp + 3p(2λ + 1)(β + αt)p)

. (13)

Since α is a scaling parameter and β is just a shifting parameter, the only crucial
parameter in this study is p. Therefore, we set α = 1 and β = 0 to study the behavior of the
EoS parameter for the best-fitted values p = 0.47 (H(z) data) and p = 0.66 (Pantheon data).
Figures 2 and 3 depict the behavior of matter with the H(z) and Pantheon data, respectively.

1 2 3 4 5
t

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0
ωm(t)

k=-1

k=1

k=0

Figure 2. ωm(t) versus t with p = 0.47 (H(z) data) and λ = 1.

1 2 3 4 5
t

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0
ωm(t)

k=-1

k=1

k=0

Figure 3. ωm(t) versus t with p = 0.66 (Pantheon data) and λ = 1.

Analytically, we find that for all three spatial curvature models, ωm = 1
λ + 3 at t = 0,

and ωm → −1 as t → ∞. Therefore, ωm starts with a finite value ωm ≥ 3 with the evolution
and approaches the cosmological constant at late times. Hence, the matter exhibits a unified
description of all kinds of matter, including stiff matter (ωm ≥ 1), radiation (ωm = 1/3),
dust (ωm = 0), quintessence (−1 < ωm ≤ −1/3), and a cosmological constant (ωm = −1),
in the same order as is required for unified cosmological evolution.
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3. The Behavior of Coupled Matter

The energy density and pressure of coupled matter are obtained as follows:

ρ f =
2λ

[
k(12λ + 5)e−2(β+αt)p

+ α2 p(β + αt)p−2{6p(2λ + 1)(β + αt)p + p − 1}
]

(1 + 4λ)(1 + 2λ)
, (14)

p f =
2λ

[
α2 p(β + αt)p−2{8λ + p

(
− 8λ − 6(2λ + 1)(β + αt)p − 3

)
+ 3} − k(4λ + 3)e−2(β+αt)p

]
(1 + 4λ)(1 + 2λ)

. (15)

In all three spatial curvature models, we note that the energy density of coupled matter
is negative at very early stages of evolution, and turns out to be positive after a particular
length of time. Since ρ f becomes zero at the transition time, it is noteworthy to use the EoS
parameter to study the behavior of coupled matter as ω f = p f /ρ f would diverge at that
instant of time. Alternatively, we study the implications of the energy conditions, which
are stated as follows:

• Null energy conditions (NEC): ρ + p ≥ 0;
• Weak energy conditions (WEC): ρ ≥ 0, ρ + p ≥ 0;
• Strong energy conditions (SEC): ρ + 3p ≥ 0;
• Dominant energy conditions (DEC): ρ ≥ |p|.

Figure 4 shows the behavior of energy density for a flat model, which shows that
the WEC is violated at very early times. We observe the same behavior in closed and
open models. Although the energy density of a field in classical physics is strictly positive,
the energy density in quantum field theory can be negative due to quantum coherence
effects [100]. The Casimir effect [101,102] and squeezed states of light [103] are two familiar
examples which have been studied experimentally. As a result, all the known pointwise
energy conditions in GR, such as the WEC and NEC, are allowed to be violated. Even for a
scalar field in flat Minkowski spacetime, it can be proven that the existence of quantum
states with negative energy density is inevitable [100]. The violation of the WEC of coupled
matter can be advocated by any of such mechanisms.

0.5 1.0 1.5 2.0
t

-1.0

-0.5

0.0

0.5

1.0

1.5

2.0
ρf (t)

p=0.66 (Pantheon data)

p=0.47 (H[z] data)

Figure 4. ρ f versus t for flat model with p = 0.47 (H(z) data), p = 0.66 (Pantheon data) and λ = 1.

The expression for ρ f + p f is obtained as follows:

ρ f + p f =
4λ

[
ke−2(β+αt)p

+ α2 p(1 − p)(β + αt)p−2
]

2λ + 1
. (16)

Since λ > 0 and 0 < p < 1, the above expression implies ρ f + p f ≥ 0 for flat and closed
models. For k = −1, Figure 5 plots p f + ρ f ≥ 0, implying the NEC also holds good for the
open model.
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0 1 2 3 4
t0

1

2

3

4
pf (t) + ρf (t)

p=0.66 (Pantheon data)

p=0.47 (H[z] data)

Figure 5. ρ f + p f versus t for k = −1 with λ = 1.

Further, following is the expression of ρ f − p f ,

ρ f − p f =
8λ

[
2ke−2(β+αt)p

+ α2 p{3p(β + αt)p + p − 1}(β + αt)p−2
]

4λ + 1
. (17)

Figures 6 and 7 plot ρ f − p f with H(z) and Pantheon data, respectively. Due to the
domination of the p − 1 term at very early times, ρ f − p f starts from a negative value,
later it becomes positive, and, after attaining a maximum value, it starts decreasing and
finally approaches zero at late times. Hence, the DEC is satisfied, except during the very
early stages of evolution. This shows that coupled matter behaves as a phantom type of
DE during the very early stage of evolution. Mechanically, phantom matter can originate
from scalar fields with a global minimum in their effective potential [104], from higher-
order curvature terms in higher-order theories of gravity [105–109], from bulk viscous
stress due to particle production [110], in Brans–Dicke and non-minimally coupled scalar
field theories [111], in strange effective quantum field theory [112,113], and by some other
means (for details, see [114]). Most of these disparate prescriptions require the weakly
coupled scalar field to be displaced from its equilibrium state. However, in the present
study, we do not need any such hypothetical form of DE; rather, it is the natural outcome
of matter–geometry coupling of f (R, T) gravity.

1 2 3 4
t
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0

1

2

3
ρf (t) - pf (t)

k=-1

k=1

k=0

Figure 6. ρ f − p f versus t with p = 0.47 (H(z) data), and λ = 1.
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Figure 7. ρ f − p f versus t with p = 0.66 (Pantheon data) and λ = 1.

Lastly, we have the follows:

ρ f + 3p f =
8λ

[
α2 p(β + αt)p−2{−2(3λ + 1)(p − 1)− 3(2λ + 1)p(β + αt)p} − ke−2(β+αt)p

]
8λ2 + 6λ + 1

. (18)

Figures 8 and 9 depict the behavior of ρ f + 3p f with H(z) data and Pantheon data,
respectively. In both models, ρ f + 3p f becomes negative at late times. Hence, the SEC was
violated during late-time evolution in all three models. This shows that coupled matter
contributes as a quintessence type of DE and accelerates the expansion of the universe
at late times. Again, it is interesting to note that no physical quintessence kind of matter
is required to drive the late-time acceleration. Rather, the matter–geometry coupling of
f (R, T) gravity plays the role of DE in this model.

Thus, we observed that the main matter behaves as a phantom kind of DE, whereas
the coupled matter acts as a quintessence kind of DE. However, since the model’s evolution
in this study is controlled by effective matter, this makes it more crucial for the study of the
behavior of effective matter together with individual matter sources.

1 2 3 4
t

-1

0

1

2

3

4
3pf (t) + ρf (t)

k=-1

k=1

k=0

Figure 8. ρ f + 3p f versus t with p = 0.47 (H(z) data) and λ = 1.
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Figure 9. ρ f + 3p f versus t with p = 0.66 (Pantheon data) and λ = 1.

4. The Behavior of Effective Matter

The energy density and pressure of effective matter can be obtained from ρe f f = ρm + ρ f
and pe f f = pm + p f , which also can be read from Equations (11) and (12) with λ = 0. Simi-
larly, the EoS of effective matter can be read from Equation (13) with λ = 0, which implies
that effective matter behaves similarly to GR. We note that effective matter obeys the WEC
for all three curvature models. The behavior of effective matter with H(z) and Pantheon
data is illustrated in Figures 10 and 11, respectively.

The behavior of effective matter follows the same pattern as the matter discussed in
Section 2. This can be observed by comparing Figures 2 and 3 with Figures 10 and 11.
Therefore, the interpretation made for actual matter applies to the effective one, too. We
note that the overall behavior of the effective matter follows the behavioral characteristics
of the scalar field. Kinetic energy dominates the scalar potential early on in the evolution of
the model. Thus, the scalar field behaves similarly to stiff matter. During inflation, this leads
to extremely fast expansion driven by negative pressure. Just as a cosmological constant
exerts stress at late times, the scalar field does as well as the potential term dominates the
kinetic term during this era. It is important to note that the energy density is different to
that during inflation. However, the effective matter in this study does not accommodate
early inflation, but it effectively comprises the behavior of the hybrid scale factor considered
in this study to transition from a decelerated era to the present accelerating era.

1 2 3 4 5
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0.0

0.5
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k=-1
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Figure 10. ωe f f (t) versus t with p = 0.47 (H(z) data).
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Figure 11. ωe f f (t) versus t with p = 0.66 (Pantheon data).

5. Conclusions

In this paper, we studied an FLRW space–time model filled with a perfect fluid in the
framework of f (R, T) gravity, where f (R, T) = R + 2 f (T) for all spatially curved models.
In order to find solutions, we chose parametrization of the scale factor, a(t) = a0e(αt+β)p

,
where α, β > 0 and 0 < p < 1, which yields a deceleration parameter consistent with early
deceleration to a late-time acceleration phase for the parameters that best fit the data, viz.
p = 0.47 (H(z) data) and p = 0.66 (Pantheon data) [82]. The transition takes place at a
redshift of z = 0.8 for the H(z) data and z = 1.2 for the Pantheon data.

Figures 2 and 3 depict the behavior of matter for the H(z) and Pantheon data, respec-
tively. The kinematical dynamics of the model are independent of the theory and were
studied earlier by Mishra and Dua [82] in the Brans–Dicke theory. To eschew repetition,
the kinematical study is not presented in this paper. We found that a physically realistic
cosmological model is possible only for λ ≥ 0. We investigated the role of f (R, T) gravity.

As compared to GR, in f (R, T) gravity, due to coupling, if we look at the field equations
on the right-hand side, there are extra terms. These extra terms may be termed coupled
matter, which may behave either as perfect fluid or DE. First and foremost, we ascertain
that all three spatial curvature models (k = 0,±1) demand a positive coupling constant
(λ ≥ 0) to have a physically realistic scenario, i.e., to obey the WEC. Further, we identified
the nature of the main matter and coupled matter to exhibit the transition from early
deceleration to late time accelerated expansion. The main attributes of the models are the
individual behaviors of primary matter and coupled matter, which are summarized below:

• The primary matter exhibits the characteristics of all kinds of matter, viz., stiff matter
(ωm ≥ 1), radiation (ωm = 1/3), dust (ωm = 0), quintessence (−1 < ωm ≤ −1/3),
and a cosmological constant (ωm = −1), in the same order as is required to depict the
cosmic history, including the transition from a decelerating to an accelerating universe.

• The coupled matter satisfies the NEC throughout the evolution of the universe. How-
ever, it violates the WEC and the NEC during very early stages of evolution. It also
violates the SEC at late times, which shows that the coupled matter contributes to
quintessence DE.

Since effective matter governs how the universe evolves, in this investigation, it was
crucial to study the behavior of effective matter separately from individual matter sources.
Effective matter follows an evolving EoS, as shown in Figures 10 and 11. Effective matter
exhibits a dual nature, i.e., a perfect fluid at early times and exotic matter at late times, which
is consistent with observations. If geometric parameters govern the kinematic behavior in
the f (R, T) theory of gravity, then the way of behaving of the effective matter is not altered.
Hence, as compared to GR, effective matter behaves similarly. It is also noteworthy to
caption that all three spatial curvature models (flat, closed, and open) are indistinguishable
as far as either the individual matter contents or effective matter are concerned.
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It is noteworthy to mention here that Malik et al. [115] considered a more general
form of the scale factor to study the bouncing cosmological scenario. The crucial element
in facilitating a successful bounce is the violation of the NEC around the bouncing point,
which the authors found in their study. However, our model does not violate the NEC at
any stage of evolution. Moreover, the hybrid scale factor explored in the present study is
completely different from that considered by Malik et al. and does not encounter a bounce
at any stage. One can easily verify that the scale factor studied here is not a particular case
of the one considered in [115]. However, there might be a possibility that the present model
is one cycle of a bounce.

Further, we comment on Ref. [87]. Their conclusion is that f (R, T) gravity is not able
to provide a full cosmological scenario and should be ruled out as a modified gravity
alternative to the DE phenomena. This is strongly based on the assumption that the
universe is old enough to accommodate the existence of galactic globular clusters with ages
of at least 14.16 Gyrs. This can be seen in their statement, “stay on the conservative side, let
us consider that the universe should be older than 14.16 Gyrs”. In addition, the authors, in
Equation (24), mentioned the age of the universe as 13.5+0.16

−0.14. However, they considered
only the positive error (upper bound) in their work.

In justification of the above comment, we would like to acknowledge another study [88],
where the authors challenged some of the available f (R, T) models by arguing that, al-
though the low−z evolution of f (R, T) models can be reasonably supported by the available
data, there is considerable discrepancy in high−z (z > 1) dynamics in comparison with
standard ΛCDM cosmology. Thus, the proposal of ruling out f (R, T) = R + λT in Ref. [87]
may be valid for the higher redshift zone. The f (R, T) gravity model studied here is still
viable for lower redshift, i.e., for late times.

We mentioned earlier that if one tries to substitute the analogue of the conservation
equation into the Friedmann Equation (5), solving the resulting equation is difficult. How-
ever, in Ref. [87], the authors conducted a broad study of models with f (R, T) = R + λTn,
where n is a constant. Their conclusion of Section III was that “ f (R, T) cosmologies have a
viable parameter space to describe the late-time cosmological observables”. Our model has
n = 1 in their notation, so it also falls into the category of having “a viable parameter space
to describe the late-time cosmological observables”. Secondly, those authors discussed the
effects of radiation. This approach is highly problematic for at least two reasons: (1) f (R, T)
theory is not valid for pure radiation with T = 0, and (2) as the authors themselves ac-
knowledge, radiation plays a negligible role in the late universe. However, the authors still
wrote evolution equations, including terms with fT , but without making any comments on
how they computed the derivatives of f for T = 0. Even if they initially considered a T ̸= 0
model, after substituting T = 0 in the field equations, an incorrect (from the point of view
of the f (R, T) theory) model was obtained. Since the f (R, T) theory is not valid for T = 0,
any pathological behavior shown for this case is not relevant for the understanding of the
theory. Therefore, their study confirms through cosmological observations the validity of
the correctly formulated and applied f (R, T) theory [116].

As a final remark, the model explains late-time acceleration without including any
form of hypothetical exotic matter, indicating that f (R, T) = R + 2λT gravity can be a
good alternative to DE. In the absence of any fundamental physical phenomenon, the
matter–geometry coupling terms simply can be interpreted as a variable cosmological
parameter, which not only explains the current accelerating expansion but can also resolve
problems such as the fine-tuning problem and the coincidence problem, whilst being
consistent with cosmological observations [83].
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Appendix A

In this appendix, we confirm that our model is non-conservative. Setting ν = 0, in
Equation (10) of Ref. [117], the covariant derivative of the field equations in f (R, T) gravity
lead to the following:

ρ̇ + 3H(ρ + p) = − ρ̇

ρ(1 + fT)
[p fT + (ρ − 3p){(ρ + p) fTT + fT}], (A1)

where we considered κ = 1.
For f (R, T) = R + 2λT, the above equation reduces to the following:

ρ̇ + 3H(ρ + p) = −λρ̇(ρ − p)
ρ(1 + 2λ)

. (A2)

Since ρ, p, and H are known in our model, one may verify that the above equation is
violated for our study, which supports the fact that the conservation equation does not hold
in f (R, T) gravity, in general.
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