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Abstract

A limit theory is developed for mildly explosive autoregression under both weakly
and strongly dependent innovation errors. We find that the asymptotic behaviour of
the sample moments is affected by the memory of the innovation process both in the
in the form of the limiting distribution and, in the case of long range dependence, in
the rate of convergence. However, this effect is not present in least squares regression
theory as it is cancelled out by the interaction between the sample moments. As a
result, the Cauchy regression theory of Phillips and Magdalinos (2007a) is invariant
to the dependence structure of the innovation sequence even in the long memory case.

Keywords: Central limit theory, Explosive autoregression, Long memory, Cauchy
distribution.



1. Introduction
Autoregressive processes of the form
Y = pYi—1 + €& € =q NID (0702)

with an explosive root |p| > 1 were first discussed in early contributions by White
(1958) and Anderson (1959). Assuming a zero initial condition for y;, a Cauchy limit

theory was derived for the OLS/ML estimator p, = (31, ve—19:) (Dpey yf_l)flz

Y2

S =) = C asn— oo, (1)

where C denotes a standard Cauchy variate. It is important to note that the Gaus-
sianity assumption imposed on the innovation sequence (),.y cannot be relaxed
without changing the asymptotic distribution in (1). Anderson (1959) provides ex-
amples demonstrating that central limit theory does not apply and that the asymp-
totic distribution of the least squares estimator is characterised by the distributional
assumptions imposed on the innovations. Thus, no general asymptotic inference is
possible for purely explosive autoregressions.

The situation becomes more favourable to least squares regression when the ex-
plosive root approaches unity as the sample size n tends to infinity. Phillips and
Magdalinos (2007a, hereafter PM,) and Giraitis and Phillips (2006) considered au-
toregressive processes with root p, = 1+ ¢/n%, a € (0,1). When ¢ > 0, such roots
are explosive in finite samples and approach unity with rate slower than O (n™1).
The asymptotic behaviour of such “mildly explosive” or “moderately explosive” au-
toregressions is more regular than that of their purely explosive counterparts. Under
the assumption of i.i.d. innovations with finite second moment, PM, establish cen-
tral limit theorems for sample moments generated by mildly explosive processes and
obtain the following least squares regression theory:

QLCnO‘pZ (P — pn) = C asn — oo. (2)
This Cauchy limit theory is invariant to both the distribution of the innovations and
to the initialization of the mildly explosive process.

The results of PM, were generalised by Phillips and Magdalinos (2007b, hereafter
PM,) to include a class of weakly dependent innovations. Aue and Horvath (2007)
relaxed the moment conditions on the innovations by considering an i.i.d. innovation
sequence that belongs to the domain of attraction of a stable law. The limiting
distribution in this case takes the form of a ratio of two independent and identically
distributed stable random variables, which reduces to a Cauchy distribution when the

innovations have finite variance. Multivariate extensions are included in Magdalinos
and Phillips (2008).



In this paper, we consider mildly explosive autoregressions generated by a corre-
lated innovation sequence that may exhibit long range dependence. We show that
central limit theory continues to apply and that the asymptotic behaviour of the
least squares estimator is given by (2). Although the asymptotic behaviour of the
sample variance and the sample covariance is affected by long range dependence both
in the rate of convergence and in the form of the limiting distribution, their ratio is
not affected by the memory of the innovation sequence. Hence, the mildly explosive
regression theory of PM, is invariant to the dependence structure of the innovation
sequence even in the long memory case. Our results generalise those in PM, and PM,
and are complementary to the results in Aue and Horvath (2007).

2. Main results

Consider the mildly explosive process
Xi=p,Xeo1+u, tef{l,..,n} (3)
pr=14—, a€(0,1),c>0 (4)

with innovations (u;),.y and initialization X, that satisfy the following conditions.

Assumption LP. For each t € N, u; has Wold representation

o0

Uy = E Ci€t—j,

J=0

where, given the natural filtration F; := o (4, €4-1, ...), (€4, Fit),eq 15 a martingale dif-
ference sequence, (€7),o, is a uniformly integrable sequence with Er, , (¢}) = o for
all t € Z, and (cj)j>0 is a sequence of constants satisfying one of the following con-
ditions: N

(1) D520 lejl < oo
(ii) For each j € N
c;=L(j)j ", forsome ke (1/2,1)
where L : (0,00) — (0,00) is a slowly varying function at infinity such that
o (t) := L(t)t™" is eventually non-increasing (i.e. @ is non-increasing on
[to, 00) for some ty > 0) and

sup t°L(t) < oo for any §, B > 0. (5)
te[0,B]

(iii) ¢; =057, j € N, for some 6 # 0.



Assumption IC. Xj can be any fized constant or a random process Xq(n), in-
dependent of o (uy,...,uy), satisfying Xo(n) = o, (n"‘/2) under Assumption LP(i),
Xo (n) = 0, (n®?* %L (n®)) under LP(ii) and X, (n) = o, (n*/*logn) under LP(iii).

Under Assumption LP, (u),.y is a covariance stationary linear process, since
(¢j);50 is square summable and (&), is an uncorrelated sequence with constant
variance. Uniform integrability of (¢7),., controls the the tails of the distribution of
each element of (g;),., and is equivalent to 0® < oo when (g;),., is an identically
distributed sequence. Thus, the primitive innovations &; considered in this paper
belong to a more general class than the i.i.d. (0,0?) family considered in PM,.

Assumption LP(i) ensures absolute summability of the autocovariance function
of u; thereby giving rise to a weakly dependent innovation sequence. Note that
LP(i) further extends the class of weakly dependent innovation sequences of PM, by
requiring a weaker summability condition on (¢;),., than the condition » 7% j [¢;] <
oo imposed in PM,,.

Assumption LP(ii) implies that > 7%, |E (uju1)| = oo and induces strong de-
pendence (or long memory) in the innovation sequence. The parametrisation ¢; =
L (j) j—" is standard for stationary linear processes that exhibit long memory, see e.g.
Giraitis, Koul and Surgailis (1996) and Wu and Min (2005). The memory parameter
k can be expressed in standard AFRIMA notation as Kk = 1 — d, d € (0,1/2), so
Assumption LP(ii) includes stationary AFRIMA processes.

Recall that a function L is slowly varying at oo if and only if

. L(ut)
it L (1)

=1 forany u>0 (6)

(see Bingham Goldie and Teugels (1987) hereafter referred to as BGT). The assump-
tion that ¢ (t) = L(t)t™" is eventually non-increasing ensures the validity of an
Euler-type approximation (cf. Lemma A4) used in the calculation of the asymptotic
variance of various sample moments. The class of functions defined by the above
assumption includes differentiable slowly varying functions as a subclass (see BGT,
Theorem 1.5.5). Assumption (5) is a standard requirement for the validity of Abelian
theorems for integrals involving regularly varying functions in a neighbourhood of the
origin (see BGT, Proposition 4.1.2(a) and Lemma A3 below). BGT, Seneta (1976)
and Korevaar (2004) offer a detailed discussion of slow and regular variation. See
also Phillips (2007) for an application of differentiable slowly varying functions to
regression theory.

As in the analysis of Anderson (1959) and PM,, least squares regression theory is
driven by the stochastic sequences

Tn (B

. )
e 2= Pa U414 (7)
n\2 t=1

Y, (k) =



and
1 Tn(/B)
Zy (K) == NEE > oot (8)
n\z t=1

with p,, = 1+ ¢/n® as defined in (3) and

S I ) I

For notational convenience, we write Y,, (1) and Z,, (1) for the sequences in (7) and (8)
under both Assumption LP(i) and Assumption LP(iii). This convention is justified
since formally substituting x = 1 in (7) and (8) produces the n®/? normalisation that
applies under weak dependence.

By covariance stationarity of the innovation sequence u,, Y, (k) and Z, (k) have
identical variance given by

1 Tn(ﬁ) Tn(ﬁ) Tn(/g)_t
G2 S M 042> 0% Y pty, ()| forallneN  (10)
=1 h=1

t=1

where v, (h) := E (usu¢—p) denotes the autocovariance function of u;. The asymptotic
behaviour as n — oo of the common variance of Y;, (k) and Z,, (k) depends on the
memory properties of the innovation sequence u;, as the following result shows.

2
Lemma 1. Let Z, (k) be the sequence defined in (8), w? = o2 (Z;io cj) and
I (z)= [ u""'e "du. Then, as n — oo:

(i) Under Assumption LP(i), E [Z, (1)*] — w?/2c.

(ii) Under Assumption LP(ii), L (n®) > E [Z, (/@)2] — V., where

sin (7k)

sin {r (2r— 1)} (11)

V. =20 (1 — k)

(iii) Under Assumption LP(iii), (logn®) > E [Z, (1)’] — 0%6*/2c.

The proof of Lemma 1 can be found in Section 3. The argument is facilitated by
employing an Abelian theorem and an Euler-type approximation established, respec-
tively, by Lemma A3 and Lemma A4 in the Appendix.

Determining the joint asymptotic behaviour of Y,, (k) and Z, (k) is the key to
establishing a limit theory for explosive and mildly explosive autoregressions. We
present the results for the short memory and long memory case separately in the
following two lemmas, the proof of which can be found in Section 3.
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Lemma 2. Under Assumption LP(i),
Y, (1), Z, (1] = [Y1,Z1] asn — oo,

where Yy and Z, are independent N (0,w?/2c) variates.

Lemma 2 generalises the corresponding results of PM, and PM, by considering a
larger class of weakly dependent innovation sequences (u;),.y-

Characterising the joint asymptotic behaviour of Y,, (k) and Z, (k) for strongly
dependent innovations is more challenging and the main result is provided below.

Lemma 3. Under Assumption LP(ii) we obtain, for each x € (1/2,1),

1

Ty Yo (9 20 (0] = [V 2] as = o0,

where Y,; and Z,, are independent N (0, V) random variables and V}; is given by (11).

Remark 1. Lemma 3 shows that the introduction of long memory in the innovation
sequence affects the components that drive mildly explosive autoregression not only
in the form of the limiting distribution but also in the rate of convergence. This
contrasts the weakly dependent case (see Lemma 2 and PM,) where the result differs
from the i.i.d. error case of PM, only in the asymptotic variance.

Remark 2. The asymptotic variance in (11) diverges to 0o at the boundary values
k = 1/2,1. This is expected at the boundary value k = 1/2 since u; has infinite
variance for any k£ < 1/2. On the other hand, k = 1 provides a boundary between
short range and long range dependence in the innovation sequence u;. Lemma 3 then
implies that the distribution of Y,, (k) and Z,, (k) does not admit a smooth transition
from short to long memory. The underlying reason is that the normalisation n(3/2-%)
cannot distinguish between a short memory linear process and a linear process with
harmonic coefficients ¢; as in Assumption LP(iii): Lemma 3 would assign the short
memory normalisation n%/2 to [Y,, (1), Z, (1)] generated by the latter process, which
is not sufficient since the harmonic series diverges with rate 2?21 j~t ~logn.

As pointed out in Remark 2, a complete discussion of the asymptotic behaviour
of [Y,, (k) , Z, (k)] would have to include the case of transition between short and long
range dependence in the innovations u;. This is the aim of the next result.

Lemma 4. Under Assumption LP(iii)

1
log n®

Yo (1), Zo (D] = [Y], Z]] asn — o0,
where Y and Z are independent N (0,020 /2c) random variables.
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Remark 3. The slowly varying function L has been replaced by a constant in As-
sumption LP(iii) since taking ¢; = L (j) j~* would produce a limiting distribution in
Lemma 4 that is not invariant to the choice of L. The problem is that the asymptotic

variance of 1! Z,, (1) can be expressed in terms of the integral I,, := v, 1”a/ ¢ L(Zz) dz,

where v, := (logn®)~" L (n®). Assume for simplicity that L is differentiable with

= ET forallt > 1 (12)

for some function € which determines L and satisfies € (t) — 0 as t — oo. Equa-
tion (12) can be deduced directly from the Karamata representation of L. Using
integration by parts and (12) we obtain

n/e z n%/c .
/1 #dz =log (n“/c) L (n“/c) — /1 Li >5 () log 2dz. (13)

The value of the integral in (13) depends on the choice of € and hence on the choice
of L. If £ (z) = (logz) ™ in (12), the second integral in (13) is O (L (n®)log (logn)),
giving I, — 1. If £ (2) = \/log z for some A # 0, (13) yields I, — (1+X)"". The
above observation implies that the asymptotic variance of ¢ 'Y, (1) and ' Z, (1)
depends on the choice of L.

Once the joint asymptotic behaviour of Y, (k) and Z, (k) has been derived, it is
easy to obtain the limiting distribution of the sample moments of X; by employing a
standard approximation argument (see Anderson (1959) and PM,) for explosive and
mildly explosive processes: roughly, the sample variance and the sample covariance
behave like Z, (k)* and Y,, (k) Z, (k) respectively.

Lemma 5. Let L denote an arbitrary slowly varying function at infinity. Then

—2n 1 1 2
§ X2, = |-z 1
n(3- 2n>aL po)? &=L T g [L(na) (“)} o (1)

pu” Yo (k) Zn (k)
E Xioquy = + 0, (1
3 2kK) aL (na — t—1Ht p ( )

na

as n — oo where:

(i) Under Assumption LP(i), k =1 and L(x) =1 for all z > 0.
(ii) Under Assumption LP(ii), k € (1/2,1) and L satisfies LP(ii).

(iii) Under Assumption LP(iii), k = 1 and L (x) =logx for all x > 0.



Combining Lemma 5 with Lemmas 2, 3 and 4, we deduce that, under the appro-
priate normalisation, joint convergence in distribution of (>, X;_1us, > py X7 1)
applies under both weak and strong dependence. The asymptotic behaviour of the
centered least squares estimator

/A) _p — Z?:l Xt71U/t

is then an immediate consequence of the continuous mapping theorem and the fact
that the limiting random vectors (Y1, Z1), (Ys, Z,) and (Y], Z]) of Lemmas 2, 3 and
4 consist of independent components.

Theorem 1. For the mildly explosive process generated by (3) under Assumptions
LP and IC, the following limit theory applies as n — oo :

Q_C”apz (Ibn - pn) =C asn— 0,

where C denotes a standard Cauchy variate.

Remark 4. Theorem 1 shows that the Cauchy regression theory of PM, is invariant
to the dependence structure of the innovation sequence even in the long memory case.
The limit theory is independent of the memory parameter x and the normalisation
consists only of the parameters ¢ and « that determine the degree of mild explosion,
i.e. the neighbourhood of unity that contains the mildly explosive root p,. At first
glance, this result may seem surprising given that the limit theory for both the sample
variance Y ;. X7 ; and the sample covariance Y ;| X;_1u, is affected by the presence
of long memory in the innovation sequence both in the rate of convergence and in the
form of the limiting distribution. The interaction between these two sample moments,
however, cancels out this effect: Lemma 5 implies that the asymptotic behaviour of
the normalised and centred least squares estimator is driven by the ratio Y,, (k) /Z, (k)
in which the numerator and the denominator have identical rate of convergence and
limiting distribution (by Lemmas 2, 3 and 4). Therefore, any increase in the rate of
convergence of Y,, (k) is offset by an equal increase in the rate of Z, (k), leaving least
squares regression theory invariant to the degree of persistence of the innovations.
This suggests that the least squares estimator retains the rate of convergence of
Theorem 1 under more general innovation processes including non-stationary long
memory, although such a generalisation would require a different method of proof.

3. Proofs

This section contains the proof of Lemmas 1-5. We begin by establishing some nota-
tion. Using the linear process representation of u;, the process Z, (k) defined in (8)

7



can be decomposed into the sum of two uncorrelated components:
Zy (k) = Z0 (k) + Z2) (k), (14)
where

Tn(ﬂ) t
1 -
Z7(11) (k) = (G—w)a Z pnt chgt*j’ (15)
niz t=1 j=0

o] Tn(ﬁ)

1 _
Z? (k) = € Z Z pten | e (16)
n\2 j=1 \ t=1

and 7, (5) is the sequence defined in (9).
The process Y, (k) defined in (7) can be written as:

Tn(8) n(B) 00 n(B) o]
Z p;tun—l—l—t = Z P;t ch5n+1—t—j = Z P;t ch—t5n+1—k-
t=1 t=1 §=0 t=1 k=t

Changing the order of summation in the last expression, we obtain the following
decomposition of Y,, (k) into the sum of two uncorrelated components:

Yo (k) = Y,V (5) + Y, (), (17)
where
1 Tn(B) k
O e S (Z p) (18)
niz k=1 \t=1
1 7n(B)
R I I D ) e (19
T2 ke (8) \ =1
Finally, we use ||| to denote the Euclidian norm of a vector and [|-||, to denote

the L, norm of a random variable: || X = (£ \X]T)l/r. Given a o-algebra F, Er
and Pr denote conditional expectation and conditional probability respectively.

3.1. Proof of Lemma 1

Under Assumption LP(i), the result follows immediately from (14) and Propositions
3.2.1 and 3.2.2(ii) below.



Proof under Assumption LP(ii). Under Assumption LP(ii), the autocovariance
function of u; is given by

’yu (h) = 0'2 [L (h) h_fi + Z CjCj+h] h € N
7j=1

Using the Cauchy-Schwarz inequality and the fact the function ¢ (x) = 7"L (z) is
eventually non-increasing we obtain, for large enough n,

S ooms Y d= Y w0 [ edr=0 (L))
i>7n(8) P>Ta(B)  5>n(B) 7 (8)

by (9) and Karamata’s theorem (BGT, Proposition 1.5.8). Thus,

7n(B)
Y, (h) = o* | L (h) h™" + Z cicjrn| + O (L (nﬁ)Q n_(%_l)ﬁ) (20)

J=1

as n — oo, uniformly in h. For brevity, let

Ay i= L (). 1)
Using the fact that
W L ) X
Z p—2t Z P;h |7u (h)‘ =0 (nzap;Tn(ﬁ)) and ﬁ Z p;Qt s 2_0’
h=7n(B)—t+1 1

(10) implies that the variance of Z, (k) has the following asymptotic behaviour as
n — oo:

HZH(K) 2 _ Tnz(ﬁ)p 7 ( 1 )
Lo, — e g L (n )P n2-00
9 ™n(B) Tn(B) 2
102 L L(nﬂ) 1
- LR+ ciejn| +O
C)‘i — p ( ) ; jCi+h <L(n0‘)2 n2r—-1)(B—a)
9 ™n(B) Tn(B) 1
- o gp ; Cf‘cf*”“)(w—m)
Tn(ﬁ) Tn(ﬁ)
= Z Z cjCjtn + o (22)
” h=1



where the second line follows from (20), the third line follows from Lemma A3 in
the Appendix and the final line follows since Lemma A1l in the Appendix and the
Cauchy-Schwarz inequality imply that

. 1 Tn(B) Tn(B) 1 n(B) 1
sup ‘p;h — e*nfah| /\—2 Z Z CiCith < )\—2 Z ¢ | O (na/2>

1<h<7n(B) n op=1 j=1 no\ j=1

2
L (nﬁ) n21—r)(B—a)
=0 [L(na)] o | =00

for all g € (a,3a/2) by Karamata’s theorem. Applying the Euler approximation of
Lemma A4 in the Appendix to (22) and letting 1 := ¢ ([to] + 1), we obtain

Z, (k) 2 102 [™B /Tn(ﬂ) B
= - e L(y)L(y+z)y " (y+z) " dydx +o(1)
HL(nO‘) 2 C)\i lto]+1 lto|+1
2 2k—3 7CT;L¢§B) L:y) @ @
- Zc 2/ e_“/ L(n z)L<n (Z—i_u))[z(u—i—z)]ﬁdzdu
L(n>)" Jx % c c
rnif)
_ g2 / e (Tt (1) + Lo (w)] du (23)
o
where

Ly(u) = — /1 L(”—QZ)L{”—Q (Z+u)} T (u 2) " dz

L (n®)* s c c
1 e n< ne
Lo (u) = (o) /1 L <?z) L {7 (z + u)} 27" (u+2) "dz.

For some § € (0, min {1 — &, (2x — 1) /2}) define the regularly varying functions
R(z)=2°L(z) and r(z)=a2"L(x).

By the uniform convergence theorem for regularly varying functions with negative
index (BGT, Theorem 1.5.2)

r(n%z) L
r(n®)

sup —0 asn— o0 (24)

2€[y,00)

10



for any fixed 7 > 0. In this notation, I,,» (u) can be written as

ctn(B)

—25 —a a @
In2 ('LL) = ‘ P} /; r <n_2> T <n_ (Z + 'U,)) Zf(ﬁfé) (U + Z)_(’i_& dz

r(n%) c c
- TC(_;; /1(6) {%— (z)‘s}r<g (z—I—u)) 2 (u+ 2)) 0 d

676 70777;0(‘5) ne
+— / r (— (z + u)) 2 (w4 2)" " de. (25)

r(n®) Ji c

Since [ 272""9dz < oo for § € (0, (2k — 1) /2) the first term of (25) is bounded by

025/ 27250z = 0(1)
1

r(n®x)
r(n®)

uniformly in u € (0,00), by (24). Thus, as n — oo,

sup
2€[1/c,00)

sup
z€[1/c,00)

ctn(B)
I [ x ~(5-9)
2 () — r{—(z+u) |z "(u+2) dz

r(n®) J; c

sup
u>0

=o0(1).

Adding and subtracting [(z 4+ u) /¢] ° in the above integral and using (24) in a similar
way for the estimation of the remainder term, we obtain

ctn(B)
no

Lo (u) — /1 Z7M (u+2) "dz

sup — 0 asn — oo.

u>0

Thus, (9) and the dominated convergence theorem yield, as n — oo,

ctn(B)

/ " e “Ipp(u)du — / / “(u+2) "dzdu
= / e’z “/ e "z dxdz. (26)
1 z

For the first term of (23), using the substitution x = z 4+ u we obtain

enlf) U () [ (noe)
/n% e In (u)du = /;ﬁx D) e’z /z+,§% W@ r "dzdz
VR(EY L [ ()
_ o c z,—Kk—0 c K
= ¢ /n% R (o) ez /Hn% L. (n) dzdz

1 e ol
= /w ez (/er% %e‘%‘”dm) dz + o0 (1)(27)



as n — oo because, since fol 27" %z < oo for all § € (0,1 — k),

CTn (B)

RGeS ayi] e L)
C _ _ Z  ,—Rk— C —X 7K/d d
/w R (n®) (c) “ /w L(noy ¢ 7
C"’n(ﬁ)
< sup R<na’z) ) / ne i L( c )efxl,fﬁdx (/1 Zﬁéd2>
T /g | R(n?) 3 L (n®) 0
R (n%z) s
20,1/ | B (n%) @ @

by the uniform convergence theorem for regularly varying functions with positive
index (BGT, Theorem 1.5.2) and Lemma A3 in the Appendix. Now the integrand in
(27) is bounded by J,, (k) e*z~", where J, (k) is defined (50). By (51), J, (k) €*z~" is
integrable on [0, 1] and hence the dominated convergence theorem, (6) and (9) yield

(:T:ll(gﬁ) 1 o U’n(ﬁ) I (ﬁ.’lf)
/d& e "I (u)du = /0 1[%’1] (z)ez™" (/H% e‘%‘"de) dz
1 o]
— / ezz_”/ e “x "drdz asn — oo. (28)
0 z

Combining (23), (26) and (28) we obtain

2

Zn (K o
H <a) 0202“_3/ ez "T'(1—kK,2z)dz asn — oo,
L (n*) ||, 0
where T (z, 2) f u* e “du denotes the “complementary” incomplete gamma

function. The integral on the right can be evaluated as follows:

/ ez "T(1—k,2)dz = Z—‘/ 27T (1=K, 2)dz
0 =0 ) Jo
B ilP(j+2—2/<;)

= v j+1—-k
sin (mk)sin {7 (2k — 1)} T’ (5)2
T —n) sin (7k)

sin {7 (2k — 1)}’

where the integral on the second line is calculated by 6.5.37 of Abramowitz and Stegun
(1972) and the last line is obtained by using the duplication formula for the gamma
function.
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Proof under Assumption LP(iii). Under Assumption LP(iii), an identical argu-
ment to that leading to (22) yields

n(B) n(B)
Z,(D|? 1 6%? N
= g e ne g (j+h)" 1 as n — o0o.
log n> ||, c(logna)2 — iU o(l)

Approximating the above sums by integrals using Lemma A4 yields

Zn ()| 1 6% /an) . /MB) . .

- -7’7 e nal® - + ) “dydxr 4+ o(1
logn||, C(logn‘")2 1 1 v ) dy 1)
ern (8) ern(8)

1 6%? ne ne -

= ——02 z7! e (24 u) " dudz
¢ (log n®) < <
1 6%c? e

L (eh £) a0 ()
¢ (logn®)” J e ne

n
where

By (2):= / h e "dy (29)

denotes the exponential integral. Using the Cauchy-Schwarz inequality, E; (z) <
ez V2 s0 [[Pe*z By (2)dz < [T 27%%dz < co. Thus,

2 2.2 1
1 0 1
LI e (s )0 ()
o C(logn)” J < ne (logn)

The asymptotic expansion of F; (see 5.1.11 in Abramowitz and Stegun, 1972) implies
that sup,¢ 1) | F1 (2) + log 2| < oo. Hence, approximating £ (2) by — log 2 and using
the power series for the exponential function yields

Zy (1)
log n®

Zo (D] 1 6%02 ! 1
(1) = _——02/ z_lezlogzdz+0( )
logn® ||, ¢ (log n®) < logn
1 02 2 1
= ———02/ 271 logzdz—l—O( )
¢ (log n®) < n®logn
6%
— .
2c

3.2. Proof of Lemma 2

We maintain Assumption LP(i) throughout this subsection.

Proposition 3.2.1. As n — oo, Z\? (1) =1, 0 and Y,* (1) =, 0.

13



Proof. Since p,;* <1 for all t and S.7"1%) p=t = O (n®) we obtain

1 Tn(ﬁ) 0_2 Lna/QJ Tn(ﬁ) 2
ZT(?)(l)—W Z Zp;tct-i-k e - Zp;tch
k> Lna/ﬂ t=1 k=1 t=1
2
a/2
< — ZICtI
2
. 7 (8) 2 n(8) 2
nal? Z Zp;tct+k €k = e Z ZP;tCHk
k>|ne/2 |\ =1 , k>|nesz] \ t=1
Tn(ﬁ) Tn(B
< Z Z [emy Z Pn’ |Corkl
k>|_na/2J
[ee] 0_2 n -
< (SR) 2T T e
s=1 t=1 k> ne/? |
< 0(1) Z ek — 0
k>Lna/2J

by Assumption LP(i). This establishes the result for z? (1). For y,? (1),

2 0.2 T”(ﬁ) Tﬂ(ﬂ)
&, = — >0 | Do elad ] | 2 patens
k> (B8) \ t=1 s=1
0.2 00 Tn(B)

< E(Z|CS|> Z Zp;%k_tl
s=1 k>7-n(/j) t=1
1 L7n (8 ™ (B)

= O(l)m Z Z lck—e| + Z pt Z o]

k>7n(6) t=|n(B)/2]+1 E>7n(B)

= O Y lal]+0(p, ) =0(1)

k>[mn(B)/2]

as n — 0o by Assumption LP(i) and (9).

14



Proposition 3.2.2.

(i) The following approximation is valid under both Assumption LP(ii) with k €
(1/2,1) and under Assumptions LP(i) and LP(iii) with k = 1: As n — oo,

Tn (/8) Tn (/8)

1 B 1 )
Z0(8) = | e 2o ar | | o 2o e ||| =00 (30)
j=0 k=0 9

(ii) Under Assumption LP(i),

2
280 @I Y0 Wl 5 asn— oo
Proof. For part (i), we can write
1 7 (B) t
Z (k) = (3—r)a Z P’ Z Ci€t—j
niz t=0 j=0

1 _
=D WD e
2 =0
B) Tn (B

n )
1 . s
N (ﬁ_m)a ijnj E pn(t J)gt*j
ni2 j=0 t=j

1 Tn(8)-i
= . oG’ 2 eten
2 k=0

2
so, using the inequality (Z;;é xj) <) o3, the remainder term of (30) can be

estimated by

7 (8) 7a(8) 2 5 B 7 (6) ?
1 —j —k n” +1 2 —9j —k
nB-2r)a Z €iPn Z P Ek S nB—2r)a Z €jPn Z Pn Ek
j=0 k=7n(8)—j+1 9 Jj=0 k=7n(8)—j+1 9
B8 2 o Tn(ﬁ)
(n + 1) o 9 _o; ok
n(B—2x)a chpn ! Z Pr
i=0 k=70 (8)—j+1
- 0 (e—cnﬂ—anﬂ—(l—n)a) Zci 0.
=0

Note that this approximation only requires square summability of the sequence (Cj)j>0.

15



2
For part (ii), ‘ —2/2 57 (B) =k kHQ — 02 /2¢, so, using (30), the asymptotic vari-

ance of Z." (1) will have the required form provided that

Tn(8) e8]
Z cipn) — ch as n — oo. (31)
=0 =0

Unlike (30), (31) is valid only for absolutely summable sequences (c;),.,. Since

Tn /8)

Z e’ =2 cp 1< (B} and Y lep1{j < (B} <) le]
j=0 j=0 Jj=0
absolute summability of (cj)j20 implies that (31) follows by dominated convergence.

The asymptotic variance of Y," (1) can be shown to be identical to that of Z5" (1)
by using the fact that Y,, (1) and Z, (1) have the same variance for all n (given by
(10)). The triangle inequality for Ly spaces yields

|E(X?) = E(V?)| < X =Y, (IX1, + 1Y) (32)

for all X,Y € Ls. Proposition 3.2.1, (14) and the fact that Z(I)( 1) has finite as-
Z{ H < 0.

ymptotic variance imply that ‘ w (1) — z (1)H — 0 and sup,,cy ‘

Hence, sup,,cy || Z, (1)]|, < oo and (32) yields

12, I3 - 122 Wl

By (17) and Proposition 3.2.1

2 (1) =¥ ()| = 0. Since sup,ey 12 (1), <

00, (10) ensures that both sup,cy ||Y. (1)]], and sup,cy ‘ v H are finite, and

consequently (32) implies that
¥ I3 = [V (5| =0 as n— oo,
Since ||Y,, (1)||5 = || Z, (1)||2 for all n, the triangle inequality for real numbers yields

Y0 Wl = 128 W] < (1% 0 - %2 ol Dl = 22 W, -

showing that V;\") (1) and Z{" (1) have the same asymptotic variance.

16



Proof of Lemma 2. By Propositions 3.2.1, 3.2.2 and (31) we obtain that

Tn(B)
|: :| Z gnk + Op

where

LT (S e
ne/2 <Z]oi0 Cj) P;kgk

is a martingale difference array with respect to Fy = o (ey,&x_1,...) since, by (9),
27, (8) < nP < n+1implying that n+1—k > k for all k € {1, ..., 7, (8)}. Therefore,
Fie1 C Fak 50 B, (Epy1-1) =0, Ex,_, (e2,,_;) = 0 and Ex, | (eEnt1-k) = 0,

all the above equalities holding almost surely by the chain rule for iterated conditional
expectations (Kallenberg, 2002, Theorem 6.1(vii)).

We now apply a standard martingale CLT on ZZL(I’B ) (. (Corollary 3.1 of Hall and
Heyde (1980) or Proposition Al of Magdalinos and Phillips, (2008)). By Proposition

3.2.2, the conditional variance of 222(15 ) (,x 1S given by

Coke 1= (33)

> Br Gl = diag (YO L [ 20 ])7) — —12

k=1

as n — 0o, where I, denotes the 2 x 2 identity matrix. Therefore, provided that the
Lindeberg condition

n(B)
Y Bry (1lP LGl > 63) =, 0 6> 0 (34)

k=1

holds, Lemma 1 follows from the aforementioned martingale CLT. To establish (34),
let n:=4/ (Z;’io |Cj|> and note that

L{l[Cuxll > 0}

IA

(iicktl) Sk T (Zm) & > n%

< 1{epia e >0’}
< 1{el > nn?/2} + 1{ei > nn?/2}.

Thus, expanding the left side of (34) and noting that, as n — oo,

| ) ) k 2 1 )
) — 1
e DR T (thl ﬂntck—t> =0+ [P, =00

17



we obtain that the following condition is sufficient for (34):

sup  max || Ex,_, (21 {eZ > n"n?/2})||, — 0, (35)
L<k<rn(8) 55K

where Sy := {k,n+ 1 —k}. When r = s, the left side of (35) is bounded by
sup F (5 1 {&? > nn?/2}) — 0

1<j<n
as n — oo by uniform integrability of (gg)jez. When r < s, the fact that F_1 C F,_&
for all k € {1,...,7, (8)} and the conditional Markov inequality yield

Er | (5,%1 {ei > na772/2}) = Er_, (gil {5i+17k > nanz/Q})
= Eg_, {52Efn_k (1 {531—1—1—}4: > ”0772/2})}
= Er_, (e2PF,  {ei 1 > n"n/2})
2 204

< ——Fr_  (2Fr,_, 2., 4) =
— Tla’ﬂz k—l( k n—k~n+1 k) 7’LO‘7’]2

establishing (35). Since Er, , (¢2,,_,1{e2 > n"n?/2}) = 0*Pr, , {e2 > n®n?/2}, an
identical argument shows (35) for r > s.

3.3. Proof of Lemma 3 and Lemma 4

We begin by deriving the asymptotic variance of Z,, (k). We show that, unlike the
weakly dependent case, both components in (14) will contribute to the limiting dis-
tribution. We consider each component separately.

Proposition 3.3.1. Under Assumption LP(ii), we obtain, for each r € (1/2,1)

7n(5)
1
ZW (k) — T (1 — k) a/2 Z o ey, —0 asn— o0 (36)

2

where T, () is the sequence defined in (9), and

2

1
7(1) (n)

02 93 2
— — T (1 — .
HL(na) S — g (1-kr)" asn— o0 (37)

Proof. Lemma A3 in the Appendix shows that

Tn (6)

1 1 ‘
chpn — T (1—k) asn — oo.

L (noc) n(l K)o

2
Combining the above with (30) and the fact that H —a/2 Zk "o ) p ng — 0%/2c
proves both (36) and (37).

18



Proposition 3.3.2. Under Assumption LP(ii):

(i) For each k € (1/2,1)

1 7 ( 1 1 ) [7n0) |
L(n)™" ") L (n®) p(3-r)a ; ; pu'crry | el =0, (38)
2
as n — oo, where T, (f) is the sequence defined in (9).
(ii) For each k € (1/2,1)
1 Z2( ’ 2 2k—3 2 sin K 1
HL(n&) w (W], e =) (mw) - 39

Proof. The remainder of (38) can be estimated as follows:

2
2

2
o
S St e 3 (S
L(na) j>7'n(ﬂ)t 1 9 L(na) n-i2 7>7n(B)
= Z Pn Z Ct+jCs+j
L (n® ) S =1 J>7n(B)
< Zp_t X9
L(na = > (B)
1
— O —QHL
(W) ) 2
1 L (n?) :
n
= 0 (n(2m—1)(5—a)> [L(na)] — 0
because >, 5 j "L (j)? =0 (nﬁ(l_z’f)L (nB)Q) by Karamata’s theorem. Since

zM (k) and z? ( ) are uncorrelated, part (ii) follows immediately from (14), Lemma

1 and (37).

We now turn our attention to the asymptotic variance of Y,, (k).

Proposition 3.3.3. Under Assumption LP(ii):

(i) L(n") ™Y (k) =1, 0.

(ii) For each r € (1/2,1), L(n®)"" v,V (k) and L(n*)~
asymptotic variance as n — oo, given by (11).
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Proof. For part (i), since p,’ = O (e7=°") as n — oo for all i € {1,..,n} and
sup;s, i °L (i) < oo for any ¢ > 0, there exists C' € (0, 00) such that
2

2
ngz) (f{) oo ntyj .
pr e
L (na) L ( 3 25)04 JZO Z;l J
2
Ce_2cn1—a 9) o n+j . L(na)*z
< —2:57 sl —(k=9) 9]
I (na)2 n(3—2K)a ]z_; € <Z§l € g + n2(1—kK)a ’

where ¢ can be chosen as follows:

5 € <o, (1= O‘)Q(Q’i - 1)) . (40)

We now make use of the fact that, for any decreasing function f on [0, 00), Zj\; LJ() <

fk [ (z)dx for all k, N € N. Since, for large enough n, en'i~(v=9) {5 decreasing in

i we obtaln Z“? L eralii=(h=0) < fjnﬂ ena @y~ ("0 dx. Also, since the function

1=j+
. n-+y . no 2
g(y) =en (/ ewxx_(“_d)dx) = (/ en™® (z 4 y)_(“_a) dz)
Yy 0

is decreasing, Z;’il g(j) < fo dy. Denoting by C a fixed finite constant that

2

may take different values and using the bound e™* fom etu~ (0 dy < Cx= =9 for all
x bounded away from the origin, we obtain, for large enough n,

C 6_2071170[ > 9._¢ n+y c ( 5) 2
< e “nY / ena@ Ty \RT da:) dy +o(l
L (na)z n(372/{)a /(; ( y Y ( )

11—« 2
2a0 oo cn +z
= LC'(TL )2/ [6_(Cn1a+z)/ 6“u(””5)du] dz
n« 0 z

C 2a8 00 o(p
ﬁ/o (cnlfa—i-z) 2 5)dz

1 1
= 0 (L (na)2 n(l—a)(Qn—l)—Q(;) =o0(1)

as n — oo by the choice of § in (40).
For part (ii), the fact that the asymptotic variance of Z, () is given by (11)

may be obtained directly from (14), (37) and (39), since zM (k) and z? (k) are
uncorrelated. The result for Y, (k) can be shown by using a similar argument to
that used in the proof of Proposition 3.2.2(ii). The triangle inequality gives

| REIE

2 2 2

v ()
L (ne)

2

IN

2 2 2

Y. (k)
L (n®)

Y, (k)
L (n®)

Zn (K)
L (n®)

Y, (k)
L (n®)

Yo (k)
L (n®)

Zn (K)
L (n®)

2 2 2
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The second term on the right is identically 0 since Y,, (k) and Z,, (k) have the same
variance for all n, see (10). The first term on the right tends to 0 as n — oo since

(1)
Yo (8) _ Yulo) ||, by (17) and part (i).

L(n®) L(n®) 9

Proposition 3.3.4. Under Assumption LP(ii), we obtain, for each k € (1/2,1)

n

L (no‘)_1 [ZT(LD (K), Z,(f) (k) YW (Ii)} = [Z(l) (), AS (k),Y (Ii)] as n — oo (41)

where ZW (k) , Z® (k) and Y (k) are independent zero-mean Gaussian random vari-
ables with variances given by (37), (39) and (11) respectively.

Proof. By (36) and (38) we obtain that

1 Z(l) (K/) n(B)

() [ 0
L) | 200 | = 2 e )

where
I (1 — k) n=2p ke,

- —(2-k)a Tn -
En 1= L (n®) (3 < tzgﬁ) pntct+k) €k
L(n®) " () (Zle pZtCk—t) Entl—k
is a martingale difference array with respect to F_, = o (¢_x,€_¢_1, ...) since, by (9),
n+1—k>k>—kforall ke {l,...7,(8)}, so Fgr_1 € Fr_1 C F,_p. Given the
set Ay = {k,—k,n+ 1 — k}, the above inclusions imply that Er , | (e,&5) = 0 a.s.
forall r #£ s, r,s € Ay.

We now apply the martingale CLT used in the proof of Lemma 1 (Hall and Heyde,
1980) on Y277 €,

Z(

).,

()]

1 sin Tk 1 sin Tk
2 sinm (25 —1) 2 sinm (2k — 1)

1 .
Z Er , &ubne = I (na)leag [”Z(l) ”2’

N 2 2}% 31’\( ) dlag{

by (37), (39) and Proposition 3.3.3(ii). Since the limit of the conditional variance of

Z”‘w &,k is a diagonal matrix, the limit random vector in (41) consists of uncorre-
lated components. It remains to verify the Lindeberg condition

7n(B)
> Er o (1P 1{lIEull > 0}) =50 6> 0. (43)

k=1
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2 2
By the Cauchy-Schwarz inequality both <ZT" (8) pntct+k> and <Zf:1 p;tck_f) are

bounded by 77, 20 (n®) uniformly in k. Therefore, by square summability of
(¢j) ;5o for each k € (1/2,1), there exist finite constants C1, Cs, C3 > 0 such that

L{|&nll > 6} < 1{e} >n"C10%/3} +1{%, > n*09Cy6°/3}
+1{e 1 > nz(lf”‘)a0352/3}
<1 {sz > n2(1_”)an} +1 {52_k > n2(1_”)a77} +1 {531+1_k > n2(1_“)°‘n}

where 7 := min {C}, Cy, C3} 6*/3. Using the above inequality we obtain

Tn(B)
Do 1Bl 1wl > ), <8 sp e [Be (1 {e2 > n20 o))
k=1 <7
_ o ok W 1P 2] @ ]
where S = sup,,cy Zk | pn +o072||Yn (k) 2—1—0 Zn’ (k) L[ < Hence,
sup  max HEf o (E21{e2 > nz(lf’ﬁ)an})nl — 0 (44)

1<k<7,(8) "5€Mk
is sufficient for (43). When r = s,

oupmax By, (1462 > a0 < sup ({63 > n¥0}) — 0
1<k<tn(B) reAg 1<j<n

by uniform integrability of (e?)jez. Next, we know by (9) that min (r, s) > —k for all
r,s € A,. Therefore, when r > s, the conditional Markov inequality yields

Er ., (531 {53 > n2(1_”)0‘77}) = Er , | [1 {53 > nz(l_"‘)o‘n} Er | (53)}

= 0°Pr, {2 >n*7My})
ol

o? )
ET =

- n2(1—n)anE}-—k—1 s n2(1—n)an’

showing (44) for » > s. An identical argument shows (44) for r < s:

Er ., (1{2> n2(1—ﬁ)an}) = By, [2Pr  {> n?(l—n)an}}
4
o

< -
- n2(17n)a77

This completes the proof of (43) and the proposition.

Proof of Lemma 3. Lemma 3 follows by Proposition 3.3.4, Proposition 3.3.3(i)
and the continuous mapping theorem.
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Proof of Lemma 4. Denote by FE; (-) the exponential integral in (29). Using (30),
Lemma A1l and the Euler summation formula we obtain

) 2
T
0_292 n

= Z] le=ina +o0(1)

) 2¢ log ne 4

log n®

2
0%0* 1 ™l 1
= e tned @
2¢ \ logn® /1 v v (1og n)

o20* [ 1 N E 0%0?
- 2 [ ()]
2c {logna Fpe } Toll)= 2c

as n — oo since Fj (2) ~ —log z as z — 0. Hence, by Lemma 1, the asymptotic vari-
ance of (logn®)~" z (1) coincides with that of (logn®)~" Z, (1) which implies that

2
| Cogn)™ 22 (1)

— 0. Moreover, an identical argument to the proof of Proposi-

2
tion 3.3.3(i) with k = 1, § = 0 and L (n®) = logn® yields H(log ne) "y, (1)H2 — 0.
Therefore,

L Y1), Za (1) = —

YV (1), Z (1)] + 0, (1)

log n® log n®

and Lemma 4 follows by applying an identical martingale CLT to that used in the
proof of Lemma 2 (replacing n®? by n®?logn® in the definition of the martingale
difference array ¢, in (33)).

3.4. Proof of Lemma 5

Proposition 3.4.1. For 7, () as defined in (9), we obtain, as n — oo,

( ) Zt 1Pn by = T"(ﬁ) p;tut + 0p (1) )
i) S a0 = 0 pr s+ 0, (1)

Proof. For part (i), using covariance stationarity of (u;),.y we obtain

Tn

> pntu— anut = || Y. plw|| <Ewl D p
t=1

1 t=7n(B)+1 1 t=7n(B)+1
= 0 (n%,") =0(1)
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—(n—t)— 1

as n — oo. For part (ii), since > | pn = > P U1

n Tn(B) n
Z pn "y — Z PrUng1t|| = Z prttngii|[ = O (n%p, )
t=1 t=1 1 t=7n(8)+1 1

using the same bound as in part (i).

Proof of Lemma 5. The derivations of this subsection are not affected by the
memory of the innovation sequence in any way other than the additional normalisation
required in the long memory case. Therefore, it is enough to present the argument
for part (ii) of the lemma. An identical argument is valid for part (i) and part (iii)
by making the appropriate adjustment for the normalisation.

We start by analysing the sample covariance. For A, as in (21), the initialization
of the mildly explosive process satisﬁes Xo = 0, (no‘/ 2)\n) by Assumption IC. Using

the identity X; ; = Xop! Z] L P97ty and Proposition 3.4.1(ii) we obtain

na)\2 ZXt e = naAQ {onp”n Oty + " Zzpt " 1UjUt}

n =1 t=1 j=1
Xo Y - t—j—1
= L na na)\g ;le T uuy + 0p (1)
" J
- S S o, () (45)
n =1 j=1

since Y, (k) /L (n®) = O, (1) by Lemma 3. Now the Cauchy-Schwarz inequality gives

Y < 2GS E
1 5=t

. n =1 j—t
;ﬁikzp" > an

—n,1+a
SoY Lk i— Y
nB—2r)aJ, (na)

)
«
n)\n

t=

IN

Thus, (45) and Proposition 3.4.1 yield
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as required. For the sample variance, by taking the square of (3) and summing over
t € {1,...,n} we obtain

En:Xf_l - {Xi—XoQ—?ﬂan:Xt—l“t—i“?}
t=1 t=1 t=1

pr—1
1
- O ()

by (46). Thus, since p,," X, = > 1, p,uy and p2 — 1 = 2¢/n*+ O (n~2*), we obtain

2

—2n M n
pn 2 _ i 1 —t
—n2a)\i ; Xt—]_ - 2¢ [na/Q)\n ; Pr Ut + Op (1)

_ [ﬁzn (@} o)

2c ne)

by Proposition 3.4.1(i). This completes the proof of Lemma 5.

4. Appendix

This section contains some asymptotic results for sums and integrals that are used in

the proof of Lemmas 1, 3 and 4. We begin by showing that the asymptotic equivalence

pt ~ e net as n — oo is valid uniformly in t € {1, ...,7, (8)}.

Lemma Al. Let 7, (3) be the sequence defined in (9). Then

—t -5t
sup |p, —e
1<t<7n(8)

0 (0s) wn— (47)

no/2

Proof. Using the expansion log (1 + z) = 24O (z?) as z — 0, we obtain, as n — 0o
—t c C 1
P = exp{—tlog(l—i——)}:exp —t|—+0|(—
ne ne n
n

Using the mean value theorem and monotonicity of the exponential function we obtain
the following elementary inequality: |e” — 1| < xe” for all x > 0. Application of this
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inequality yields

sup |p,f—e w | < sup

t
o0 () -1
1<t<7n(8) 1<t<rn(B) ne
t t
o ()
1<t<rn(B) n- ne
n3a/2 n3/2 1
- o )erlo (%) -0 ()

In the remainder of this section we establish two types of asymptotic results that
have been used in Section 3: An Abelian theorem for integrals involving regularly
varying functions and approximation of sums by integrals by means of the Euler
summation formula. In the spirit of Apostol (1957) p.202 we derive the following form
of the Euler-Maclaurin formula: Let m, M € N. If f has finite variation V} (m, M)
on [m, M] then applying the integration by parts formula for Stieltjes integrals on

[Mf(z)d(x— |z]) yields

as required.

m

S rG)- [ s@de=fm+ [ @ le)dr @),

Since x — |x] < 1, the above formula implies the following approximation:

M

S56)- [ f)ds

j=m

<I|f(m)|+Vy(m, M) m,M eN. (48)

Lemma A2 is a standard Abelian theorem, see Korevaar (2004, Proposition 5.4).

Lemma A2. Given a slowly varying function L, let ¢ (x) = zPL(x). If k is real
function satisfying [° x|k (x)|dz < oo for some p # 0 and

1 t

() o= o) asa— oo (49)

i i

for any B > 0, then

/Oook(t)gzﬁ(mt)dt: [1+0(1)]¢(:c)/000k(t)t”dt 05 1 — oo,
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Lemma A3. Under Assumption LP(ii), let ty be a positive constant such that
o (t) = L(t)t™" is non-increasing on [ty, o),

ctn(B)
no

1 s n*y
[n<K7w):L(TLQ)/J& eyy L<T>dy 77Z)>0

and N\, = L (n®)n(1=%%_ Then, the following hold as n — oo :

Q) NS L)t |t — et — 0.

(i) [\ 7l L () et — U (s, L] +1)] = O (A1)
(iii) I, (k,v) = T'(1 — k) for all ¢ > 0.

Proof. For part (i), Lemma A1l yields that there exists C' € (0, 00) such that

1 Tn(ﬁ)
— L)t " |pt—e nat
" )t |p," — e

t=1

C Tn(ﬂ)
= Apn®/2 ;t "L(t)
- o L) —0(1)
L (noc) ne/2nl-kK)a
by Karamata’s theorem, since (9) implies that /2 — (1 — k) (5 — «) > 0.

For part (ii), let f, (t) := L (t)t " e~a=*. Since ¢ () non-increasing on [ty, 00) so
is f, (t) and

Tn(8) Tn(B)
NS RO=X Y Rm+00NY).
t=1

t= Ltoj +1

We now approximate the sum on the right by the corresponding integral using (48).
Since f, () is non-increasing on [tg, 00),

sup Vy, [to, 00) = sup f, (to) < sup L () t7" < o0
neN neN t>to

so (48) implies that

\_toJ—l—l

=8 ™u(8)
an(t)—/ fu (t)dt ZO()\;l) as n — oo.

The result follows since |, [;;LJ(?’)]. fo @) dt = "7, (K, [to] + 1) .
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For part (iii), we apply Lemma A2 on

w) = < (}m /0 ey (”Zy> dy (50)

C—K-‘rl 00 3
= SO(nOL)/O e Y (n%y) dy.

Since fooo e~ Yy "dy < oo, the integrability condition of Lemma A2 is satisfied. To
verify (49) write, for any B > 0 and any 0 € (0,1 — k),

I A 1 [P s Y
— [ e »o(y)dy < — [ ¢(y)dy < sup tL(t)n—a / Yy "0dy
0

n® Jo n* Jo t€(0,B]
5 Bl—n—& 1
= sup t°L(t :O(—>:0 n
L P ) =ote)
by (5). Thus, using Lemma A2 we obtain
In (k) — c‘”“/ e Yy "dy=T(1—-k) asn— oc. (51)
0

It remains to show that I, (k,v) and J, (k) are asymptotically equivalent:

1L, (5,0) — J (k)| = AT {/na [m(m}e‘yy—@< y)d

Choosing § € (0,1 — k) and using (5), we obtain that the first integral is bounded by

5 W

1) c AR 1
sup y°L —/ dy = O <—)
b TN A A VA TO T

For the second integral, using the property sup,., v7"L (z) ~ u™"L (u) as u — oo
(see Seneta, 1976, p.65) and (9), we obtain the following bound:

nOéIi _ (o) _ ¢ f-a
———— sup "L / e Ydy =o <e 2" ) :
L) S ) J

Thus, |1, (k,9) — J, (k)] — 0 as n — oo and part (ii) follows by (51).

Lemma A4. Let f(t,y) == L(t+y)(t+y) "L(y)y™", where k € (1/2,1) and
L (t) is a slowly varying function such that ¢ (t) = t~"L (t) is eventually non-increasing
on [tg,0). Then, as n — oo,

™ (8) (8 n(B)

Az I E:fm / / f (ty) dydt| — 0
[to]+1 [to|+1

where A, is the sequence defined in (21). Under Assumption LP(iii), the above for-
mula applies with f (t,y) = (t+1y) 'y, A\, = logn and ty = 0.
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Proof. Choosing 6 € (0,1 — k) and = min (d, k) we obtain

1 7n(B) . 1 Tn(8) . o]
LS e zf - S s = B e Y s
n ¢=1 j=|to]+1 not=1 Jj=1
t() TH(B)
< |supt "L(t)| —= e~ et (r=0)
B Lzll) ( )] A ;

]_ &0 ct
< 0(1) —/ e~ et~ (F9)
1
= O(n T (1 —k+6) — 0.

The above calculation shows that

Tn B) Tn T’n(ﬁ) Tn(ﬁ)
A OB IR S ol B R
tLtoJ-ﬁ-l j:LtoJ-l-l

so we only need to apply the Euler approximation (48) to the second sum, where
f (t,7) is non-increasing in both its arguments. We first show that

1 Tn (B) Tn (ﬁ) Tn (6)
N2 Z e_nTt Z f (tvj) - / f (t, y) dy — 0 as n — oo. (52)
™ t=|to]+1 j=lto]+1 lto]+1

Fixing ¢t and regarding f (t,y) as a function of y, f is non-increasing on [ty, 00) so

Vilto, 00) = f (t,10). Using (48), the left side of (52) is bounded by

Tn(ﬁ) —r ™(B)
oL (to) t5" . .
Z TRl f (tt) = 2L (o) ty" °2> N e Lt + 1) (t + to)
n t=1 )\'ﬂ t=1
Tn(/B)
1 1
= O e et L (¢ =0 —
)\EL t=1 ( ) ()\”>

by Lemma A3. This shows (52). The lemma will follow from combining (52) and

2 zen“at/
n

Lto]+1 [to]+1

Tn(B)

W@ )
f(ty)dy — / o /L f (z,y) dydz| — 0. (53)

[to]+1 to]+1

Since the function g, (1) = e~ a=* Ltoj+)1 f (t,y) dy is non-increasing on [ty, 00), V;, [to, 00) =

gn (to). By (48), the left side of (53) is bounded by

2 et <2 [ ftomay< 2 [ Ly ray=o (L
5 9n (to) < / to,y)dy < — y) y Fdy = (_>
NI S A o A
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This shows the lemma under Assumption LP(ii).

Under Assumption LP(iii), the same argument applies and the estimation error
is again O ()\; 1) with A\, = logn. Note that the absence of the slowly varying
component implies that f(¢,j) and g, (¢) are non-increasing for all ¢,7 > 1 so we
may take tg = 0.
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