
Citation: Ai, X.; Zhang, Y.; Chen, Y.-Y.

Spherical Formation Tracking

Control of Non-Holonomic UAVs

with State Constraints and Time

Delays. Aerospace 2023, 10, 118.

https://doi.org/10.3390/

aerospace10020118

Academic Editor: Caisheng Wei

Received: 16 December 2022

Revised: 14 January 2023

Accepted: 24 January 2023

Published: 26 January 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

aerospace

Article

Spherical Formation Tracking Control of Non-Holonomic UAVs
with State Constraints and Time Delays
Xiang Ai 1,2 , Ya Zhang 1,2 and Yang-Yang Chen 1,2,*

1 School of Automation, Southeast University, Nanjing 210096, China
2 Key Laboratory of Measurement and Control of Complex Systems of Engineering, Ministry of Education,

Nanjing 210096, China
* Correspondence: yychen@seu.edu.cn

Abstract: This paper addresses a novel spherical formation tracking control problem of multiple
UAVs with time-varying delays in the directed communication network, where the dynamics of each
UAV is non-holonomic and in the presence of spatiotemporal flowfields. The state constraints (that
is, position and velocity constraints) are derived from our previous differential geometry method
and the F–S formulas. The state constraints and time delays in the directed communication network
bring many difficulties to controller design. To this end, a virtual-structure-like design is given to
achieve a formation with delayed information by using Lyapunov–Krasovskii functionals, and then
proposing a barrier Lyapunov function for the satisfaction of state constraints to design a novel
spherical formation tracking algorithm. The general assumption of the rate of change of time-varying
delays, and a certain initial position and velocity adjustment range are given. Simulation results
show the feasibility and effectiveness of the proposed algorithm.

Keywords: spherical formation tracking control; non-holonomic UAVs; state constraints; time delays

1. Introduction

The spherical formation tracking problem is such that each UAV tracks its planned
orbit on a given sphere, and the family forms a desired formation along the spherical
orbits. Compared with traditional tracking control for a single UAV, the spherical formation
tracking control for UAVs with better robustness, efficiency, and flexibility has received
more and more attention in a large number of applications of target localization [1–3],
three-dimensional space exploration [4–6], and data acquisition [7]. Most related research
focuses on the design methods under bidirectional or directed topologies. In [8–10], the
graph theory is given to design the consensus-based algorithm of multiple systems under
the bidirectional topologies, in which each UAV has access to its neighbors’ information by
means of the equipment of communication devices. By combining with the leader-following
method, the followers aim to form a formation while tracking a leader’s trajectory under the
directed topologies in [11–13]. The virtual structure method also provides a solution to the
formation tracking control problem by adding a reference system in [14,15]. Some results
translate the formation tracking problem into the regular tracking problem by designing
an updating law for each curve parameter with its neighbors’ curve parameter [16–18].
To avoid the above complex design, the differential geometry method, that is, orbit ex-
tension [19–21], to achieve the orbit tracking and at the same time the consensus of the
generalized arc-length under bidirectional or directed topologies.

Most mechanical systems are required to suffer from some physical constraints in
some situations while there are existing non-holonomic constraints. Considering these
constraints, such as position constraint and velocity constraint, to the control problem
is of great theoretical and practical significance. In [22], a formation control law makes
use of the saturation function to satisfy with velocity saturation constraints of a number
of unicycles in the cases of bidirectional topologies. Taking advantage of the saturation
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function, the leader–follower formation motion of a group of non-holonomic UAVs in the
three-dimensional space becomes feasible in [23]. Different from the traditional saturation
constraints in [22,23], the velocity constraints, where each vehicle maintains the positive-
minimum linear velocity due to stall conditions, are also handled in the leader–follower
formation [24,25]. By utilizing the barrier Lyapunov function for multiple unicycles in [26]
and three-dimensional non-holonomic UAVs in [27], the velocity constraints due to the
transformation for the purpose of overcoming the effect of a flowfield are satisfied for
the formation tracking control of multiple unicycles. The barrier function is also applied
to deal with the tracking control problem with state constraints in [28,29]. However, the
aforementioned results only focus on the delay-free systems.

Time delays always appear in practice due to the harsh environment [30] and the
limitation of bandwidth [31], which may lead to system instability and poor performance.
In [31,32], the delayed consensus protocol is designed for the linear multi-agent systems,
and the frequency characteristic analysis method is applied to analyze the conditions of
time-invariant delays. Generally, the conditions of time-invariant delays are complex by the
method of frequency characteristic analysis. In addition, it is not suitable for the stability
analysis of the issue of complex nonlinear systems with time-varying delays due to strong
nonlinearity and coupling. Subsequently, the Lyapunov–Krasovskii functionals are given to
derive the condition of time-varying delays for formation tracking control [33,34]. In [35,36],
the containment control, that is, the followers are to track the convex combination of the
states of multiple leaders, makes use of the Lyapunov–Krasovskii functionalsto obtain
the condition of time-varying delays. Considering the state constraints in the time–delay
system, the Lyapunov–Krasovskii functionals are also employed by transforming the
constrained systems into constraint-free systems in [37]. However, such transformation is
restrictive, which means it is not suitable for generalized systems. By combining with the
barrier function for state constraints, the Lyapunov–Krasovskii functionals are proposed to
apply in the tracking control with time delays [38–40]. To the best of the authors’ knowledge,
it is worth noting that the spherical formation tracking control problem of multiple UAVs
with multiple state constraints and time-varying delays in the directed communication
network is still open.

In [27], the delay-free design has been given to achieve the spherical formation tracking
motion. Note that time delays always occur in the process of information interaction. This
paper reviews the spherical formation tracking control problem, but the time-varying
delays are under consideration. The time-varying delays in the directed communication
network make the control problem difficult due to the formation subsystem coupling with
the tracking subsystem. To decouple the formation subsystem and the tracking subsystem,
a virtual-structure-like design is proposed to form a formation with time-varying delays.
The Lyapunov–Krasovskii functionals are given to demonstrate the asymptotical stability
of the virtual-structure-like system under the condition of time-varying delays satisfying
assumption. Then, the barrier Lyapunov functions are proposed to design a novel spherical
formation tracking algorithm while satisfying state constraints. In consideration of state
constraints and time-varying delays, the main contributions of the proposed spherical
formation tracking algorithm are summarized as follows:

• Owing to time delays and velocity constraints in the formation subsystem coupling
with the tracking subsystem, a virtual-structure-like design is introduced to form a
formation with time delays in the directed communication network. It is noted that
the condition of the delays in assumption is weaker than these for tracking control
in [37–40];

• Based on the virtual-structure-like design and the barrier function, the velocity con-
straint is satisfied by limiting the initial velocity of each follower, which is different
from the manner [24,25].

The remainder of this paper is organized as follows: Section 2 provides the formulation
of the spherical formation tracking control problem of a group of non-holonomic UAVs
with multiple state constraints and time-varying delays and states the virtual-structure-
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like design. Section 3 gives the dynamics of the spherical formation tracking system
and controller design by the method of dynamic surface control. Section 4 illustrates the
numerical simulations. Conclusions are summarized in Section 5.

2. Preliminaries and Problem Statement
2.1. Preliminaries

Consider a spherical formation tracking system composed of a virtual leader, labeled
as 0, and n followers, labeled as 1 to n. By virtue of the knowledge of graph theory,
the communication topology among them is modeled by a digraph G = {V , E} with a
non-empty set of nodes V = {V0,V1, · · · ,Vn} and a set of edges E ⊆ V × V . The node
set V represents n followers and the virtual leader, and the edge set E represents the
communication links among these nodes. An edge (Vj,Vi) denotes that the node Vi can
receive information from the node Vj, but not necessarily vice versa. The neighbor set
of the node Vi is time-invariant and denoted by Ni , {Vj : (Vj,Vi) ∈ E} with i 6= j.
A directed path from node Vi to node Vj is a sequence of directed edges in the form{(
Vi,Vi1

)
,
(
Vi1 ,Vi2

)
, · · · ,

(
Vil ,Vj

)}
. A digraph is called a directed tree if there exists a node,

called the root, that has directed paths to all other nodes of the digraph.
For n followers, three matrices’ representations associated with the graph are em-

ployed. The detailed definitions of these matrices are given in the following description.
The adjacency matrix A = [aij] ∈ Rn×n is defined by aij = 1 if (Vj,Vi) ∈ E and aij = 0
otherwise, and the Laplacian matrix L = [lij] ∈ Rn×n is determined by lij = −aij for
i 6= j and lii = ∑i 6=j aij. The virtual leader in the spherical formation tracking system
has no neighbors, which means that the virtual leader can not receive any feedback from
followers. However, the virtual leader can be a neighbor of any follower. Define a diagonal
matrix B = diag{b1, · · · , bn} ∈ Rn×n such that bi = 1 if the virtual leader is a neighbor of
the follower Vi; otherwise, bi = 0. The directed topology with time delays satisfies the
following assumptions.

Assumption 1. The digraph consisting of the virtual leader and n UAVs contains a directed
spanning tree with root V0.

Assumption 2. The communication delays mapping by τ : [0,+∞)→ R are bounded and such
that 0 ≤ τ ≤ d and τ̇ ≤ µ, where d > 0 is a positive constant and µ ≥ 0 is a non-negative
constant.

Lemma 1 ([41]). Suppose that Assumption 1 holds. The eigenvalues of the matrix H = L+ B
have positive real parts.

Remark 1. The literature [37] considers the constant time delays. The literature [38–40] consider
the time-varying delays satisfying τ̇ ≤ µ < 1. By contrast, the assumption of time-varying delays
in Assumption 2 is more general due to τ̇ ≤ µ with µ ≥ 0 instead of µ < 1 in this paper.

A fixed inertial reference frame W=
{

ow, ex, ey, ez
}

is introduced to describe the posi-
tion of each UAV, where its origin ow is the center of the sphere, its ex-axis intersects the
sphere at the equator and prime meridian in Greenwich, its ez-axis points at true north, and
its ey-axis complies with the right-hand rule. Let pi = [pxi, pyi, pzi]

T ∈ R3 be the position
of each UAV in W. The position of each UAV can also be defined by a spherical function,
the polar angle φi ∈ [−π/2, π/2], and the azimuthal angle ψi ∈ [−π, π]. Assume that the
desired orbit associated with each UAV is a circle C∗i on a given sphere S2

0 with the fixed
radius ρi > 0. According to the geometric extension method in [27], a set of level spheres
can be obtained by extending S2

0 along its normal vector, in which each extended sphere
can be represented as a smooth function. Then, the spherical function is given by

λi(t) = 1− 1
ρi
‖pi‖ (1)
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on an open set
Ωλi = {pi ∈ R3 | |λi(t)| < εi} (2)

where εi is the boundary parameter, and εi is a positive constant. The boundary parameter
εi can be chosen as the value of the fixed radius ρi associated with the given sphere S2

0.
From (1), the value of λi associated with the given sphere S2

0 is zero.

2.2. Problem Statement

Consider a group of N non-holonomic followers moving in a spatiotemporal flowfield
and a non-holonomic virtual leader moving without a spatiotemporal flowfield in the fixed

inertial reference frame W. The mapping fpi (t) =
[

fpxi (t), fpyi (t), fpzi (t)
]T
∈ R3 is the

spatiotemporal flowfield, which is a C1 smooth and bounded function of the position p in
the fixed inertial reference frame W and the time t. Moving in the spatiotemporal flowfield,
the non-holonomic dynamics of each follower are given by

ṗi = vixi + fi(pi, t)
α̇i = Ωαi

θ̇i = Ωθi
v̇i = uvi

Ω̇αi = uαi

Ω̇θi = uθi ,

(3)

where αi ∈ R and θi ∈ R denote its pitch angle and yaw angle, respectively. xi =

[cos αi cos θi, cos αi sin θi, sin αi]
T ∈ R3 is the unit direction vector of the surge velocity.

vi ∈ R, Ωαi ∈ R and Ωθi ∈ R denote its surge velocity, its pitch angular velocity, and its
yaw angular velocity, respectively. uvi ∈ R, uαi ∈ R and uθi ∈ R respectively denote its
surge acceleration, its pitch acceleration, and its yaw acceleration, which are the designed
control inputs. The dynamics of the non-holonomic virtual leader is the same as (3) with
replacing the subscript by 0 and removing the spatiotemporal flowfield. In the three-
dimensional space, the motion of the virtual leader satisfies the following assumption.

Assumption 3. The virtual leader moves around its desired orbit on the target sphere.

Let

v fli
=
√

2v fli
( f T

li (Ry fpi
))− ‖ fli‖2 + (vli)2,

α fpi
= arctan

vi sin αi + fpzi√
(vi cos αi cos θi+ fpxi )

2+(vi cos αi sin θi+ fpyi )
2

,

θ fpi
= arctan 2

((
vi cos αi sin θi + fpyi

)
,
(
vi cos αi cos θi + fpxi

))
(4)

be the total surge velocity projected into the lateral plane exowey, the total pitch angle and the

total yaw angle, respectively, where fli =
[

fpxi , fpyi , 0
]T

, R = [Rx, Ry, Rz]T , Rx = [0,−1, 0]T ,

Ry = [1, 0, 0]T , Rz = [0, 0, 0]T , and vli = vi cos αi is the surge velocity projected into the
lateral plane exowey. Based on Equation (4), the Frenet–Serret (F–S) frame is established by

x fpi
=
[
cos α fpi

cos θ fpi
, cos α fpi

sin θ fpi
, sin α fpi

]T
,

y fpi
=
[
− sin θ fpi

, cos θ fpi
, 0
]T

,

z fpi
=
[
− sin α fpi

cos θ fpi
,− sin α fpi

sin θ fpi
, cos α fpi

]T
, (5)
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where x fpi
denotes the unit direction vector of the total velocity of each UAV, y fpi

denotes the
unit principal normal vector and is perpendicular to the projection of x fpi

onto the lateral
plane exowey, and z fi

denotes the unit binormal vector and complies with z fpi
= x fpi

× y fpi

with a cross-product symbol ×. To overcome the effect of the spatiotemporal flowfield
from the established F–S frame (5) and [27], the F–S formulas of each follower is given by

ṗi =
v fli

xT
fpi

(
Ry fpi

) x fpi

ẋ fpi
=
(

xT
fpi
(Ry fpi

)
)

y fpi

(
kθ fpi

uvi + k̄θ fpi
Ωαi + k̂θ fpi

Ωθi + dθ fpi

)
+z fpi

(
kα fpi

uvi + k̄α fpi
Ωαi + k̂α fpi

Ωθi + dα fpi

)
ẏ fpi

= −(Ry fpi
)
(

kθ fpi
uvi + k̄θ fpi

Ωαi + k̂θ fpi
Ωθi + dθ fpi

)
ż fpi

=
(

zT
fpi
(Ry fpi

)
)

y fpi

(
kθ fpi

uvi + k̄θ fpi
Ωαi + k̂θ fpi

Ωθi + dθ fpi

)
−x fpi

(
kα fpi

uvi + k̄α fpi
Ωαi + k̂α fpi

Ωθi + dα fpi

)
v̇ fli

= kv fli
uvi + k̄v fli

Ωαi + k̂v fli
Ωθi + dv fli

(6)

on the set
Ωv fli

= {v fli
∈ R | v fli

(t) > 2 fM} (7)

with fM being the maximum magnitude of fli, where

kθ fpi
=
− f T

pi
y fpi

viv fli

, k̄θ fpi
=

(
f T
pi

y fpi

)
tan αi

v fli

, k̂θ fpi
=1−

f T
pi

(
Ry fpi

)
v fli

, dθ fpi
=

ḟ T
piy fpi

v fli

,

kα fpi
= −

(
f T
pi

z fpi

)(
xT

fpi

(
Ry fpi

))
viv fli

,

k̄α fpi
=

vli

(
xT

fpi

(
Ry fpi

))2

v fli

− tan αi

(
zT

fpi

(
Ry fpi

))(xT
fpi

(
Ry fpi

))(
v fli
− f T

pi

(
Ry fpi

))
v fli

,

k̂α fpi
=

zT
fpi

(
Ry fpi

)(
xT

fpi

(
Ry fpi

))(
f T
pi

y fpi

)
v fli

, dα fpi
=

(
ḟ T
piz fpi

)(
xT

fpi

(
Ry fpi

))
v fli

,

kv fli
=

vicos2αi√
v2

li−‖ fli‖2+
(

f T
li

(
Ry fpi

))2
+kθ fpi

 f T
li y fpi

+

(
f T
li y fpi

)(
f T
li

(
Ry fpi

))
√

v2
li − ‖ fli‖2+

(
f T
li

(
Ry fpi

))2

,

k̄v fli
=

−v2
i cos αi sin αi√

v2
li−‖ fli‖2+

(
f T
li

(
Ry fpi

))2
+k̄θ fpi

 f T
li y fpi

+

(
f T
li y fpi

)(
f T
li

(
Ry fpi

))
√

v2
li − ‖ fli‖2+

(
f T
li

(
Ry fpi

))2

,

k̂v fli
=k̂θ fpi

 f T
li y fpi

+

(
f T
li y fpi

)(
f T
li

(
Ry fpi

))
√

v2
li−‖ fli‖2+

(
f T
li

(
Ry fpi

))2

,
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dv fli
=dθ fpi

 f T
li y fpi

+

(
f T
li y fpi

)(
f T
li

(
Ry fpi

))
√

v2
li−‖ fli‖2+

(
f T
li

(
Ry fpi

))2

+ ḟ T
pi

(
Ry fpi

)

+
(

f T
li

(
Ry fpi

))(
ḟ T
pi

(
Ry fpi

))
−

f T
li ḟpi√

v2
li−‖ fli‖2+

(
f T
li

(
Ry fpi

))2
.

From the definition of the spherical function (1), sphere tracking is achieved if∣∣∣∣ limt→∞
λi(pi(t))

∣∣∣∣ ≤ v1. (8)

with a sufficiently small positive constant v1.
Note that the desired orbit C∗i whose center is on the ez has the same desired polar

angle φ∗i ∈ (−π/2, π/2), and the others can be translated into this case by the coordinate
system rotation. Define

φi(t) = arctan
pzi
‖pli‖

(9)

with pli =
[
pxi, pyi, 0

]T . Let
eφi = φi − φ∗i (10)

be the errors of orbit tracking. Orbit tracking is achieved if∣∣∣∣ limt→∞
eφi (t)

∣∣∣∣ ≤ v2 (11)

with a sufficiently small positive constant v2.
Note that α fpi

(t) and

δ fpi
(t) = arctan 2

(
−ET

i y fpi
, ET

i Ry fpi

)
(12)

are the angle tracking errors between the movement direction of UAV i and the tangential
vector of the orbit, where Ei=[sin ψi,− cos ψi, 0]T . Orbital angle tracking is achieved if∣∣∣∣ limt→∞

α fpi
(t)
∣∣∣∣ ≤ v3, (13)∣∣∣∣ limt→∞

δ fpi
(t)
∣∣∣∣ ≤ v4, (14)

with sufficiently small positive constants v3 and v4.
Define the azimuthal angle by

ψi(t) =
∫ t

t0

− 1
‖pli(s)‖

v fli
(s) cos δ fli

(s)ds. (15)

on the set
Ωφi = {pi ∈ R3 | p2

xi
(t) + p2

yi
(t) > 0}. (16)

The formation is achieved if∣∣∣∣ limt→∞

(
ψi(t)− ψj(t)−

(
ψ∗i − ψ∗j

))∣∣∣∣ ≤ v5, j ∈ Ni, (17)

where v5 is a sufficiently small positive constant and ψ∗ =
[
ψ∗1 , ψ∗2 , · · · , ψ∗n

]T is the time-
invariant formation pattern.



Aerospace 2023, 10, 118 7 of 19

Remark 2. In this paper, the spherical formation tracking system considers the non-holonomic
constraint in (6), the position constraints in (2) and (16), the velocity constraint in (7), and the
time-varying delays satisfying Assumption 2 in the directed communication network, which makes
the control problem more complex.

Without consideration of time delays, the formation tracking control in [27] for mul-
tiple UAVs uses the relative azimuthal angle instead of the absolute azimuthal angle by
using the symmetric property of the Laplacian matrix of the bidirectional graph due to
the formation subsystem coupling with the tracking subsystems. The asymmetric prop-
erty of the Laplacian matrix of directed graph and time delays make the design different
and more difficult. Hence, a virtual-structure-like system is given to form the formation
with time delays in this paper. As an example illustrated in Figure 1, the communication
topology among four followers and a virtual leader is on the left, and the communication
topology for the virtual-structure-like system is on the right, where the ith node V̂i in the
virtual-structure-like system is a reference associated with the ith follower Vi, the node V̂0
in the virtual-structure-like system corresponds to the virtual leader V0, and the edges of
the virtual-structure-like system are the same as the edges among all followers and the
virtual leader.

Under Assumption 3, the surge, pitch, and yaw accelerations for the virtual leader V0
are provided such that

uv0 = v̇∗0 ,

uα0 = 0,

uθ0 =
uv0

ρ cos φ∗0
, (18)

where v∗0(t) is a smooth and bounded signal and v0(0) = v∗0(0), λ0(0) = 0, φ0(0) = φ∗0 ,
α0(0) = 0 and δ0(0) = 0. Due to the time delays in the directed communication network,
the virtual-structure-like system ψri associated with formation is introduced by

ψ̇ri = −
vri
‖pli‖

, (19)

with

vri =− ‖pli‖
(

f ((ψri − ψ∗i ), t)−k

(
n

∑
j=1

aij

(
ψri(t− τ(t))− ψ∗i − ψrj(t− τ(t)) + ψ∗j

)
+bi(ψri(t)− ψ∗i − ψ0(t)))), (20)

where k is the azimuthal angle damping gain and is a positive constant, ψ0 is the az-
imuthal angle of the virtual leader, f ((ψri − ψ∗i ), t) is a positive function which satis-
fies that

∣∣ f ((ψri − ψ∗i ), t)− f (ψ0, t)
∣∣ ≤ χ

∣∣ψri − ψ∗i − ψ0
∣∣ and f ((ψri − ψ∗i ), t) < − 2 fM

‖pli‖
+

k

(
n
∑

j=1
aij

(
−2π − ψ∗i + ψ∗j

)
+ bi

(
−2π − ψ∗i

))
with χ being a positive constant and f (ψ0, t)

denoting the azimuthal angular velocity of virtual leader such that

ψ̇0 = f (ψ0, t). (21)

Let
eψri = ψri − ψ∗i − ψ0 (22)

be the virtual-structure-like system error. Differentiating (22) along (19) and (21) yields

ėψr = −kBeψr (t)− kLeψr (t− τ(t)) + F. (23)
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where eψr =
[
eψr1 , eψr2 , · · · , eψrn

]T , and F = [F1, F2, · · · , Fn]
T with Fi = f ((ψri − ψ∗i ), t)−

f (ψ0, t). By using Theorem 1 in [33], the resulting system (23) is asymptotically stable. As a
result, the formation objective turns to the virtual-structure-like system tracking objective
such that ∣∣∣∣ limt→∞

(ψi(t)− ψri(t))
∣∣∣∣ ≤ v6, (24)

where v6 is a sufficiently small positive constant.

Remark 3. The stability of the resulting system (23) is proved by the following Lyapunov–
Krasovskii functional

V(t) = eT
ψr (t)Peψr (t) +

∫ t

t−τ(t)
eT

ψr (s)Qeψr (s)ds +
∫ 0

−τ(t)

∫ t

t+β
ėT

ψr (s)Rėψr (s)dsdβ, (25)

where P, Q, and R are positive definite matrices. The details can be found in [33].

Remark 4. Without the proposed virtual-structure-like system, it fails to deal with the issue of state
constraints and time delays in the directed communication network by directly using the Lyapunov
method. Based on the virtual-structure-like system, the delayed formation tracking problem with
state constraints is translated into the tracking problem with state constraints.

1 2

4

3 1
ˆ

2
ˆ

3
ˆ

4
ˆ

0 0

Figure 1. The communication topology in the virtual-structure-like system.

To satisfy the position and velocity constraints, a barrier function is introduced and
defined as follows:

Definition 1. For ai, bi ∈ R, a barrier function hx(xi), defined on an open set (ai, bi) containing
the desired point Dxi , is semi-positive definite, convex, and C2 continuous at every point of (ai, bi),
has the following properties:

(C1) limxi→ai hx(xi) = +∞ and limxi→ai ∇hx(xi) = −∞,
(C2) limxi→bi

hx(xi) = +∞ and limxi→bi
∇hx(xi) = +∞,

(C3) ∇hx(Dxi ) = 0.

The definition of spherical formation tracking control problem with state constraints
and time delays is given as follows.

Spherical formation tracking problem with state constraints and time delays. Suppose
that Assumptions 1, 2, and 3 hold. Consider the system (3) with the initial position of each
follower pi(0) ∈ Ωλi ∩Ωφi and the initial velocity of each follower vli(0) > fM1 . Designing
a spherical formation tracking control law for each follower such that the control objectives
(8), (11), (13), (14), and (24) are achieved with position constraints (2) (16) and velocity
constraint (7).
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Remark 5. This paper achieves the velocity constraints (7) by limiting the initial velocity
vli(0) > fM1 instead of v fli

(0) > 2 fM. From the first equation of (4), the equation becomes

(vli)
2 = v2

fli
− 2v fli

( f T
li (Ry fpi

)) + ‖ fli‖2,

=
(

v fli
−
∥∥∥ f T

li (Ry fpi
)
∥∥∥)2
−
∥∥∥ f T

li (Ry fpi
)
∥∥∥2

+ ‖ fli‖2. (26)

According to (26) when t = 0, Equation

vli(0) > fM1 (27)

yields
v fli

(0) > 2 fM. (28)

In practice, fM1 can be chosen as
√

5 fM.

3. Main Results

Let

Ni = [− sin φi cos ψi,− sin φi sin ψi, cos φi]
T ,

Ei = [sin ψi,− cos ψi, 0]T ,

Di = [− cos φi cos ψi,− cos φi sin ψi,− sin φi]
T , (29)

be the north east down (NED) coordinate system. Differentiating (1) along the system (6),
the dynamics of λi associated with sphere tracking are

λ̇i =
1
ρi

v fli

xT
fpi

(
Ry fpi

)DT
i x fpi

= − 1
ρi

v fli
(cos φi sin δ fpi

+ sin φi tan α fpi
). (30)

Differentiating (10) along the system (6), the dynamics of eφi associated with orbit
tracking are

ėφi =
1
‖pi‖

v fli

xT
fpi

(
Ry fpi

)NT
i x fpi

= − 1
‖pi‖

v fli
(sin φi sin δ fpi

− cos φi tan α fpi
). (31)

From the system (6), the dynamics of the angle error α fpi
are

α̇ fpi
= kα fpi

uvi + k̄α fpi
Ωαi + k̂α fpi

Ωθi + dα fpi
. (32)

Differentiating (12) along the system (6), the dynamics of the angle error δ fpi
are

δ̇ fpi
=

1
‖pli‖

v fli
cos δ fpi

+ kθ fpi
uvi + k̄θ fpi

Ωαi + k̂θ fpi
Ωθi + dθ fpi

. (33)

Based on the virtual-structure-like system, the virtual-structure-like system tracking
error is defined by

eψi = ψi − ψri. (34)

Differentiating (34) along the system (6) and (19), the dynamics of (34) are given by

ėψi = −
1
‖pli‖

v fli

xT
fpi

(
Ry fpi

)ET
i x fpi

+
vri
‖pli‖

=
1
‖pli‖

v fli
(1− cos δ fpi

)− evψi
, (35)

where evψi
= vψi − ψ̇ri with vψi =

v fli
‖pli‖

.
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From the above discussion, the open-loop equations for the spherical formation track-
ing control system with state constraints and time delays are given by (30), (31), (32), (33),
and (35).

Controller Design

The dynamic surface method is applied to this design process. Two steps are in-
cluded in the process of the dynamic surface method. The pitch and yaw angular ve-
locities {Ωαi , Ωθi} for each UAV are regarded as the virtual controls {Ω̄αi , Ω̄θi}. Step 1
obtains the surge acceleration uvi , the virtual pitch angular velocity Ω̄αi , and the virtual
yaw angular velocity Ω̄θi by solving the designed equations: kα fpi

uvi+k̄α fpi
Ω̄αi+k̂α fpi

Ω̄θi ,

kθ fpi
uvi+k̄θ fpi

Ω̄αi+k̂θ fpi
Ω̄θi and kv fli

uvi+k̄v fli
Ω̄αi + k̂v fli

Ω̄θi . The pitch and yaw accelerations

{uαi , uθi} are designed by means of the first-order filters in step 2.
Step 1. Consider the open-loop spherical formation tracking control system composed

of (30), (31), (32), (33), and (35), and the barrier Lyapunov function is

VI =
n

∑
i=1

(
hλ(λi)+hφ(φi)− ln(cos α fpi

)− ln(cos2
δ fpi

2
)

)
+

1
2

n

∑
i=1

e2
ψi

+
n

∑
i=1

(
ln(

v fli
−2 fM

vri−2 fM
)+

vri−2 fM
v fli
−2 fM

− 1

)
, (36)

where hλ(λi) when x = λ, ai = −εi, bi = εi and Dλi = 0, and hφ(φi) when x = φ, ai = −π
2 ,

bi =
π
2 andDφi = φ∗i , are barrier functions satisfying Definition 1. The detailed forms of the

barrier functions can be found in [27]. These barrier functions contribute to the objectives
of sphere tracking (8) and orbit tracking (11) with position constraints (2) and (16). In (36),
the third and fourth terms contribute to yielding the objective of orbital angles tracking (13)
and (14), respectively. The fifth term contributes to the objective of the virtual-structure-like
system tracking (24). The last term is the barrier function satisfying Definition 1, which is
used to guarantee the velocity constraint (7).

Differentiating (36) along the open-loop spherical formation tracking control sys-
tem yields

V̇I =
n

∑
i=1

tan α fpi

(
∆̄α fpi

+ ∆α fpi

)
+

n

∑
i=1

tan
δ fpi

2

(
∆̄θ fpi

+ ∆θ fpi

)

+
n

∑
i=1

evψi

 ‖pli‖(
v fli
− 2 fM

)2 ∆̄v fli
+ ∆v fli

, (37)

where

∆α fpi
=− 1

ρi
∇hλ(λi)v fli

sin φi +
1
‖pi‖
∇he(φi)v fli

cos φi + dα fpi
,

∆θ fpi
=− 2

1
ρi
∇hλ(λi)v fli

cos φi cos2
δ fpi

2
− 2

1
‖pi‖
∇he(φi)v fli

sin φi cos2
δ fpi

2

+
1
‖pli‖

v fli
cos δ fpi

+
1
‖pli‖

eψi v fli
sin δ fpi

+ dθ fpi
,

∆v fli
=

‖pli‖
(vri − 2 fM)(v fli

− 2 fM)

(
∂vri
∂pxi

(vi cos αi cos θi + fxi) +
∂vri
∂pyi

(vi cos αi sin θi

+ fyi
)
+

∂vri
∂pzi

(vi sin αi + fzi) +
∂vri
∂t

)
−eψi +

‖pli‖
(v fli
− 2 fM)2 dv fli

.
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Designing

∆̄α fpi
= kα fpi

uvi+k̄α fpi
Ω̄αi+k̂α fpi

Ω̄θi = −∆α fpi
− c1 sin α fpi

,

∆̄θ fpi
= kθ fpi

uvi+k̄θ fpi
Ω̄αi+k̂θ fpi

Ω̄θi = −∆θ fpi
− c2 sin

δ fpi

2
,

∆̄v fli
= kv fli

uvi+k̄v fli
Ω̄αi + k̂v fli

Ω̄θi = −
(v fli
− 2 fM)2

‖pli‖

(
∆v fli

+c3evψi

)
(38)

where c1, c2, and c3 are the positive constants. Noting that

gki
=

∣∣∣∣∣∣∣∣
kα fpi

k̄α fpi
k̂α fpi

kθ fpi
k̄θ fpi

k̂θ fpi

kv fli
k̄v fli

k̂v fli

∣∣∣∣∣∣∣∣=
vivlicos2 α fpi(

v fli

)2 6= 0

under the condition that v fli
> 2 fM, we have

uvi=g−1
ki

(
∆̄θ fpi

(
k̄α fpi

k̂v fli
−k̄v fli

k̂α fpi

)
−∆̄α fpi

(
k̄θ fpi

k̂v fli
−k̂θ fpi

k̄v fli

)
+∆̄v fli

(
k̂θ fpi

k̄α fpi
−k̂α fpi

k̄θ fpi

))
,

Ω̄αi =g−1
ki

(
−∆̄θ fpi

(
kα fpi

k̂v fli
−k̂α fpi

kv fli

)
+∆̄α fpi

(
kθ fpi

k̂v fli
−k̂θ fpi

kv fli

)
−∆̄v fli

(
k̂θ fpi

k
uvi
α fpi
−kθ fpi

k̂α fpi

))
,

Ω̄θi =g−1
ki

(
∆̄θ fpi

(
kα fpi

k̄v fli
−k̄α fpi

kv fli

)
− ∆̄α fpi

(
kθ fpi

k̄v fli
−kv fli

k̄θ fpi

)
+∆̄v fli

(
k̄θ fpi

kα fpi
−kθ fpi

k̄α fpi

))
. (39)

Let the first-order filters for Ω̄αi and Ω̄θi be

τ1
˙̃Ωαi + Ω̃αi = Ω̄αi − τ1∆Ωαi

, Ω̃αi (0) = Ω̄αi (0),

τ2
˙̃Ωθi + Ω̃θi = Ω̄θi − τ2∆Ωθi

, Ω̃θi (0) = Ω̄θi (0), (40)

where

∆Ωαi
= k̄α fpi

tan α fpi
+ k̄θ fpi

tan
δ fpi

2
+k̄v fli

‖pli‖evψi

(v fli
− 2 fM)2 ,

∆Ωθi
= k̂α fpi

tan α fpi
+ k̂θ fpi

tan
δ fpi

2
+k̂v fli

‖pli‖evψi

(v fli
− 2 fM)2 ,

and the positive time constants τ1 and τ2 are set later. Let the error variables be

ẽΩαi
= Ωαi − Ω̃αi , ēΩαi

= Ω̃αi − Ω̄αi ,

ẽΩθi
= Ωθi − Ω̃θi , ēΩθi

= Ω̃θi − Ω̄θi . (41)

Substituting (39) and (41) into (37) yields

V̇I I =− c1

n

∑
i=1

sin2 α fpi

cos α fpi

− c2

n

∑
i=1

sin2 δ fpi
2

cos
δ fpi

2

− c3

n

∑
i=1

e2
vψi

+
n

∑
i=1

(
ẽΩαi

∆Ωαi
+ ēΩαi

∆Ωαi
+ ẽΩθi

∆Ωθi
+ ēΩθi

∆Ωθi

)
, (42)
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Along the design in (39), the spherical formation tracking control system for follower i
is rewritten as

λ̇i =−
1
ρi

v fli
(cos φi sin δ fpi

+ sin φi tan α fpi
),

ėφi =−
1
‖pi‖

v fli
(sin φi sin δ fpi

− cos φi tan α fpi
),

α̇ fpi
=− c1 sin α fpi

+
1
ρi
∇hλ(λi)v fli

sin φi−
1
‖pi‖
∇he(φi)v fli

cos φi

+ k̄α fpi

(
ēΩαi

+ ẽΩαi

)
+ k̂α fpi

(
ēΩθi

+ ẽΩθi

)
,

δ̇ fpi
=− c2 sin

δ fpi

2
+ 2

1
ρi
∇hλ(λi)v fli

cos φi cos2
δ fpi

2
+ 2

1
‖pi‖
∇he(φi)v fli

sin φi cos2
δ fpi

2

− 1
‖pli‖

eψi v fli
sin δ fpi

+k̄θ fpi

(
ēΩαi

+ ẽΩαi

)
+ k̂θ fpi

(
ēΩθi

+ ẽΩθi

)
,

v̇ fli
=
−c3(v fli

− 2 fM)2

‖pli‖
evψi

+
(v fli
− 2 fM)2

‖pli‖
eψi +

v fli
− 2 fM

vri − 2 fM

(
∂vri
∂pxi

(vi cos αi cos θi

+ fxi) +
∂vri
∂pyi

(
vi cos αi sin θi + fyi

)
+

∂vri
∂pzi

(vi sin αi + fzi) +
∂vri
∂t

)
+ k̄v fli

(
ēΩαi

+ ẽΩαi

)
+ k̂v fli

(
ēΩθi

+ ẽΩθi

)
,

˙̃eΩαi
=uαi −

˙̃Ωαi ,

˙̄eΩαi
=− 1

τ1
ēΩαi
− ∆Ωαi

− ˙̄Ωαi ,

˙̃eΩθi
=uθi −

˙̃Ωθi ,

˙̄eΩθi
=− 1

τ2
ēΩθi
− ∆Ωθi

− ˙̄Ωθi . (43)

Step 2. Consider the spherical formation tracking control system (43) and the following
barrier Lyapunov function:

VI I = VI +
1
2

n

∑
i=1

ẽ2
Ωαi

+
1
2

n

∑
i=1

ē2
Ωαi

+
1
2

n

∑
i=1

ẽ2
Ωθi

+
1
2

n

∑
i=1

ē2
Ωθi

, (44)

Taking the derivative of VI I yields

V̇I I ≤− c1

n

∑
i=1

sin2 α fpi

cos α fpi

− c2

n

∑
i=1

sin2 δ fpi
2

cos
δ fpi

2

− c3

n

∑
i=1

e2
vψi

+
n

∑
i=1

(
ẽΩαi

∆Ωαi
+ ēΩαi

∆Ωαi

+ẽΩθi
∆Ωθi

+ ēΩθi
∆Ωθi

)
+

n

∑
i=1

ẽΩαi

(
uαi −

˙̃Ωαi

)
+

n

∑
i=1

ēΩαi

(
− 1

τ1
ēΩαi
− ∆Ωαi

− ˙̄Ωαi

)
+

n

∑
i=1

ẽΩθi

(
uθi −

˙̃Ωθi

)
+

n

∑
i=1

ēΩθi

(
− 1

τ2
ēΩθi
−∆Ωθi

− ˙̄Ωθi

)
, (45)

which suggests that

uαi = −c4 ẽΩαi
− ∆Ωαi

+ ˙̃Ωαi ,

uθi = −c5 ẽΩθi
− ∆Ωθi

+ ˙̃Ωθi , (46)
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where c4 and c5 are positive constants. Substituting (46) into (45) yields

V̇I I ≤− c1

n

∑
i=1

sin2 α fpi

cos α fpi

− c2

n

∑
i=1

sin2 δ fpi
2

cos
δ fpi

2

− c3

n

∑
i=1

e2
vψi
−c4

n

∑
i=1

ẽ2
Ωαi
− c5

n

∑
i=1

ẽ2
Ωθi

+
n

∑
i=1

ēΩαi

(
− 1

τ1
ēΩαi
− ˙̄Ωαi

)
+

n

∑
i=1

ēΩθi

(
− 1

τ2
ēΩθi
− ˙̄Ωθi

)
. (47)

Let c, M1, and M2 be positive constants. Suppose that the value of barrier Lyapunov func-
tion in the set Φ={(λi, eφi , α fpi

, δ fpi
, eψi ,

(
v fli
− vri

)
, ẽΩαi

, ẽΩθi
, ēΩαi

, ēΩθi
)|VI I ≤ c}, which

yields that
∣∣∣ ˙̄Ωαi

∣∣∣ < M1 and
∣∣∣ ˙̄Ωθi

∣∣∣ < M2. By using Young’s inequality, one has

ēΩαi
˙̄Ωαi ≤

˙̄Ω
2
αi

2β2
1

(
ēΩαi

)2
+

β2
1

2
≤

M2
1

2β2
1

(
ēΩαi

)2
+

β2
1

2
,

ēΩθi

˙̄Ωθi ≤
˙̄Ω

2
θi

2β2
2

(
ēΩθi

)2
+

β2
2

2
≤

M2
2

2β2
2

(
ēΩθi

)2
+

β2
2

2
.

Then, Equation (47) becomes

V̇I I ≤− c1

n

∑
i=1

sin2 α fpi

cos α fpi

− c2

n

∑
i=1

sin2 δ fpi
2

cos
δ fpi

2

− c3

n

∑
i=1

e2
vψi
− c4

n

∑
i=1

ẽ2
Ωαi
− c5

n

∑
i=1

ẽ2
Ωθi

−
n

∑
i=1

(
1
τ1
−

M2
1

2β2
1

)
ē2

Ωαi
−

n

∑
i=1

(
1
τ2
−

M2
2

2β2
2

)
ē2

Ωθi
+

1
2

n

∑
i=1

(
β2

1 + β2
2

)
. (48)

Along the control laws (39) and (46), the closed-loop spherical formation tracking
system for follower i is

λ̇i =−
1
ρi

v fli
(cos φi sin δ fpi

+ sin φi tan α fpi
),

ėφi =−
1
‖pi‖

v fli
(sin φi sin δ fpi

− cos φi tan α fpi
),

α̇ fpi
=− c1 sin α fpi

+
1
ρi
∇hλ(λi)v fli

sin φi−
1
‖pi‖
∇he(φi)v fli

cos φi

+ k̄α fpi

(
ēΩαi

+ ẽΩαi

)
+ k̂α fpi

(
ēΩθi

+ ẽΩθi

)
,

δ̇ fpi
=− c2 sin

δ fpi

2
+ 2

1
ρi
∇hλ(λi)v fli

cos φi cos2
δ fpi

2
+ 2

1
‖pi‖
∇he(φi)v fli

sin φi cos2
δ fpi

2

− 1
‖pli‖

eψi v fli
sin δ fpi

+k̄θ fpi

(
ēΩαi

+ ẽΩαi

)
+ k̂θ fpi

(
ēΩθi

+ ẽΩθi

)
,

v̇ fli
=
−c3(v fli

− 2 fM)2evψi

‖pli‖
+

(v fli
− 2 fM)2

‖pli‖
eψi +

v fli
− 2 fM

vri − 2 fM

(
∂vri
∂pxi

(vi cos αi cos θi

+ fxi)+
∂vri
∂pyi

(
vi cos αi sin θi + fyi

)
+

∂vri
∂pzi

(vi sin αi + fzi) +
∂vri
∂t

)
+k̄v fli

(
ēΩαi

+ ẽΩαi

)
+ k̂v fli

(
ēΩθi

+ ẽΩθi

)
,
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˙̃eΩαi
=− c4 ẽΩαi

− ∆Ωαi
,

˙̄eΩαi
=− 1

τ1
ēΩαi
− ∆Ωαi

− ˙̄Ωαi ,

˙̃eΩθi
=− c5 ẽΩθi

− ∆Ωθi
,

˙̄eΩθi
=− 1

τ2
ēΩθi
− ∆Ωθi

− ˙̄Ωθi . (49)

Theorem 1. Suppose that Assumptions 1, 2, and 3 hold. Consider the system (3) with the initial
position of each follower pi(0) ∈ Ωλi ∩Ωφi and the initial velocity of each follower vli(0) > fM1 .
Under the following conditions:

0 < τ1 <
M2

1
2β2

1
, 0 < τ2 <

M2
2

2β2
2

, (50)

spherical formation tracking control problem with state constraints and time delays can be solved by
the control laws (39) and (46) based on the virtual-structure-like system (19).

Proof of Theorem 1. Equation (48) is rewritten by

V̇I I ≤ −(1− σ)W1 − σW1 + Wd1 , (51)

where 0 < σ < 1 and

W1 =c1

n

∑
i=1

sin2 α fpi

cos α fpi

+ c2

n

∑
i=1

sin2 δ fpi
2

cos
δ fpi

2

+ c3

n

∑
i=1

e2
vψi

+ c4

n

∑
i=1

ẽ2
Ωαi

+ c5

n

∑
i=1

ẽ2
Ωθi

+
n

∑
i=1

(
1
τ1
−

M2
1

2β2
1

)
ē2

Ωαi
+

n

∑
i=1

(
1
τ2
−

M2
2

2β2
2

)
ē2

Ωθi

and

Wd1 =
1
2

n

∑
i=1

(
β2

1 + β2
2

)
.

Since VI I(0) < c on the constrained set, choosing the parameters c1, c2, c3, c4, c5, τ1, τ2
to satisfy that −σW1(0) +Wd1 ≤ 0, which derives that V̇I I(0) ≤ −(1− σ)W1(0) ≤ 0. When
VI I(t) ≥ c, it obtains that V̇I I(t) ≤ 0. Obviously, it is concluded that VI I(t) < c. According
to the conditions (C1) and (C2) of the barrier functions in (36), we conclude that the control
objectives of the position constraints (2) (16) and the velocity constraint (7) are satisfied.
According to Theorem 4.18 in [42], we conclude that all the signals of λi, eφi , α fpi

, δ fpi
, eψi

converge to the small neighborhoods of zeros.

Remark 6. In [24,25], the velocity constraint is satisfied by tuning the parameters related to a lot
of information such as the velocity adjustment range. This paper requires that the initial velocity
vli(0) for each follower is greater than a fixed constant fM1 based on the virtual-structure-based
design. By contrast, this manner is more simple.

Remark 7. Ref. [37–40] only design the Lyapunov–Krasovskii functionals to achieve the stability
of time–delay systems. This paper proposes the barrier Lyapunov function based on the Lyapunov–
Krasovskii functionals for the time–delay systems to achieve stability.

4. Simulation Results

In order to verify the effectiveness of the proposed spherical formation tracking
control algorithm derived in Theorem 1 for dealing with the spherical formation tracking
control problem with state constraints and time delays, a simulation example is given. The
simulation example first demonstrates the spherical formation tracking motion, which aims
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to verify the implementation of the control objectives of sphere tracking, orbit tracking,
orbital angles tracking, and the virtual-structure-like system tracking. Then, the formation
motion is shown under different designs, which aim to verify the implementation of the
formation based on the virtual-structure-like system. The simulation results verify the
effectiveness of the proposed spherical formation tracking algorithm in Theorem 1.

Consider the directed network as shown in Figure 1. By the method of differential
geometry, each follower tracks its planned orbits on a target sphere and forms a desired
formation along the spherical orbits. The desired states related to the target sphere and the
desired formation of four followers are given in the following description. For i = 1, 2, 3, 4,
the fixed radius of the target sphere is ρi = 8. The polar angles in the desired orbit of the
target sphere are φ∗0 = 0, φ∗1 = π/3, φ∗2 = π/6, φ∗3 = 0 and φ∗4 = −π/6. The azimuthal
angles associated with the desired line formation on the target sphere are ψ∗1 = π/5,
ψ∗2 = π/5, ψ∗3 = π/5, and ψ∗4 = π/5.

Consider the dynamics of each follower in (3). In the process of simulation, the initial
positions for four followers are[

px1(0), py1(0), pz1(0)
]T

= [7, 1, 8]T ,
[
px2(0), py2(0), pz2(0)

]T
= [7, 6, 4]T ,[

px3(0), py3(0), pz3(0)
]T

= [7, 6,−4]T ,
[
px4(0), py4(0), pz4(0)

]T
= [7, 1, 8]T ,

and the initial pitch angles for four followers are [α1(0), α2(0), α3(0), α4(0)]
T= [π/7, π/7,

π/7, π/8]T , and the initial surge velocities for four followers are [v1(0), v2(0), v3(0), v4(0)]
T

= [15, 12, 12, 12]T . The spatiotemporal flowfields are fpx1 fpx2 fpx3 fpx4

fpy1 fpy2 fpy3 fpy4

fpz1 fpz2 fpz3 fpz4


=

 0.8 0.9 1.1 + sin t 1.2 + sin(p2
x4 + py4)

1.1 1.2 0.8 + sin(2t) cos t 0.9 + cos(pz4)
2.8 2.8 2.5 + sin t 2.9 + sin pz4 cos(p2

x4 + p2
y4)

,

and the maximum magnitude of fli is fM = 4. Since vli(0) = vi(0) cos αi(0), vli(0) > fM1

is obtained when choosing fM1 =
√

5 fM. According to Remark 6, vli(0) > fM1 yields
v fli

(0) > 2 fM. εi = 4 is set for the position constraint (2) .
According to the spherical formation tracking algorithm given in Theorem 1, the

control gains are selected as c1 = 10, c2 = 10, c3 = 5, c4 = 6, and c5 = 6, and the time
constants in the first-order filters are set as τ1 = 0.001 and τ2 = 0.001. The trajectories
of four followers with different colors are shown in Figure 2a, where o, 4, and F de-
note the different positions at t = 0 s, t = 8 s, and t = 10 s, respectively. From this
figure, four UAVs converge to the given orbits on the target sphere and form the formation
with a sufficiently small neighborhood of zeros. The plots of λi, eφi , eψi , δ fpi

, and α fpi
are demonstrated in Figure 2b–f, respectively. Figure 2b–f shows that the control objec-
tives of sphere tracking, orbit tracking, orbital angles tracking, and virtual-structure-like
system tracking are achieved. A comparison is given to demonstrate the effectiveness
of the formation with the virtual-structure-like design in (19). Figure 3a,b show that the
formation with the proposed controller and non-delay controller that removing the term
f ((ψri − ψ∗i ), t) and delayed information, respectively. It is indicated that the proposed
controller can yield the convergence of the formation but the formation associated with
the non-delay controller divergences at t→ ∞. Consistently with Theorem 1, the spherical
formation tracking control problem with state constraints and time delays is solved.
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Figure 2. Spherical formation tracking motion with time delays: (a) spherical motion trajectories;
(b) plot of λi; (c) plot of eφi ; (d) plot of eψi ; (e) plot of α fpi

; (f) plot of δ fpi
.
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Figure 3. Formation in the case of (a) the proposed controller and (b) the non-delay controller.

5. Conclusions

This paper deals with the spherical formation tracking problem of non-holonomic
UAVs with state constraints and time delays. The state constraints include position and
velocity constraints, and time delays existing in the directed communication network are
time-varying. Since the tracking subsystem coupling with the formation subsystem, a novel
virtual-structure-like design is proposed to achieve formation with time delays satisfying a
more general assumption, which aims to transform the formation tracking problem into
the tracking problem. The asymptotical stability of the virtual-structure-like system is
obtained by virtue of the Lyapunov–Krasovskii functionals. In the simulation results, a
comparison also demonstrates the effectiveness of the formation based on the virtual-
structure-like design. Based on the virtual-structure-like design, the barrier Lyapunov
functions are designed to develop a novel control scheme for tracking control and satisfy
the position and velocity constraints for each UAV. A more simple manner for maintaining
state constraints is given. The simulation results verify the effectiveness of the proposed
spherical formation tracking algorithm.

Actually, input delays always occur in the feedback control loop, which is also called
sensor-to-controller delay or controller-to-actuator delay. Different from time delays in
the directed communication network, input delays have a delayed effect on the output
of the controller. As a result, it can result in a delayed response from actuators. Input
delays enable to make the system nonlinearity more complex, which results in many
difficulties in stability analysis and controller design. In the future, it is of interest to solve
the spherical formation tracking problem of non-holonomic UAVs with state constraints
and input delays.
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