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Abstract

Polya’s EnumerationTheoremis a powerful methodfor countingdistinct arrangements
of objects. J. Turnernoticedthat circulantgraphshave a sufficiently algebraicstructure
thatPolya’s theoremcanbe usedto determineghe numberof non-isomorphicirculantsof
orderp for primep. Recentresultson Cl-groupssuggesthat Turner's methodcanbe used
to enumerate larger collectionof circulants,circulantdigraphs,and Cayley graphsand
digraphson Z.2 andZ}.
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Chapter 1

Intr oduction

1.1 Definitions and Notation

Determiningthe numberof distinctgraphsin a givenfamily is oneof the mostbasicques-
tions one can askabouta family of graphs. Graphtheoristshave devoted much enegy
to searchingfor elegantanswersto the graphisomorphismproblem for mary families
of graphs. Pdlyas theoremof enumerationwhenit first becamewidely appreciatedn
the early 1960s,sened asthe maintool for mary graphisomorphismproblems.In 1967
J. Turnerdeterminedhata classof Cayley graphswaswell suitedto thisapproachCayley
graphsaredefinedn relationto groupsandconsequentifrave ausefulunderlyingstructure.
The Cayley graphsTurnerconsideregossess particularproperty they areCayley graphs
on Cl-groups,andrecentwork in this areahasfound morefamilieswith this characteristic,
therebyopeningup the possibility of applyinghis methodgo thesenew families.

Throughout,® shall denotethe Euler phi-function. Hence®(n) is definedover the
naturalnumbersasthe numberof integersi, 1 < i < n, coprimeto n. Theadditive cyclic
groupof ordern will bedenotedy Z,,, andZ? will alwaysdenotethe multiplicative group
of unitsof thering of integersmodulon. For agroupG let Aut(G) denotethe group of
automorphismsf G. A graphautomorphisnis anadjaceng preservingoermutatiorof the
vertex set.We will usesimilarnotationAut(X) to denotethegraphsautomorphismsf the
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Figurel.1: CAYLEY GRAPH X (Dg, {r,r3,7%t}) AND CAYLEY DIGRAPH X (Dg, {r, r*t})

graphX.
Thenext two definitionsdescribea Cayley graph.

DEFINITION. A Cayley subsetS of agroup(G is aninverseclosedsubset(s € S —
s~! € 9) of G notcontainingthe identity.

DEFINITION. A Cayley Graphis representethy X (G; S) whereG is agroup,andS is a
Cayley subsef GG, alsoknown asthe connectiorset The Cayley graphhasvertex setG
andedgeset

{(91,92)|91 = gas,5 € S}.

DEFINITION. A Cayley digraph X (G; S) is definedonagroupG andasetS C G\ e. It
hasvertex setG andthereis a directededgefrom g, to g, if andonly if g, = ¢;s for some
seS.

EXAMPLE. Thedihedralgroup Dy = (r,t|r* = 1> = e, tr = r~'t) is afine groupupon

whichto definea Cayley graphanda Cayley digraph.Figurel.1 providesanexampleof a
Cayley graphanda Cayley digraphon Dy.
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1.2 CI-Groups

Our ultimate goal is to provide someenumeratiorresultsfor somefamilies of Cayley
graphs.This is mosteasilyaccomplishedvhenthereis a usefulrelationshipbetweerthe
isomorphism®f thegraphsandautomorphismsf thegroup.

If & € Aut(G), thenfor S C G, leta(S) = {a(s)|s € S}. A groupautomorphismy
of G canalsobeviewed asa mapbetweenwo Cayley graphson G uponconsideringhe
resultingactionof « on the verticesG. Thatis, thereexists a mapbetweenX (G; S) and
X (G;a(S)). In fact,thisactioncanbe a graphisomorphism.

1.1THEOREM. LetX = X(G;S) bea Cayley graphonthegroupG. If o € Aut(G), then
« is anisomorphisnfromthegraph X to thegraph X’ = X (G; «(S))

PrROOF: By thedefinitionof Cayley graphwe have thatuv € E(X) if andonly if v = us
for somes € S. Sincea is a groupautomorphismwe have thatv = us if andonly if
a(v) = a(u)a(s). Thusvu € E(X) if andonly if a(v)a(u) € E(X') soa is agraph
isomorphismbetweerthegraphsX and X'.

Next we considetthereverserelationship.Thatis, in which casesioesanisomorphism
of thegraphcorrespondo anautomorphisnof thegroup?

DEFINITION. LetG bealfinite group,andlet X = X (G; S) andX’' = X(G; s') beCayley
graphson G. S satisfieghe Cayley isomorphisnpropertyif wheneer X is isomorphicto
X', thereexistsagroupautomorphism of G suchthatc is alsoagraphisomorphisnfrom
X to X'. We abbreviatethisasS is a Cl-subset

DEFINITION. If every Cayley subsebf G is a Cl-subsetthenwe saythat G satisfieshe
Cayley IsomorphisnProperty, or succinctly G is a Cl-group.

This definitioncomesfrom a generalizatiorof propertiesof circulantgraphs.Therela-
tionshipandmotivationwill soonbecomeclear
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1.3 SomeKnown CI-Gr oups

TheCayley Isomorphisnpropertyis indeeda nice property almostsuspiciouslyso. It isin
ourbestinterestdo determinevhich groupsareCl-groups,ndeedif ary existatall, asthis
will facilitateenumeratiorgreatly

The searchfor existencebestbegins with the cyclic groups. J. Turner[16] beganthe
searchwith cyclic groups,andobtainedresultsfor cyclic groupsof primeordetr M. Muzy-
chuk[9] settledthe casefor the cyclic groupsin general.

1.2 THEOREM (Muzychuk). Thecyclic groupswhich are Cl-groupsare preciselythoseof
ordern wheen is 8,9,18 or n = 2°m wheee € {0, 1,2} andm is oddandsquae-free

Thenext obvioussetto considetlis the productsof cyclic groups.We have thefollowing
resultsin this case. C. Godsil [4] managed partial answerto the productof two cyclic
groups.

1.3THEOREM (Godsil). ThegroupZ]%,p prime is a Cl-group.

The following resultwasdeterminedndependentiyby both T. Dobson[2] and M.-Y.
Xu [17].

1.4THEOREM (Dobson Xu). ThegroupZi’;,p primeis a Cl-group.

It is theseCl-groupsthatwe shallconsidetin thisthesis.We shalldeterminghenumber
of isomorphisntlasse®f Cayley graphsandCayley digraphsof ordern onthesegroups:
Z,, with n asin Theoreml.2,Z2 andZ; for p prime.

Recently[8], it hasbeenshaown by J. Morris andT. Dobsonthath, is alsoa CI-Group.
Thereadeyatthis point,mayhypothesizehatZj is a Cl-Groupfor all . In fact,L. Nowitz
shaved[10] thatZ$ is nota CI-Group. However, for all n suchthatit is true,the methods
presentedhn thiswork will determinghe numberof isomorphisnclasse®f agivenordetr



Chapter 2
Circulants of Prime Order

Circulantsareaninterestingclassof Cayley graphswell worth studying. They areCayley
graphson the simplestof groupsandthus may provide directionandinsightinto Cayley
graphson other groups, particularly finite groups. All finite vertex-transitve graphsof
prime order are circulants,hencethe study of vertex transitve graphscangain from the
studyof circulants.

DEFINITION. A circulantis a Cayley graphon a cyclic group. We denotethe circulant
X (Zy; S) by simply X (n; S).

Thecompletesetof circulantsof order5isillustratedin Figure2. Noticethat X (5; {2, 3})
andX (5; {1, 4}) areisomorphic.

We shall begin with a known resultaboutthe numberof circulantsup to isomorphism

° °
X(5:{) X(5:{2,3}) X(5:{1,4)) X(5{1,2,3,4})

Figure2.1: THE COMPLETE SET OF CIRCULANTS OF ORDER 5
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of prime orderp. A very eleggantrelationship that of Theoreml.2, exists betweengraph
isomorphismsndgroupisomorphismsvhich allows usto usestronggrouptheoretictools.
Further thesemethods,notably Polyas enumeratiortheorem,canbe usedto enumerate
circulantgraphsof otherorders.

Enumeratinghe prime casedirectly offers sufficient insight that we includeit. First
we shav thatthe prime circulantsarethe completesetof vertex-transitve graphsof prime
ordet

2.1LEMMA. Cayley graphsare vertex-transitive

PROOF: The actionof a groupG actingon itself by left multiplication is a permutation.
Thisactionclearlypreseresadjacenyg in ary Cayley graphdefinedon G. Thepermutation
whichtakesu to v is left multiplicationby vu=! € G.

Definethemappindl, ; actingonZ, tobeT, ,(z) = az+b. If a € Z}, T, , is apermutation
of Z,,. ThenotationH < G indicateshat H is a propersubgroupof G.

2.2 THEOREM (Burnside). If G is atransitivepermutationgroupactingona primenumber
p of points,theneitherG is doublytransitiveor

G2{T,p:a€c H< Z,, andb € Zy}.

2.3COROLLARY. If G is a transitive permutationgroup acting on a prime numberp of
pointsandG is notdoublytransitive thenG containsa uniquesubgoupof order p.

PrROOF: Firstwe establishexistence.Thesubgroumeneratedy (7' 1) = {T14/b € Z,} is
of orderp andcontainedn G by Burnsides Theorem.

ConsiderT, ,(z) = ax + b. Noticethatif a # 1, (e — 1) is aunit andhasaninversein
whichcase(a—1)~!(p—b) is afixedpointfor T, ,(z). SinceG is actingonp elementsand
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the orderof a permutations the leastcommonmultiple of the cycle lengthsin its disjoint
cycle decompositionan elementof orderp in G mustbe a p-cycle. Hence,an elementof
orderp hasno fixed pointsandtheresultfollows from Theorem2.2.

2.4THEOREM (Turner). A graph X of order p is vertex-transitiveif and only if X is a
circulantgraph.

PROOF:[16] Sincea circulantis a Cayley graphonedirectionfollows from Lemma?2.1.
Now supposehat X is a vertex-transitve graphof prime orderp. If the automorphism
groupis doubly transitve, X is eitherthe completegraphor the empty graph, both cir-
culants. Otherwise we may assumehat Aut(X) is not doubly transitve, andthushasa
uniquesubgroupof orderp. We may considera labelling of the verticessuchthatthe gen-
eratorof thethis uniquesubgrougsp= (0 1 ... p—1). If iisadjacento j in X, then
they mustbe adjacenundertheimageof automorphisnp, thus,: + 1 is adjacento j + 1,
anduponconsideringpowersof p, i + s is adjacento j + s for 0 < s < p — 1, with all
computationsnodulop. If welet S denotethesetof verticesadjacento thevertex labelled
0, we have i is adjacento j if andonly if i — j andj — i areadjacento O if andonly if
1—j7 € Sandj—1 € S. Clearly X is acirculantof orderp with connectiorsetS.

Having illustrateda motivation for studyingcirculants,we now returnto the idea of
enumerationThenext resultis a specificatiorof Muzychuk's Theorento the prime case.

2.5THEOREM (Turner). Two circulant graphs X = X (G;S), and X' = X(G;S’') of
primeorder p are isomorphicif andonly if there existssomen € Z; suc thataS = S’

PROOF: Firstsupposehatthereexistssomea € Z; suchthatS” = aS. Left multiplication
by a is agraphisomorphismfrom X to X”.



CHAPTERZ2. CIRCULANTS OF PRIME ORDER 8

Now supposeahat X and X’ areisomorphicasgraphswith isomorphismf : V(X) —
V(X"). If X is eitherthecompletegraphk, orits complements,, thenS = {1,2,...,p—
1} or {}, respectiely. In eitherof thesecasesS’ = S. So, considerthe casethat X is
neither K, nor K,,. For ary circulanton vertices0, 1, ..., p — 1 the rotation permutation
p=(01 ... p—1)isagraphautomorphismThesubgroupyeneratedy p hasorderp.

Now, p is anautomorphisnof both X and X"’. Further sincef is anisomorphism,
o= (f(0) f(1) ... f(p—1)) is alsoanautomorphisnof X’ generatinga subgroupof
orderp.

SinceX is neitherK,, nor K,, its automorphisngroupis not doubly transitive. Hence,
by Corollary 2.3 we have thatthe groupof permutation®f X’ containsa uniquesubgroup
of orderp. Thus,o € (p) andwe have that

(f(0) f(1) ... fl(p—1)) = p"forsomel <a<p-1
= (0a2a...(p—1)a).

Thus,if we rewrite o we canseethatfor some0, < i <p—-1, f(i) =0, f(i+ 1) = e and
in generalf (i + j) = aj. We cannow prove the theoremuponexaminingthe adjacenyg
criterionfor circulants.

sesS i is adjacentoi 4 s in X forall i € Z,
f(4) isadjacento f (i + s) in X'
a(k + 1) isadjacentoa(k + i + s) in X'

alk+i)—alk+i+s) el

rrtree

as € S’

Thus,s € S <= as e S',or, 5" =a8.
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2.1 Determining the Cycle Index

Theorem?2.5 providesthe necessarynformationaboutthe structureof circulantsto appeal
to Pélya’s enumeratiortheorem.

In a framework suitedto countingwith the Pélyaenumeratiortheorem thereis a do-
mainfor which onehasanunderstandingf a permutatiorgroup,andarangeof acceptable
values. Pdlya’s theoremstatesthat we candeterminea generatingunction for the num-
ber of distinctfunctionsfrom domainto the range,usingthe automorphisngroupandthe
generatindgunctionof therange.

Let thedomainbesetD andlet therangebesetR. Define R” to beall of thefunctions
from D to R. Thetheoremcountsthe numberof distinctfunctionsfrom D to R. A per
mutationgroupG actingon D will inducea permutationactionon RP. Pdlya’s theorem
reducescountingthe orbits of the inducedactionon R”, thatis, the numberof distinct
functions,to countingthe distinctactionsof G on D. Themaintool is the cycle index of
G, which holdstheinformationof the permutation®f D andwhich we definenext.

Let G beapermutatiorgroupactingon aset(2. Consideithedisjoint cycle decomposi-
tion of o € G. Supposet containgreciselyb, cyclesof lengthk, for 1 < k£ < [Q2|. Wede-
fineamonomialr (o) associatesvith thedecompositiorasfollows: 7(o) = 2225 ... abm,

wherem = |Q2|. Notethatb; + 2bs + ... + kb, = m.

DEFINITION. Thecycleindex Z(G, Q2) of the permutationgroupG actingon (2 is defined
to bethepolynomialin indeterminates, zo, . . ., .,

Z2(G,0) = é ZT((O’).

ceG

ExAMPLE. Let G be the permutationgroup generateddy the 6-cycle (0 1 2 3 4 5).
The monomialcorrespondingo the identity permutationis 7(I5) = z%. The monomial
correspondingo a6-cycle, of whichtherearetwo in G, is z§. Thetwo permutationsvhich
are productsof two disjoint cycles of lengththreecorrespondo the monomialz2. The
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remainingpermutatioris a productof threedisjoint 2-cycles. Thecycle index for G is thus

1
2(G,{0,1,2,3,4,5}) = (a7 + o5 + 25 + 2a).

Thenext exampledetermineshe cycle index of thegroupof automorphismsef acyclic
groupactingonthecyclic group.

EXAMPLE. Letp beprimeandlet Z;, the multiplicative groupof units of Z,,, acton the
setZ, \ 0 by multiplication. Theorem?2.6, illustratesthata € Z;, generates group of
permutation®f theelementof Z,. We candeterminethe cycle index of this action.

DEFINITION. Leta,n € Z with ged(a,n) = 1. We definitethe order of « modn to be
theleastpositive integer k(a) suchthata*® = 1 (mod n) andwe denotethis by ord,, (a).
Noticethatthis is equivalentto sayingthata hasmultiplicative orderk(a) in thegroupZ:

2.6 THEOREM. LetG beacyclicgroupofordern. ThegroupAut(G) of automorphismsef
G is exactlythegroupof all automorphismgay, : ax(g9) = ¢%,1 < k < n, ged(k,n) = 1}.
Moreover, themappingk — a4 is anisomorphisnfromZ; to Aut(G).

PrROOF:[13] Firstwe verify thatoy, € Aut(G). We canseethat«,, is ahomomorphisnof
G, sincefor g1, g, € G, we have oy (9192) = (9192)" = 9t95 = ar(g1)ax(gz). Letz be
a generatomf the groupandlet g; = x* andg, = 2°,0 < s,t < n. Now supposehat
ax(g1) = ax(g2). Thenwe havethatz* = 2% (mod n). Thus,tk = sk (mod n). Since
k andn arecoprime,t = s (mod n). Giventhe possiblevaluesfor s andt, they mustbe
equal,andhenceg; = g, andoy, is injective. Givenz?, clearly ay (%" '*) = z*, implying
thatoy, is surjectie.

Next we verify thatary elemenf Aut(G) is a4, for somek, ged(k,n) = 1. Letx bea
generatoof G andlet o € Aut(G). Sincea(z') = (a(z))?, theactionof « is completely
determinedby its actionon z. As a(x) mustgenerates aswell, it hasordern. Thus,
a(z) = xF for somek with ged(k,n) = 1, asthesearethe generatorsFromthis we see
thatfor ary elementz? of G, a(z?) = a(z)! = (z*)! = a(z?).
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2.7LEMMA. Thenumberof element®forderk in Z,, is ®(k) if k|n andzelo otherwise

ProoF: Certainlythe orderof an elementmustdivide the orderof the groupandsowe
consideronly thosek which divide n. Theelementf ordern arepreciselytheintegersin
Z,, co-primeto n [13]. Thus,thereare®(n) elementsn the cyclic groupof ordern which
have ordern. If a € Z, is of orderk, it generates subgroupof Z,, of orderk. Fromour
remarksaboutn, thereareatleast® (k) elementof orderk.

Now, Z,, is a cyclic groupof ordern, hencethereexist subgroupf orderk for each
divisor k of n. Sincefor ary positive integern, ka ®(k) = n, we canaccountfor every
elemenin Z,, uponconsideringhesubgroupghey generateHence thenumberof elements
of orderk in Z,, for k adivisor of n, is (k).

2.8 THEOREM (Gauss[14]). Thegroupof unitsof Z, is a cyclic group,isomorphicto the
cyclicgroupof orderp — 1.

2.9THEOREM. Thecycleindex of Z; actingonZ, \ 0 is

* 1 p-1
Z(Zy, Ly \ 0) = b1 Z ®(d)z,* ,

dlp—1

whele the sumis takenoverall divisorsof p — 1.

PrROOF: Let the orderof ¢ modulop be k(a). We know thatfor a > 1, k(a) = (p —
1)/gcd(a,p—1). If z isary elemendf Z,\ 0, thenit isin thecycle (z ax a®z ... a*@~1g).
The permutationg,(r) = ax splits Z; into cycleseachof lengthk(a). Sincek(a) must
dividep — 1, thereare(p — 1) /k(a) cyclesof lengthk(a).
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Summingover the elementf Z?, we have the cycle index

: L« 5
Z(Zp’ Zp \ 0) = — xl?((a;

p— 1 an;

1
ged(a,p—1)
—_— o0

-1 —
p— 1, e

2.2 Enumerating Cir culants of Prime Order

Pdlya’s Theorembringstogetherthe three necessarxomponentdor countingin a very
simpleway. To establishcontext, first recallthe CauchyFrébeniud.emma(alsoknown by
the BurnsideLemma). If G is afinite groupof transformationgctingon afinite sets of
objects,andtwo objectsare considerecequialentif oneis transformednto the otherby
atransformatiorin G, thenthe numberof inequivalentobjectsis ﬁ > gec fiz(g), where
fiz(g) is thenumberof pointsin (2 fixedby o.

Pdlya’s Theoremgeneralizeshis idea. Let D and R befinite sets.Let R” denotethe
setof all functionsfrom D to R, andlet G be a permutationgroupactingon D. For each
o € G defineapermutations actingon R? by

for all f € RP andall z € D. The mappingtaking o to & is ahomomorphisnof G to a
permutatiorgroupG.

2.10THEOREM (Pdlya). With D, R, G, G, and RP aspertheabovediscussionthenumber
ofinequivalentf € RP underG is determinedy evaluatingthecycleindex of G with each
variablesetto | R)|.
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Thetheoremis actuallymuchstronger A gooddiscussiorexistsin either[1] or [12].
To summarizeif theweightof anelementy in R is w(y), thenthe generatingunctionfor
Ristheng(u) =) ., u"®. Thegeneratingunctioncountingorbitsof f € R” under
G is obtainedby substitutingg(u?) for z; in thecycleindex of G. In particulay thenumber
of orbits of the permutationgroup G is given by settingall of the weightsequalto one,
essentiallyevaluatingthe cycle index of G with eachvariablesetto | R)|.

We canapply Polya's Theoremto countthe numberof circulantgraphsof orderp, p an
oddprime. Let thedomainD bethe setof orderedpairs

p—1p+1
{{1’ _1}’ {2, —2}, ) {Tﬂ ?}}

with therangeR choserto betheset{0,1}. A function fs in R? correspond$o acirculant
graphX (n; S) in thefollowing way. Theset{i, —i} isin S if andonlyif fs({i, —i}) = 1.

The permutatiorgroupactingon D thatwe will consideris Z;, with the actionof multipli-

cation.

Sincemultiplicationby a is the sameasmultiplicationby —a with respecto D, in this
casethe permutatiorgroupcanbepareddownto Z,, /{1, —1} = Z%l.

2.11THEOREM (Turner). Letp bea prime  Thenumberof circulantgraphsof order p, to
within isomorphismis )

2N o(d)2 .

12 (@)
PrROOF: We have by Theorem2.5 thattwo circulantgraphsX (Z,; S), and X'(Z,; T') are
isomorphicif andonly if their connectionsetssatisfy.S = oT for somea € Z;. Con-
sider the action of « in the cyclic group of order (p — 1)/2 on D. This mapsthe set
{i,—1} to {ia, —ia}. Thisinducesanactiona on R” definedby a(f)(z) = f(azx). No-
tice that f({a7, —ai}) = 1 if andonly if a(f)({s, —i}) = 1 for eachi € Z;. Since
a(f) € RP,a(fs) = fr forsomeT C D, with S = aT. Thus,countingthe numberof
orbits of this groupsimultaneouslyountsthe numberof isomorphisnmclassesThe cyclic
index of thelattergroupis

-1
p a7t
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We now substitute2 = |R| for eachvariable,accordingto P6lyas Theoremandobtainthe
desiredresult.

ExAaMPLE. To illustratethis resultconsiderthe circulantson five vertices. Thereis the
empty graph, the five-g/cle and the completegraph; the choicesof valeny 0, 2 and 4,
respectrely. If we now considerthe numberof classesccordingto theformula,we have

%(<1>(1)22 + ®(2)2) = 3,

asis consistentith Figure2.

EXAMPLE. To illustratethe power of the formulawe considera moreimpressve result.
Let p = 53. Thecycleindex for this caseis

2
5(33%6 + 33%3 + 12:5‘%3 —+ ]_2.7,'26),

andit follows thatthe numberof non-isomorphicirculantgraphsof order53is

1
%(226 + 28 +12-22 4+ 12-2) = 2 581 428.

2.3 Circulant Digraphs of Prime Order

The enumeratiorof digraphsis simplerthanthe enumeratiorof graphs,yet hasnot pre-
viously beeninvestigated.Theorem2.5 holdsin the digraphcaseaswell, andhencewe
canusethe samemethod.However, in this situationthe connectiorsetscanbe any subset
of Z, \ 0, sowe neednot concernourseheswith dealingwith pairs{i, —i}. Insteadwe
simply determinethe cycle index of Z;, actingon Z,, by left multiplication ascalculatedn
Theorem2.9. Whenthe orderof a circulantis primethereis not muchdifferencebetween
thedirectedandtheundirecteccase However, theresultsfor digraphsaretypically simpler
thantheresultsfor graphs.
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2.12THEOREM. Thenumberof non-isomorphicirculantdigraphsof order p, p prime, is

1
- d(g)2@-V/e
LS e

dlp—1
EXAMPLE. We cancontrastthe earlierresultwith the numberof circulantdigraphson five
vertices.The numberof non-isomorphiaigraphson 5 verticesis

1
Z(24+22+2-2):6.

EXAMPLE. It isjustassimpleto determinghe sameinformationof a circulantdigraphof
alargerorder Considep = 29. Thenumberof non-isomorphicirculantdigraphsof order
29is
— N " ®(d)27 = 9 587 530.

2.4 Counting Regular Cayley Graphs

Oneof the charmsof this countingmethod,as opposedo, say directly appealingto the
Cauchy-Frobeniusemma,is thatwe canobtaineven morerelevantinformation. In fact,
we have not madeuseof thetrue power of the moregeneralersionof Pélya's Theoremat
all. Theresultssofar couldjust aseasilyhave beencomputedwith the Cauchy-Frébenius
Lemma.

Insteadof producingthe numberof orbits,whichin this caseyieldsthe numberof non-
isomorphicgraphswe cangreatea generatingunction which givesus moreinformation
aboutthesegraphs.For example,sinceCayley graphsarevertex transitve they areregular,
thatis everyvertex hasthesamevaleng. We canusePdlya’s Theorento createagenerating
function F'(x) wherethe coeficient of «* is the numberof non-isomorphigraphswhich
arek—regular A Cayley graphis k—regularwhenthe connectiorsetis of sizek.

To getthe desiredgeneratingunctionfrom Pdlya’s theoremwe needa suitablegener
atingfunctionfor R = {0, 1}. Recallthat fs(a) = 1 if andonly if {a, —a} C S. Sincethe
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valeny of agraphis thesizeof its connectiorsetS, andfor eachchoiceof 1 for afunction

thesizeof S is incrementedyy 2, the elementl in R shouldhave a weightof 2, and0 a

weightof 0. Thus,the generatingunctionfor R is G(u) = 1 + u?. Accordingto Pélya’s

theoremif we substituteG (u*) for z; in the cycle index, the resultwill be a generating
functionfor thenumberof k£ — regular graphsof a givenvaleng.

ExAMPLE. In thecaseof circulantsof order5, we hadthecycleindex of £ (22 + z,). Thus,
uponreplacingeachr; with 1+u* wehavethegeneratingunction? ((1+u?)?+(14u*)) =
1 + u? + u*. This suggests circulanteachof valeng 0, 2, and4, which wasalsoevident
from Figure2.

If two Cayley graphsareisomorphictheir complementsreisomorphicunderthe same
isomorphism.Thus,for agivengroupG, if therearem non-isomorphick-regular, Cayley
graphson G of ordern, therearealsom non-isomorphicCayley graphson G of ordern
of valeny n — k. Thusoneonly needshalf thetermsin the generatingunctionto getthe
completepicture.

EXAMPLE. In anearlierexamplewe calculatedhattherewereovertwo million circulants
of order53. Thevalengy generatingunction,

14+13u%+13u*+100u8+578u2+2530u 0 +8866u 2 +25300u * +60115u6+120175u '8 +. . .

indicateshow they aredistributed. For example,thereare 25 300 14-regular circulantsof
order53.

We canevendeterminethis formulain general.lf we denotethe coeficient of " in a
polynomial f (u) by [u™] f(u), thenthe numberof circulantsof orderp andvaleny & is

[Uk]p i 1 d(Zl)h P+ F
b 2 L ((p—1)/2d)\ i
- Y e > (PR
d|(p—1)/2 i=0

B (0 1)/(2d)
= 2 ‘”‘”( K/ (2d) )

d|ged(k,(p—1))/2

For example thenumberof circulantsof primeorderp of valeng two is alwaysl1. The
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numberof valeny 4, is (p — 1) /4 if four dividesp — 1 and(p — 3)/4 otherwise.

We canusethis sametechniquein the caseof digraphsto countthe graphsof a given
out-valeng.

Thenumberof circulantdigraphsof orderp andout-valeng n is

1

w5

3 @(d)(1+ut) T

dlp—1

(p—1)/(2d)

-1 1
p dlp—1 =0

_ o717,

dlged(mp—1) n/d




Chapter 3
Cir culants and Cir culant Digraphs

The caseof countingcirculantsof prime orderis so pleasinglysolvedit would be satisfy-
ing if the compositecasefollows asnicely. The cycle index in this caseis slightly more
complicated.

Theorem1.2, implies that we can enumeratea larger collection of circulantsusing
Polya’s theoremand Turners clever method. Thus, we can enumeratehe circulant of
order8, 9, 18 and2¢m wheree € {0, 1,2} andm is oddandsquare-freeHerewe consider
only the casewherem is oddandsquare-freeThe formulaefor the remainingvalueswill
follow from theresultsfrom this andthe next chapter

Working with the group of units of Z,, whenn is not prime is not as straightforvard
asthe prime case. However, we canshow that a group of units is as straightforvard as
working with productof cyclic groups.

3.1LEMMA. LetU(R) denotetheunitsofaring R. If S=R, & Ry & ... & Ry, for rings
R;,1 <4 < t, with multiplicativeidentitieslg,, then

US)=U(R1) x U(Ry) X ... x U(Ry).
PROOF:[14] Addition andmultiplicationaredefinedin thenaturalway, thatis, component-
wise. We have that
(r1i,79, .-, 7¢)(81, 82, - - -, 8t) = (1181, 7282, - - -, T1S¢)-

18
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Thus, (r1, 79, ..., ) hasaninverseif andonly if r; hasaninversefor eachi from 1 to ¢.
Thusthegroupof unitsof R @ Ry & ... @ R, is preciselyU(R;) x U(Ry) x ... X U(Ry).

3.2 THEOREM (ChineseRemaindeiheorem).Supposdhat m = mms ... m; andthat
ged(m;, m;) = 1fori # j. Letby, bo,. .., b, beintegers and considerthe systenof con-
gruences:

x =b; (modm;), fori=1...t.

Thee existsa uniquesolutionto this problem,modulom.

The ChineseRemaindeiTheoremallows usto prove a well known result.
3.3THEOREM. Letm = mimsy...m;, Wherethem, are pairwiseco-prime Then

m

* [a¥) * * *
Ly, = Zp, XLy, X...xX Ly,

PROOF:[14] Let v; denotethe naturalhomomorphisne — z (mod m;) from Z to Z,,,
fori =1,...,t. Theseform anaturalmap from Z,, t0 Z,,, ® Zy, & . . . ® L, defined
by : ¥(n) = (¢1(n),vY2(n),...,¢i(n)) for all n € Z,,. Thisis aring homomorphism
aseachy); is itself a homomorphism.Further it is anisomorphismbecausdghe Chinese
RemaindefTheoremguarantees well definedinversefunction. The inverseof 1) takes
(21,23, - . ., x;) to the uniquesolutionmodulom of x = x; (mod m;),i = 1...¢. This
givesusanisomorphismbetweenz,, andZ,,, ® Zp,, ® - .. & Z,,, andfrom Lemma3.1,

* A 7k * *
Ligyy = Ligyy X Ly, X . X Ly,

3.1 Circulants

We first considercirculantsthat have an orderthatis a productof two distinct primes. It
will becomeclearhow to generalizehisto thelargercase Circulantsof theform X (pg; S)
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with p, ¢ primecanbeenumerateth amannersimilarto thecirculantsof primeorder Each
circulantwill beassociateavith afunctionfrom

1 pg+1

D:{{l,—l},{2,—2},...{pq2_ ol
to R = {0, 1} definedby

1 {i,—i}eS

0 otherwise.

fS({i’ _7’}) =

Theoreml.2 tells us, thatasin the caseof prime ordercirculants,the groupactionto
consideris multiplicationby anelements in Z;, . Functionsandconsequentlgonnection
sets,which canbe mappedo eachotherunderthis actionyield isomorphiccirculants.

As beforea € Z;, actson D by mapping{s, —i} to {ai, —ai}. Thusa and—a per
form the sameaction. Hence,the groupof permutationsve consideris Z; /{1, —1}. By
Theorem3.3this groupis isomorphicto (Z; x Z;)/{(1,1), (1, —1)} which we denoteby
Ppg-

Thecycle index is calculatedby examiningthe actionof the permutationgroupon the
domain.

3.4THEOREM. Thecycleindex of P,, actingon D is

p—1 g—1

% (pq)
B(P D)= —= 3 Y DBy i
dlp 1 elg-1/2

whee

a a isodd

H(a) =

a/2 otherwise

and
L(dy.dy) = lem(dy, d2)/2 dy,ds bothevenanddivisible by the samepowerof 2
1,W2) —

lcm(dl, ds) otherwise
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PROOF: Letusdenoteheelemenf{m, —m} of D by m, with0 < m < n/2. An elemenbf
Pyq is of theform {(a, b), (—a, —b) }. We canrepresentt uniquelyby g, With0 < a < p
and0 < b < ¢/2. We have thatg(, ;) actsonm in thefollowing way: g, 5 (m) = = where
x = am (mod p), x = bm (mod ¢). TheChineseRemaindeiheorenguaranteeaunique
valuefor z. Noticethatg, , (m) = = wherez = a*m (mod p), z = b*m (mod ¢) and
in generalgj, , (m) is thesolutionto = = a'm (mod p), = b'm (mod ¢). Also notice
thatif m is a multiple of p this systemreducesto z = 0 (mod p), z = b'm (mod q).
Thus multiples of p are mappedto other multiples of p. In factwe canpartition D into
threeparts,multiplesof p, multiplesof ¢ andthosecoprimeto pg. Sincea multiple of p is
necessarilycoprimeto ¢, thereare ®(¢) /2 membersn the first part, ®(p) /2 membersof

thesecondpart,and®(pq) /2 memberof thethird part.

To determinethe cycle index we mustfind the cycle structureof eachpermutation.
Considerm € D. We have alreadydeterminedhatthe permutationpermutern within the
partto whichit belongs.Hence letsconsiderthe actionof a generapermutatioronm and
considerthethreepartsseparatelylLet k, = k, andk;, = ord,(b).

First, let m be a multiple of p. Let g(,; be a generalactionfrom P,,. The length
of the cycle in which m is containedunderthe actiong(, ) is the leastk for which either
gfa’b)(m) = m or gfa,b)(m) = —m. Thatis, the leastk for which ¥ = 1 (mod q) or
b* = —1 (mod q) respectiely. Thesecondtaseoccursexactly whenk, is even,andin this
casek is k,/2. In thefirst casek = k,. Thereare®(q)/2 = (¢ — 1)/2 multiplesof p in
D, andeachis containedn acycle of lengthk. Thiswill have the effect of contributingan
x,zz;’“l to thecyclic monomialof g(, ;). Thecasefor multiplesof ¢ is identical.Therearef”z;k1
cyclesof lengthk, wherek is k; if k; is evenandk is k;, otherwise.

If m is coprimeto both p andgq, thenwe mustcontendwith the doubleequialence.
The elementm is containedin a cycle of length £, wherek is the smallestinteger such
thatgf, ;, (m) = m or gf, ;,(m) = —m. Thefirst caseoccurswhena® = 1 (mod p), and
v* = 1 (mod q). Thesmallestk for whichthis canhapperis k = lem(k,, k).

The secondcasehappenonly whena* = —1 (mod p), andb* = —1 (mod ¢). From
discussioron multiplesof p thatwould imply thatthis caseoccurswhenk;, andk, areboth
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even,andhencek = lcm(ka,kb)/Q However, if

kpllem(kq, kp)/2 theny ™5 = 1 (mod g). Hence this caseoccursexactly whenk;, and
k, arebotheven,andneitherky|lcm(k,, ky)/2 nor k,|lcm(k,, k») /2. The latter two occur
whenoneof k, andk, containsapower of two higherthantheother In thelattertwo cases,
k = lem(kq, k).

Sothereare ®(pq)/2 = (p — 1)(¢ — 1)/2 membersof this part, eachcontainedin a
cycle of lengthk, thusunderg, ;) thereare(p — 1)(¢ — 1)/(2k) cyclesof lengthk.

Letk, = ord,(a), andk, = ord,(b). Puttingall threecasegogethey

( __9(a)  p-1 g¢-1

2em(ka kp) . 2ka . Zkp
Lyemha k) Lha® Ty kq, ky bothodd

¢(pq) p—1 Q

2kq
Lok i) Tha xkb/g k., ky botheven

p—l q—1
¢(pq) Bl S

T(G@t) = § T g o’ ka EveN k, 0dd

¢(pq) p—1 g¢=1
lem(kq k) 2kq 2ky

Tiemkaks) /2L ka /2T ks 2

k, even k, evenanddivisible by the samepowersof 2

$(pq) p—1 g¢-1
2lem(ka,kp) . 2kg .. 2K

\xlcm(ka,kb) ka/21‘k /2 otherwise

Now thatthe possiblecycle actionsaresummarizedit remaingo determinghenumber
of permutationsof eachcycle type. Thesecanbe countedby enumeratinghroughthe
possibleordersof elementsn Z, andZ,.

To begin, considerthefollowing obsenation.
3.5LEMMA. The multiplicative order of —a in Z,, p prime, dependson the residueof

ord,(a) modulo4. If ord,(a) is congruento 0 modulofour, thenord,(—a) = ordy,(a). If
ord,(a) is odd,thenord,(—a) = 2ord,(a). Otherwiseord,(—a) = ord,(a)/2.

PROOF: Notice thatif ord,(a) = k(a), then(—a)%*® = (-1)%*@g2*(@) = 1 (mod p).
Henceprd,(—a)|2k(a). By symmetryk(a)|2ord,(—a). Thus,ord,(—a) € {k(a), @,Qk(a)}.
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Let k(a) be divisible by four. Then, (—a)*¥®/2 = (—1)ke)/2gk@)/2 = _1 (mod p).
Hence,ord,(—a) = k(a). Next, if k(a) is congruentto 2 modulo4, then (—a)*®/2 =
(=1)k@/2gk@)/2 = 1 (mod p), andthe orderof —a is k(a)/2. Lastly, if k(a) is odd,then
(—a)k@) = (=1)¥@)gk@) = —1 (mod p), hencetheorderof —a is 2k(a).

Now, thenumberof elementof orderk modulop is (k). Lemma3.5givesusawayto
countthe numberof elements: of orderk modulog where0 < a < ¢/2. Now, recallthat
if z € Z,, isin acycle of length2k undermultiplication by a, the correspondingelement
of D, {z, —x}, will bein acycle of lengthk underthe permutatiorassociateavith a in P.
If = is amultiple of g, this cycle lengthwill be k, = ord,(a). Now, if k, is divisible by 4,
—a will resultin acycle of thesamedength.Hence thereare®(k,)/2 = ®(k,/2) elements
betweerD andq/2 which will putanelementin acycle of orderk,. If &, is even,but not
divisible by 4, thenit will still put{z, —z} in acycle of lengthk,/2. In this casetheorder
of —a modulop is k,/2, sowill alsoputtheelementof D in acycle of lengthk, /2. Thus,
thenumberof elementdbetweerl) andq/2 with orderk, is ®(k,/2).

Justby consideringonly even orders,we canaccountfor all of the ordersof elements
betweerD andq/2.

We have that

Z(P,D) = __2_5 Y m(9@n)

P
(pq ot

- 1 2(pq)

- St & X e o

dp—1lelg—1
2le




CHAPTERS3. CIRCULANTSAND CIRCULANT DIGRAPHS 24

We cansplit thefinal sumup into differentcasesasedon the parity of thefirst divisor.
Bl il o q)(f)d)z 3
pq Z Z .’,Ee xlcm(d 28)
d\pwl e[(g—1)/2

p—1 q 1 2 (pq)

Z Z l’d/z Te™ Tiomd,e)
pq dlp—1lelg—1
4d  2le
o
d 26 cm ,€
3(pq) Z Z D(d)®(e)xyj5 Te™ Tiemm(a/a,e)
dlp—1 e|lg—1

2|d d,ehave samepowers
of 2 asfactors

3.6 COROLLARY. Letp, g beprime Thenumberof circulantgraphsof ordern = pq upto

isomorphisms
Z Z 6/2 22H(d)2 P 22L(de)

dlp 1 e\q L

PrROOF: Thisvalueis achievedby substituting R| = 2 into every valueof z.

Considemow someexamplesfor somesmallprimes.

ExXAMPLE. We can calculatethe numberof circulantsof order6. Accordingto Theo-
rem3.6,this numberis
28 =38

sincethecycle index is 22, whichis evidentfrom Figure3.1.

ExAMPLE. We cancalculatethenumberof circulantsany large suitableorder Thenumber
of graphsof order35is 11 144. We canalsodeterminghe numberof eachvaleng. Recall
thatto determinethe generatingunctionwherethe weightis valeny we simply substitute
1 + u? for z; in thecycle index. In this casewe get,

1+ 3u? + 14u* + 62u’ + 208u® + 530u'° + 1052u'? + 1648u™* + 2054u'6 + . . ..
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LR
S

Figure3.1: THE EIGHT ISOMORPHISM CLASSES OF CIRCULANTS OF ORDER 6

We cangeneralizeéheenumeratioiormulawith somehelpfrom notation.Letlem({a;})
denotethe leastcommonmultiple of a set. Thatis, for eacha; € {a}, a;/lem({a}), and
it is the smallestinteger with this property If the setconsistsof a singleelementa, then

lem(a) = a.

3.7 THEOREM. Letp,ps, ..., p; beacollectionof distinct,oddprimes.Thecycleindex of

thegroupactionofZ; . /{1,—1}actingonZ,,,, /{1, —1}\0 byright multiplication

IS

2L/ (1 =1} B/ {1, =11\ 0)
- -
= G 2o, MO0 T

d(p1p2 - - - pr) (d1,d2seeesdy) 1C{1,2,.,1}
dilpi—1 I#{}
di|(pt—1)/2

whee H and L areasin Theoem3.4and P(I) = [[,.,(p; — 1).

PROOF: The proofis very similarto Theorem3.4. Theoreml.2 holdsin this caseandwe
usethe sameisomorphismandactionfrom thegroupto the set. An elemenif

Zopyp,../{1,—1} \ 0 canberepresentedby m with 0 < m < pips...p:/2. An element
of thegroupa € Z; . ., is representedy g, a,,...a;) = 9a With a; = a (mod p;) and
0 < a; < p/2. Eachg, actsonm asg,(m) = = wherez is the uniquesolutionmodulo
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p1ps - - - py to the systemof congruences = a;m (mod p;). Thus,g2(m) is the solutionto
x = a?m (mod p;) andin generalg®(m) is thesolutionz to x = a¥m (mod p;).

In the caseof t = 2 threecaseswere evident. The possibilitieswere eitherthat m
is coprimeto both p; andp, or to exactly oneof p, or p,. In the generalcase,m may
be coprimewith somesubsetwf the p;,. Thelengthof the cycle in which m is contained
will dependon this subset.Saywithout lossof generalitythatm is coprimewith exactly
P1, P2, - - -, Ps, fOr 1 < s < t. Considettheactionunderg,. Fori > s, a;m = 0 (mod p;).
This meansif £ = lem({ord,,(a)}),i = 1...s, we have g¥(m) = m. Thus,the cycle
lengthof g, dividesk. Thiswill bethe orderof thecycle unlessthereexistsa &’ for which
g¥ (m) = —m. Suchak’ < k exists,asbefore,if andonly if, eachord,, (a) is evenandnot
all aredivisible by 4. If sucha k' existsit is ' = lem({ord,,(a)})/2.

It is notdifficult determinghenumberof m coprimewith exactlytheset{pi, ps, . . ., ps},
or indeedary subsetof the p; in general. Thereare ®(p;) elementsf Z,,,,..,, coprime
with p;, hencethereare[[;_, ®(p;)/2 possiblevaluesfor m, eachcoprimewith exactly

Dip2 ... Ds.

As before,we sumoverthe possibleordersto achieve theresult.

3.8 COROLLARY. Thenumberof circulantsof orderp,p, . . . p; with eat p; a distinctodd

primeis
2 S e a@) [ 2
s ®(dy) ... 0(d, 2) (1apeh
({dz}i )
¢(p1p2 .- pt) (d1,d2,-..,d¢) IC{1,2,...,t} “
dilpi—1 I#{}
di|(pe—1)/2

3.2 Circulant Digraphs

The digraphcaseis simpler As we arenot looking at the quotientgroup, by merelyde-
terminingthe cycle index of Z; actingon Z,,, we cancountthe classesThis removesthe
awkwardtermsthatresultfrom determiningthe parity of orders. Though,in reality in the
circulantcasewe have hiddenthis awkwardnessn notation.
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3.9THEOREM. Letp,,ps,...,p; beacollectionof distinct,oddprimes.Thecycleindex of

thegroupactionofZ; , . actingonz,,,, ,, \ 0 byleft multiplicationis
1 P(I)
* lem({d;};c1)
Z(Zplpz---pt’ ZLipsps..pr \ 0) = o ) Z ®(d1)... ®(dy) H xL({di}iGIe)I ’
Pip2---Pt) g o ) IC{1,2,..t}
dilpi—1 I£{}

whele L is asin Theoem3.7.

3.10CoROLLARY. Thenumberof digraphsof order pip- . .. p;, with eat p; prime i =
1...tis

1 __ P
> B(dy)...D(dy) [ 2
o(pip2---p1) (d1,da,...,dt) IC{1,2,...t}

dilpi—1 I#{}

EXAMPLE. The numberof non-isomorphicirculantdigraphsof order15is

1
é Z Z @(d)@(e)22/d+4/e+8/lcm(d’e) — 9919.

d)2 el4



Chapter 4
Unit Circulants

Thequestionremainswhatof thecirculantsof otherorders?f we arerelyingonthistech-
nique,we cansaynothingof the orderswhich fall outsideof thosethatsatisfyMuzychuk's
Theorem However, therecentproof[8] of thefollowing conjectureof Toida[15] allowsus
to continuein the samefashionto counta family of circulantswith no restrictionon ordetr

4.1 THEOREM (DobsonMorris). For any S C ZZ, wheneer X (n; S’) is isomorphicto
X (n; S), ther existsana € Z;, satisfyingS’ = aS.

This resultallows us to enumeratehe circulants X (n; S) of ordern whoseCayley
subsets a subsetof Z;. We shall call sucha circulanta unit circulant Notice that the
circulantsof primeorderareall unit circulants.We canalsodefinethe classof unit circulant
digraphs Thesearethedigraphswith the analogougproperty thatis, circulantdigraphsof
ordern with the connectiorsetasubsebf Z; .

EXAMPLE. If n = 6, thenthe Cayley subsetsvhich yield unit circulantsarethe emptyset
and{1,5} = Z;, asdepictedn Figure4.

In the modelwe have usedso far we usethe domainof Z; in the caseof digraphs
andZ; /{1, -1} in the caseof graphs. Theorem4.1 implies that the permutationgroup
to usein Polyas Theoremis Z}. Hencewe areessentiallylooking at Z;, actingon itself.
To usePdlya’s enumeratiorresult we needto determinethe cycle index of this action.

28
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Figure4.1: THE COMPLETE FAMILY OF UNIT CIRCULANTS ON 6 VERTICES

Thedifficulty lies in determiningthe orderof anarbitraryelementin Z. Fortunately the
structureof Z; is well studiedandwe canmake useof anisomorphisnof Z; to a product
of cyclic groupsto determinethe cycle index.

4.1 Odd Prime Powers

We know from Theoren?.8thatZ; is isomorphicto thecyclic groupof orderp — 1 whenp
is prime. To determinghethegroupof unitsfor otherorderswewill requiresomenumber
theoretictools.

DEFINITION. An integera is calleda primitive rootmodn, if « generateshegroupZ;,.
Equivalently, a is a primitive root mod r. if « is of order®(n) modulon. If thereexists
someprimitive root moduloa givenn, thenwe have thatZ; is cyclic.

EXAMPLE. To seethat2 is aprimitiverootmod5 notice2? = 4 (mod 5),2* = 3 (mod 5),
and2* = 1. Ontheotherhand,8 hasno primitiverootas3? = 52 = 72 = 1 (mod 8).

4.2LEMMA. If t > 1 anda = b (mod pt), thena? = b” (mod p'*).

4.3COROLLARY. If t > 2 andp # 2, then(1 + ap)”" = 1 + ap'~* (mod p') for all
a € Z. Further, if p doesnotdividea, thenp'~! is theorderof 1 + ap modulop’.
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PROOF: We canprove thisresultby inductionon ¢. Theresultis trivially truewhent = 2.
Next, sayit istruefor 2 < t = n. Thenwe have

(1+ap)? = 1+ap™ ! (modp")
(1+ap)” = (14ap" ") (mod p"*') byLemmas.2
= 1+ (?) ap”~' + B (mod p™*?)

whereeachtermin B containsp™*! asa factorsinceit containsa power of p™~! greater
thanl. Hence theresultholdsfor ¢ = n 4+ 1 andtheresultfollows by induction.Now, this

impliesthat (1 + ap)”"~" = 1 (mod p'), sincethe orderof 1 + ap dividesp'~'. However,

(14 ap)? =1+ ap'! (mod p'), andhenceasp doesnot divide a, thisis not 1. Thus
theorderof 1 + ap is greatethanp’=2, andhenceis p'~!.

4.4THEOREM. If pisanoddprimeandt € Z™, thenZ, is cyclic.

PROOF:[14] To prove the result, it is sufficient to establishthe existenceof an element
of Zy, with order®(p') = (p — 1)p"~'. Thecaset = 1 wasprovenin Theorem2.8,
hencewe may chooseanelementr € Z, with orderp — 1. If zP~! # 1 (mod p?), then
we can,and momentarilyshall, illustratethat z is the desiredelementof order ®(p). If

P71 =1 (mod p?), thenz + p is alsoanelementof orderp — 1 modp and

(x + p)p_1 =P 4+ (p— 1)xp_2p =1+ (p— 1)xp_2p (mod p2).

Theexpressionp — 1)zP2 is clearlynot divisible by p, thus(z + p)?~! # 1 (mod p?).

We canassumewithout lossof generalitythatz?=! # 1 (mod p?). We canwrite 27!
asl + ap, wherep doesnotdivide a. The multiplicative orderof 1 4+ ap modulop? is p'~!
by Corollary4.3.

Now, considerary whole numbern suchthatz” = 1 (mod p'). Thus, (z")P~! =
(1 + ap)™ =1 (mod p*), andp'~! mustdivide n. Further z™ = 1 + bp' for someinteger



CHAPTER4. UNIT CIRCULANTS 31
b, s0z" = 1 (mod p). If wewrite n = p*~'m, thensincez? = z (mod p), 1 = 2" =
2™ (mod p). Sincethe orderof z modulop isp — 1, p — 1 dividesm. Thus,for ary n
suchthatz™ = 1 (mod p'), ®(p') dividesn. We have illustrateda primitive root modulo
p', implying thatZ,: is cyclic for primep.

It remainsto determinethe cycle index of Z;; onitself. Oncewe have establishedhis
result,the enumeratiorformulawill fall from it. Fromthis pointonassumehatD andR
areasthey have beento this point.

4 5THEOREM. If p beisanoddprime then

* * 1 o(pt)/d
Z(Z,LYy) = > ®(d)zy .

PrROOF: Thegroupactionof a € Z, actingonitself is a,(z) = az (mod p'). Hence,an
arbitraryelementr € Z, is containedn thecycle

(z ar a’x ... d* 'z)

wherek is the multiplicative orderof a in Z,.. The sizeof Z:, is ®(p'), henceeacha
2(")

contritbutesatermof z, * .

Thefactthatthe groupis cyclic impliesthatthereare®(k) elementsf orderk in the
group.

4.2 Productsof Odd Prime Powers

Next we considerthe productof odd prime powers.
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4.6 THEOREM. Letp andq bedistinctoddprimesandletn = p"¢®. Thecycleindex of Z},
actingonitselfis

1 2(»"¢%)
Z*r L) = @ @ lem(dy,dg)
pae) (pg°) 2. 2 )2l

di|®(p") d2|®(g%)

Z(Z:

pqey

PROOF: We have so far thatthe automorphisngroupis isomorphicto Z;, x Z,.. Given
(a,b) € Z3, x Zys, the correspondingaction g(, 5 on Z, mapsm € Z;, to the unique
solutionz modulon of

x = am (modp")

x b (mod ¢°).

It follows thatg], , (m) is theuniquesolutionz modulon of

r = a'm (modp")

r = b'm (mod ¢®).
Hence thegenerakelementn € Z}, . is containedn thecycle

(M gap (M) Glapy(m) - gy (m)),

wherek is the smallestinteger suchthatm = ma* (mod p") andm = mb* (mod ¢*).
It mustbethatk = lem(k(a), k(b)). We have alreadyillustratedthat thereare ®(k(a))
elementsf orderk(a) in Z,-, thusthe numberof pairs(a, b) with a, b of ordersk(a), k(b)
respectiely is ®(k(a))®(k(b)).

4.7COROLLARY. If n=pi'py?...p;* wheread p; is a distinctoddprime, then

* * 1 ®(n)/lem{d;
2(2;,2;) = 57 > B(dy) .. B(d) T
(n) (d1,d2y...,d4)

di|®(p;")
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4.3 Unit Circulants of All Orders

Powersof two areonly slightly morecomplicatedo incorporate.

4.8 THEOREM. Primitiverootsexistmodulo2! fort = 1 and2, henceZ, andZ, arecyclic.
If ¢t > 2, thenZs;, = Zy X Zgi->.

PROOF: [14] The first statemenfollows from the obsenation that 1 is a primitive root
modulo2 and3 is aprimitiverootmodulo4. Henceforthet ¢t > 3. We shav theequialent
statementhat A = {(-1)%5°|a = 0,1 and0 < b < 22} is areducedresiduesystem
modulo2’. Thatis, every elementin Z;, is equialentto anelementn A modulo2’. We
prove by inductionthat

9t—3

527" =1+ 2" (mod 2%). (4.1)

Thisis clearlytruefor t = 3. Now assumeat is truefor t = n. We have,

5°° =1+42"" (mod 2")
— 57 = (1+2"1)? (mod 2*!) by Lemma4.2
12 42 (od 200
=1+2" mod 2"*

since2n — 2 > n + 1 whenn > 3. We have established4.1) by induction. In proving the
claimwe have establishedhe multiplicative orderof 5 in Zy: to be2t2.

We next shav thatthe membersof A aredistinctin in Z:. If they aredistinct, A will
cover all of Z,: sincewe have alreadydiscoveredaninjective relationship.

Saythat—5° = 5 (mod 2*). Thatwould imply that

50-Y = —1 (mod 2%
= 2(b—1¥) =0 (mod2?)
= (b—10) =2'"(mod?2'?
= —1 (mod 2%)

ot—3

= 3
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contradicting(4.1). If 5°> = 5 (mod 2), then

50-Y (mod 2°)

1
= (b—V) =0 (mod 2t’2)
b

== b

Since((—1)%5")*"* = 1 (mod 2), no elementin Z, hasorderhigherthan2'-2, and
thustherecouldbe no primitive rootsof 2¢, for ¢ > 3.

We cannow closethe story on the unit circulantsand unit circulantdigraphs. Theo-
rem 4.1 establisheshe connectionbetweenthe permutationgroup of the connectionsets
and isomorphismclassesas was the casefor circulantsand circulantdigraphsof prime
order

4 9THEOREM. Letn = 2"p:y*...p}* wheeead p; is adistinctoddprime Thenumberof
unit circulantsof ordern is

2 %)
d(dy) - - - D(d,)27emTd; o)
(D(TL) Z ( 1) ( t) 0 ?
(do,d1,d2,...,d¢)
d1‘2r173
d;|®(p;?)
d0|2

WhenTl > 3,

P(n)
(d1,d2,.--sdt)

d1|27*1—1

d;|®(p;?)

when0 < r; < 3, and

2N a(dy) e B (dy)2T
@(n) 1 t v
(d1,d2,...,dt)

di|®(p;?),1<i<t

otherwise
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PROOF: We proceedn a mannelidenticalto theenumeratiorof circulantsof primeorder
This is justified by Theorem4.1. A substitutionof 2 into eachz; of the cycle index gives
theresult.

4.10THEOREM. If n = 2"p2pt® ... pit, whetwe ead p; is a distinct odd prime, thenthe
numberof unit circulantdigraphsof order n is

LY 0y d(d)2emi
o(n 1 t
(d1,d2,...,d¢)
d1|2"‘1
di|®(p;?),1<i<t

whenr < 2, and

1 __®m)
- E (b(dl) ce Cb(dt)2lcm({di},do)
®(n)
(do,dl,...,dt)
d0‘2
dl|27'1_2
d;|®(p;*),1<i<t

otherwise

To illustratethesejt is bestwe endthis sectionwith a coupleof examples.

ExXAMPLE. Considertheunit circulantsof order16. Theformulayields
—Z@ xd = 24+4+4) = 6,
d/4
asonecanseefrom Figure4.3.

ExaMPLE. We canusethe formulafrom Theorem4.9to countthe numberof unit circu-
lantsof order35 to comparewith the numberof circulants. The numberof unit circulants

is
1
_ZZ¢ ¢)2mds = 12(212+26+2 23 4+2.2"+2.22 +4.2)
d|3 el4
= 352.

Thisis asmallportionof the 11 144total numberof circulantsof order35.
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Figure4.2: NON-1SOMORPHIC UNIT CIRCULANTS OF ORDER 16

By way of contrastwe canalsocalculatethe numberof unit circulantdigraphsof order
35. Thenumberof non-isomorphicirculantdigraphsof order35is

1 o4
o Y ) o(d)d(e)2m@a = 699 616.

dl6 el|4



Chapter 5

Cayley Graphs over Z,, x Z;, with p
prime.

The stratgy of appealingo Pdlya’s Theorento countisomorphisnclassesanbe usedto
countthe Cayley graphson Z, x Z,, sincethis is anotherfamily of Cl-groups.However,
the automorphisngroupof Z, x Z, is the generalinear groupandhenceour methodsto
determindghecycleindex arequitedifferentthanfor determininghecycleindex of acyclic

group.
We considelZ, x Z, asanadditive group,andconsequentlyhink of Z, x Z, asatwo

dimensionalectorspaceoverZ;. In generalwe considerof Zj to beann — dimensional
vectorspaceover Z,. With this view in mind, the groupof automorphismss clear

5.1THEOREM. Theautomorphisngroup of Z is isomorphicto GL(n, p), the group of
invertiblen x n matricesover Z,,.

PrOOF: Definee; = (0,...,0,1,0,...,0), with the 1 in the i position. SinceZ is
generatedy thesetof e;, 1 < i < n, theactionof arny automorphisms determinedy its
actionon{e;,i =1...n}.

We canconstructa generalautomorphismx, andin the processcountthe numberof
possibleautomorphisms.We have p™ — 1 non-zeroelementsto which we canmape; .

37
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Our only constrainin determiningthe valueof «.(e9) is linearly independencwith e, and
hencenoneof the p scalarmultiplesof «(e;) leaving p™ — p possibilities. Lik ewise, the
choicefor a(e3) cannotbein the spanof a(e;) anda(es), thusp™ — p? possibilities. In

generaltherearep™ — p*~! choicesto which onemayassigna(e;). Thusthetotal number
of possibleautomorphisms: of thegroupZ; is

n—1

Aut(Z)| =[] p" =P

=0
whichwe shalldenote| p |,,.

Now, clearly the actionof ary A € GL(n,p) is anautomorphismof Z and hence
GL(n,p) C Aut(Z}). As thesizesof thetwo setsareequal thetwo setsareequal.

The problemof determiningthe cycle structureof linear transformationver a finite
field wasfirst tackledby Kungin [6]. His aim wasto determinecharacteristic®f random
matrices.His maintool wasa vectorspaceanalogof the Pdlyacycle index, hencewe will
requireeffort beyondhis work. Recently Fripertinger[3] calculatedhe Polyacycle index
of thegeneralineargroup(aswell asaffine andprojective groups)andusedthecycle index
to enumeratésometryclasse®f linearcodes.

The cycle index asFripertingercalculatedt is suitableto enumerataligraphs,but re-
guiresmodificationto be usefulfor the undirectedgraphcase.Furthermoresincewe are
first interestedn specifyingn = 2, we canwrite the expressionin a far more explicit,
thoughlesscompactform.

5.1 Rational Normal Form

In this context we are regardingthe matricesas permutations. Recall that permutations
which areconjugatehave the samecycle structure.This is the essencef our stratey. As
eachmatrixis in asingleconjugay classwe candeterminghecycleindex by determining
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the size of eachconjugag classandthe cycle structureof a representatie. This section
definegherationalnormalform andillustratesits suitability asa representatie.

Let V' be a vector spaceof finite dimensionn over field F. An automorphisms a
bijective linear transformatiorof V' to itself. Let A be sucha linear transformatiorof V/
over F' throughout. The notationT, indicatesthe finite field of p elements. The vector
spacewe will consideris Z7, hencewe have A € GL(n,p). However, theseresultshold
overary field andhencewe shallpresenthemin full generalitywhenthisis reasonable.

DEFINITION. ThespacéV is cyclic with respecto A if thereis somev € V suchthat
{v, A(v), A%(v), ..., A" *(v)} formsabasisfor V.

DEFINITION. A polynomial ¢(z) € Flz] is an annihilating polynomialin V' of A if
andonly if ¢(A)v = 0 for everyv € V. We call ¢(z) the minimal polynomialof A if
¢(x) is themonicannihilatingpolynomialof minimumdegree. A is guaranteedo possess
an annihilating polynomial, and consequentlya minimal polynomial, since the Cayley-
Hamilton Theoremstateshatthe characteristipolynomialdet(A — Iz), of amatrix A is
annihilating.

DEFINITION. Let¢(z) = ag + a1z + ... + a,2" € Flz]. Thecompaniormatrix of ¢(x)
isther x r matrix

[0 1 0 ... 0
0o 0 1
C(¢) = :
0 0 0 1
\—ao —a; —Qy ... —an_J

Noticethatthe minimal polynomialof C(¢) is ¢(x).

If V' is ann-dimensionalvectorspacecyclic with respecto lineartransformatiord and
the minimal polynomialof A is ¢(z) = ag + a1z + ... + a,_12" ' + 2", thenthereis a
basisof V' over F' suchthatin this basisthe matrix of A is C'(¢). Therationalnormalform
is ageneralizatiorof acompaniormatrix.

A vectorspaceV canalways be broken down into cyclic subspacesRecall[5] that
givenalineartransformatiord of V' over F, with minimalpolynomial¢(z) = [, ¢:(z)%,
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with eachg;(xz) monic, irreducible,andunique,then A decompose¥” into a direct sum
of n;-dimensionalcyclic subspacessachinvariantunderg;(x)¢ for somei. Notice that

> nici = n.
DEFINITION. Theprimary decompositioof A is auniquerepresentationf V' asadirect
sumof A-invariantsubspace®’; suchthatU; is thekernelof ¢;(A)%.

EachA-invariantsubspacé/; canbefurtherdecomposeato adirectsumof subspaces
U, ; suchthat A restrictedto U; ; is cyclic. EachU; ; is thekernelof ¢;(A)? for j < ¢;.

DEFINITION. A partition of n is anunorderedsetof integerswhich sumto n. We can
summarizea partition with a partition vector A\ = (A, A, A3, ...), a sequencedf non-
negative integerswith finitely mary non-zeratermssuchthatn = A - (1,2,3,...) = 1A\; +
2X2 + 33 + .. .. Henceforthpartitionswill referto thevectorsand|\| will denotethesize,
whichis n.

DEFINITION. Giventher xr companiommatrix C'(¢) we candefinetheassociatedr x kr
matrix known asthe hypecompaniormatrix ¢*) by

(Cé) 0 0, ... 0 )

E, C(¢) 0, ... 0O
o =10 E, C@) ... 0

\ 0, 0 0 ... C(¢))

WherEEZ‘r = (eij)isr,jgr with €ij = 1, if (Z,]) = (]_, T‘) andO OtherWise,andOr isther x r
0-matrix. Noticethat¢(!) = C(¢) andthatthe minimal polynomialof ¢*) is ¢(z)*.

DEFINITION. Givenamonic,irreduciblepolynomial¢(x) of degreed, anda partition A
we definethed|\| x d|\| matrix D(¢, \) asthediagonalblock matrix

D(¢,\) = diag[gs(l), s gb(ll,gﬁ@), .. .,¢<21, . ,ib(i), el ¢<i1, i

~” ~”

A1times Aotimes Aitimes

5.2 THEOREM. Suppos# is alinear transformatiorof an n-dimensionakpacewith min-
imal polynomialy(z) = ¢(x)¢, with ¢(x) monic,irreducibleand of degreed. Theke exists
a partition A with |A|d = n sudthat A is similarto D (¢, \).
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Thepartitioncomesrom theway A decompose¥’ into cyclic subspaceslhatis, \; is
thenumberof cyclic subspacesf V' of dimensioni.

5.3COROLLARY. Let A bea linear transformationn the n-dimensionalvectorspaceV’
over F with minimal polynomial¢(z) = [[,_, ¢:(z)% with eat ¢; uniqug monicand
irreducibleand d; the degree of ¢;. Thele existsa sequencef partitions (A(D, A®) . .)
with 3=, |\ |d; = n, andan ordered basisof V suc that A relativeto that basisis

A = diag[D(¢1, A1), D(¢g, X)), ..., D(¢s, AD), .. ]

DEFINITION. Thematrix A of A asdescribedn theabove corollaryis therationalnormal
form of A. Eachmatrix is similar to a matrix in rational normalform uniqueup to the
orderingof theblocks.

To determinethe rationalnormalform for a matrix A, first factorits minimal polyno-
mial ¢(z) into ¢(z) = [, #i(x)* whereeachg; is anirreducibleminimal polynomial.
Determinethe primarydecompositiorof V intoU; @ Us @ - - - @ U; whereU; is thekernel
of ¢;*(A). For eachi determinethe number)\g} of subspacesf U; with dimensionc;n;
whicharecyclic with respecto therestrictionof A onU;. Thiswill correspondo thenum-
ber of spacesvhich arecontainedn the kernelof ¢" (A) but not the kernelof ¢™i—1(A).
Thesumof all dimensionf all cyclic subspacemusttotal n, thedimensionof V, thatis,
> A@D|d; = n.

ExXAMPLE. To illustrate this processconsiderthe following A € GL(3,5). Let A =
(i é %) Theminimumpolynomialof A is (z—2)?(z—4). Thespacespannedy (A —21;)?
is equalto the spacespannedoy (é § §) and hencethe kernelis two dimensional. The
kernelof A — 273 containsonly thezerovectorsinceit is of full rank. Hence the kernelof
(A — 2I3)% is cyclic. Thus,\(*) = (0, 1). Ontheotherhand thekernelof (4 — 413) is one

dimensionabndso A® = (1). This givesarationalnormalform of

- O O

2 0
Dlz —2,(0,1)]Dlz — 4, (1)] = | 1 2
0 0
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EXAMPLE. To constructann x n matrix in rationalnormalform one needsonly a col-
lectionof irreduciblepolynomialse:, ¢o, . . . , ¢, Of degreesdy, ds, . . ., d; eachlessthann,
respectiely, anda setof ¢ partitionsA® suchthat", |\®|d; = n. Whenn = 2 it is not
astrainto imagineall of the possibilities.Let V = Z, x Z,. We will considerthevarious
definitionsandconsequences this context.

Theirreduciblepolynomialsof degreeat mosttwo areof theform 2% +az +b andz —a,
with a,b € Z,,.

If amatrix hasanirreducible,degreetwo, minimal polynomial¢(z) = z? + ax + b,
thenclearlyall of V' is annihilatedby ¢(A). Thus,thepartition \(!) = 1, sincethereis one
cyclic subspacef dimensiore - 1. Therationalnormalform s

<Mﬁ+ﬁx+hﬂﬂ=<0 1).

-b —a

If the minimal polynomialfactorsas¢;(z)¢2(z) = (z — a)(z — b), thenthe primary
decompositionwill splitV into U; U, wherelU; = kernel(A—als) andUs = kernel(A—
bl,). Theseareboth of dimensionat leastoneandsincethe dimensionof V' is 2 thereare
both of dimensionexactly 1, andhencecyclic. Thus, A('). = (1) andA® = (1). The
rationalnormalform is

Du—mUﬂDh—@Uﬂ:<zg>.

Next considerz — a. Therearetwo possiblepartitionsof 2, (2) and(0,1). Thefirst
impliesthattherearetwo cyclic subspacesf dimensionl henceA — al; annihilatesall of
V andz — a is theminimumpolynomial. This givesriseto arationalnormalform of

DM—@@H:(SS).

In the othercase thereis onecyclic subspaceavith respecto the matrix, of dimension
2. Thus,(z — a)? is the minimum polynomialandthe rationalnormalform is

Dh—mmJH:(z2>.
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5.2 The Sizeof a Conjugacy Class

Kung [6] determinedthe size of a conjugay classin GL(n,p). Let ¢(x) € F,[z] bea
monic,irreduciblepolynomialof degreed, andlet A = (A, Ao, . . .) beapartition.

5.4 THEOREM ([6]). Thesizeof thecentmalizerof D(¢, A) in GL(|\|d, p) is

Al

b\, d, p) = HH dm_ d(p; J))

=1 j=1

whele
Al

ka + )ik
k=1+1
A key thing to noticehereis thatthe numberdependon d andthe partition, not the poly-
nomialitself.

5.5COROLLARY. Thenumberof matricesA € G L(n, p) with rationalnormalform

A = diag[D(¢1, A1), D(¢2, A®), ..., D(¢, A¥), .. ]

[p]n
[Ti=, 6(AD,d, p)’

PROOF: Every matrix is conjugateto a uniquematrix in rationalnormalform. As conju-
gag definesanequialencerelation,to countthe numberof matriceswith a givenrational
normalform we candeterminghesizeof aconjugag class.Thecardinalityof aconjugay
classin a groupG containinga fixed elementy is the orderof G divided by the orderof
the centralizerof ¢ in G. It is thussufiicient to shav thatthe order of the centralizerof
A, amatrix in rationalnormalform, is [];_, b(A®), d, p). It is a block matrix hencethe
centralizens the direct productof the centralizersof eachblock. The orderof a block is
givenby Theoremb.4.
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EXAMPLE. Againwe examinethen = 2 caseto clarify.

Considerthe numberof matriceswith rationalnormalform D[z — a, (2)]. Theseare
the scalarmultiplesof theidentity. We would expectexactly oneeachof thesesincethese
matricescommutewith ary otherandarethe only matriceswith produceaneffectof scalar
multiplication. We calculatey; = 2, andb((2),1,p) = (p* — p)(p* — p). Thisis exactly
[ p ]2 hencethe numberof matricesin a conjugag classwith D[z — a, (2)] is exactly one.
Similarly we cancalculatethe valuesfor the otherclassesandthey work out asfollows.

Minimal polynomial Rationalnormalform Numberin aclass
(z —a) Dz — a, (2)] 1

(aj - CL)2 D[SC - a, (07 1)] p2 -1
(#—a)(x—0b)a#b  Dlz—a,(1)|Dz—-b ()] plp+1)

2?4+ ax + b, irreducible D[z? + az + b, (1)] P —p

Table5.1: Sizesof Conjugay Classesn GL(2, p)

5.3 The CycleIndex of GL(2, p)

The cycle index of GL(2,p) actingon Z, x Z, \ (0, 0) is nearlyat hand. The previous
exampleshave illustratedthe completesetof conjugag classesandtheir sizes. To finish
we requirethecycle structureof eachclassactingasa permutation.

Obsere thatin generalthe actionof ann x n diagonalblock matrix on Z; canbe
decomposednto a productof actionsof the blockson vectorsof the appropriatdength.
Now, Pélyaobsened[11] thatgivengroupsG and H actingonsetsX andY’, respectiely,
the cycle index of the inducedaction of the productG x H on X x Y, (g,h)(z,y) =
(9z, hy), canbeexpressed

Z(Gx H)=Z(G)Z(H).

A matrix A in rationalnormalform is a block diagonalmatrix. Eachblock is a hy-
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percompaniomatrix of a monic, irreduciblepolynomial¢; of degreed; over Z,,. We can
decompos¢hisinto anactionof thedirectproductof hypercompaniomatrices,

i A
s O

[TTT11¢”

=1 j=1 k=1

actingon
s o)A

[T Tz

i=1 j=1 k=1
Hencethe problemof determininghecycle index of any matrixreducego determininghe
cycle structureof hypercompaniomatricesof monicirreduciblepolynomials.

To determinghecycle structureof just sucha matrix, considerthe connectiorbetween
thehypercompaniomatrix andits polynomial.

DEFINITION. GivenA € GL(n,p), we definetheorder of A to betheleastintegerk > 0
suchthat A* = I,,, then x n identity matrix.

DEFINITION. Let¢ € F,[z] beapolynomialof degreem suchthat¢(0) # 0. Theorder of
#, denotecbrd(¢) or ord(4(x)), is theleastintegerk > 0 suchthat¢(z) dividesz* — 1. It
canbe showvn thatsomek < p™ — 1 exists. If ¢(0) = 0, we candefinethe orderof ¢ by
writing ¢(z) = z"¢(z) suchthatn € N, ¢(0) # 0, anddefineord(¢) = ord(¢)).

5.6 THEOREM ([7]). Let¢ € F,[z] beanirreduciblepolynomialover [, of degreem with
#(0) # 0. Thenord(¢) is equalto the order of any root of ¢ in the multiplicative group
F...

p

5.7COROLLARY ([7]). Let¢ € T,[z] bean irreduciblepolynomialover F, of degreem
with ¢(0) # 0. Thenord(¢) dividesp™ — 1.

Thefollowing providesa very usefulsummaryregardingthe numberof irreduciblepoly-
nomialsof agivendegree.
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5.8 THEOREM ([7]). Thenumberof monicirreduciblepolynomialsin F,[z] of degreem
andorder k is equalto ®(k)/m if £ > 2 andm is themultiplicative order of p modulok.
Itis2if m = k = 1andOin all othercases.

If m = 2, thenfor all positive k suchthatk|(p? — 1) andp # 1 modulok, k is the orderof
®(k)/2 irreduciblepolynomialsin F,[z].

We candeterminghe orderof reduciblepolynomialswith thefollowing two results.

5.9 THEOREM ([7]). Givenirreduciblepolynomialss,, g2 € F,[x] with¢,(0) # 0, ¢2(0) #
0, ord(¢1¢2) = lem(ord(¢y), ord(¢s)).

5.10THEOREM ([7]). If ¢ € F,[z]isanirreduciblepolynomialof degreem with ¢(0) # 0,
thenord(¢*) = pPord(¢), wher b is the smallestinteger with p® > m.

For our purposessincep > 2 andm = 2, b will be1.Theconnectiorbetweerthecompan-
ion matricesandthe polynomialsis direct.

5.11LEMMA. If ¢(x) beanirr educiblepolynomialin F, [z] with ¢(0) # 0, thenord(¢®)) =
ord(o).

5.12COROLLARY ([7]). Let ¢(x) be an irreduciblepolynomialin F,[z] with ¢(0) # 0.
Thenord(¢™®)) = ord(¢(z)*) = pPord(¢(x)) whee b is the smallestinteger with p® > m.

5.13THEOREM. LetV becyclic with respecto linear transformationA. Let¢(z) bean
irr educible monicpolynomialand the minimal polynomialof A. Asa permutationof the
non-trivial element®f V', A is a productof cyclesof a lengthord(¢).

PROOF: SinceV is cyclic with respecto A, thereis somev € V suchthatarny w € V can
bewritten asw = 1 (A)v for somey € F[z] of degreelessthanor equalto the degreeof
#(x). Now, letord(¢) = k. Hences(z)|(z* — 1), andthusA* — I = 0. Forary w € V,
(A* — N'w = 0 = A*w = w andw isin acycle of lengthat mostk.
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Now say A™w = w for someintegerm > 0. We write w = (A)v, and hence
A™p(A)v = P(A)v and(A™ — I)yp(A)v = 0. Any polynomialwhich annihilates annihi-
latesV andthus¢(z) will divideit. Hence¢(z)|((z™ — 1)1 (z)). Since¢(x) isirreducible
it mustdivide eithery)(z) orz™ — 1. In thefirstcase)(z) = ¢(x) sincethedegreeof i (x)
is atmostthedegreeof ¢(z). In this casew = 0. Otherwise ¢(x)|(z™ — 1) whichimplies
thatm > k by thedefinition of orderof a polynomial. Thusm = k andall elementsn the
spacearein cyclesof lengthord(¢).

*
5.14THEOREM. Thecycleindex of GL(2, p) actingonZ, x Z, \ (0,0) is
1 *-1)/d
= &(d)z? (5.2)
2 _ 2 _ 1 Z d
2 =p)p* 1) =
1 2-1)/d
T S ey (5.3)
d|(p®—1)
pZ1 (mod d)
1 d_(p—1)/d
+ o L @ (5.4
dlp—1
+ T Y W0t ol el (5.5)
2 Te lem(d,e) :
dl(p—1)e 1
(p=1) el( - o )

whee @'(d, e) = ®(d)®(e) if d # e and®(d)? — 1 otherwise

PrROOF: If we considerA € GL(n,p) asapermutationa4(x), it is a productof disjoint
permutationsvy, a4, - . . 4, WhereeachA; is ahypercompaniomatrix. Thevectorspace
V = Z, x Z, is dividedinto subspace$V; suchthat W; is cyclic with respectto A; for

eachi. An elementr in Z, x Z, canbeuniquelyexpressed@sw; @ ws & ... ® w,, With

w; € W;. If x € W, for somei, thenby Theoremb5.13,undera it is in acycle of length
ord(A4;). If it is the directsumof non-trivial elementsfrom morethanone subspacesay
Wi, W, ..., W/, itisin acycleof lengthlem(ord(Af), ord(A4}), ..., ord(4))).
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To determinethe cycle index we sumover the differenttypesof rationalnormalforms
asuncoveredin the previous discussion.The first summand{(5.2), givesus the cycle in-
ventoryfor elementswith the rationalnormalform A = D[z — a, (2)]. As notedearliet
matricesof this form have the effect of scalarmultiplication. Hencethe cycle structureis
straightforvard. The numberof transformationgor eachorderis the numberof elements
in Z,, with orderord(a), or ®(ord(a)) by Lemma2.7.

V is alsocyclic with respecto transformationsvith rationalnormalform D[z? + az +
b, (1)] for irreduciblepolynomialsz?® + az + b. Theoremb5.8 givesusthe numberof poly-
nomialsof degreetwo with a givenorder hencewe have (5.3)to accountfor thesetypesof
transformations.

The third summand|5.4), accountdfor the matriceswith rationalnormalform A =
D[z — a,(0,1)]. Therearetwo cyclic subspacespnewith orderord(a) anda secondof
orderord((z —a)?) = p ord(a), by Theorenb.10.Both subspacekave p elementsbut the
remainingelementsn thesubspacealsohave orderp ord(a), sincethatis theleastcommon
multiple of the pair.

Thelast,andmostcomplicatedtype of rationalnormalform comesrom matriceswith
the remainingnormalform, D[z — a, (1)]|D[z — b, (1)] whena # b. Heretherearetwo
cyclic subspacegneeachof ordersord(a) andord(b). Thus,theelementsn eachof these
respectre subspaceareorganizedn cyclesof lengthsord(a) andord(b), respectiely. The
sizeof bothsubspaceis p. Theremaining(p — 1)? elementsn the subspacearein cycles
of lengthlem(ord(a), ord(b)). Thisis alsoaconsequencef Theoremb.9. Thereare®(a)
elementsof ordera and ®(b) elementsof orderb. However, we do not includethe case
whena = b sincethey arespecialandarecoveredin (5.4). This givesus (5.5).

5.15CoROLLARY. Thenumberof non-isomorphicayley digraphsonz, x Z, for p prime
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is
LS et (- 14257
P =p)* —1) £~
p
1 >
(p?—p)/d—1
i d o o2
d|(p*~1)
pZ1 (mod d)
T Z Z o(P=1) (=14 G5 o5) /lem(die)
dl(p—-1) elp 1)
<d

with &' definedn Theoem5.14.

ExAMPLE. Thecycleindex for GL(2, 3) actingonZs x Z3 \ (0,0) is
T — (122327 + 1225 + 625 + 87672 + 82377 + 75 + T3).
Hencethe numberof non-isomorphicCayley digraphsonZ; x Zs is

1
48(12 22.224+12.24+6-2°4+8-2-2+8-22.22 4+ 214 2%) =18,

Thegeneratingunctionfor valengy is

14w+ 2u? + 2u® + 4u®* + 3u® + 2u% + u” + b,

To determinethe analogougesultfor ordinary graphsrequiresa modificationof the
actionof GL(2, p) onZ, x Z,. As in thecirculantcasewe arelooking atthe groupof auto-
morphismsactingon the quotientgroup,in this case(Z, x Z, \ (0,0))/{(1,1), (=1, —1)},
which we shalldenoteZ. In the circulantcaseit simplified mattersto paredown the auto-
morphismgroup. In this casejt is simplerto useGL(2, p).

We have alreadydeterminedhe natureandsizeof theconjugay classesHowever, the
cycle structureof atransformations differentwhenwe identify x and—z in Zf,.

5.16LEMMA. Considermonic,irreducible ¢ € TF,[z] with £ = ord(¢). Letk’ bethe
smallestinteger sudh that ¢(z) dividesz* + 1, if it exists. Thenk’ = k/2 if k is evenand
doesnot existsif & is odd.
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PROOF: If k = 2d, then¢(z) dividesz?! — 1 = (2¢ — 1)(2¢ + 1). By the definition
of order ¢ mustdivide z¢ + 1. Thusk' < d = k/2. If k' < d, then¢(z) divides
(z¥ +1)(z* — 1) = 22" — 1, contradictinghe orderof ¢.

If k£ is odd,thenasin the previous casecertainlyif £’ existedit could be no lessthan
k/2, nomorethank andmustdivide k. Thus,it doesnot exist.

This k¥’ senesasa new form of order If V' is ann—dimensionakubspaceyclic with
respecto A € GL(n,p), thenthelengthof acycle of A actingonanelemeniof V' wherex
and—z areidentifiedis £ = ord(A) if k is evenandk /2 if k is odd. We capturethis action

with thenotation
T z isodd
H(z) =

z/2 otherwise.

5.17THEOREM. Thecycleindex of GL(n,p) actingonZ is

Z(GL(2,p),Z) (5.6)
1 ol
_ B(d)o 7D (5.7)
2 _ 2 _ 1 Z H(d)
P =p)p* 1) o=
1 PPt
H(d
P dlp?-1
pZ1 (mod d)
1 p—1 p—1
+ P Z @(d)xﬁéz))x;;&) (5.9)
dlp—1
(—1)
ot XY v ekl 510
d le 1
e

where &' is asdefinedn Theoemb5.14,and

(d.0) {lcm(d,e)/2 Bothd ande are evenandare divisbleby the samepowess of two
e) =

lem(d, e) otherwise



CHAPTERS. CAYLEY GRAPHSOVERZp x Zp WITH P PRIME.

Figure5.1: THE FIVE ISOMORPHISM CLASSES OF X (Z3 X Z3, S)

51

5.18CoROLLARY. Thenumberof non-isomorphicCayley graphson Z, x Z, for p > 2

primeis

where @' is asdefinedn Theoemb5.14,and L is asdefinedn Theoem5.17

ExampLE. Thecycleindex for GL(2,3) actingonZs x Zs \ (0,0)/{1,—1}is

48

1 p2-1
Z (I)(d)22y(d)

292 — 1)
2(p> —1) ol
pZ1 (mod d)
1 p—-1 p—1
2—p Z (I)(d)QH(d)QH(d)
dlp—1
1 ! p=1 p=1 (p-1)2
(p—1)2 Z Z P’ (d, ) 2@ 27 2 LWe)
dlp—1lelp—1
e<d

1
(127927 + 1234 + 623 + 16237, + 277)

(5.11)
(5.12)

(5.13)

(5.14)

(5.15)
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hencethe numberof non-isomorphicCayley graphsonZs x Zs is
1 2 2 4
g(12:2:224+12:246-2°+16-2-2+2-2") =5,

asillustratedin Figure5.3. Thevalengy generatingunctionis 1 + u? + u* + u® + »2, also
asexpected.

5.4 7 and Beyond

Themethodswe have developedsofar this chaptethave beensufficiently generathatthey

canbeusedto countCayley graphsoveer, andary otherCI-Groupof theform Z7. How-

ever, aabetternotationis essentialThe following notationwasderivedby H. Fripertinger
[3] for the cycle index of GL(n, p) actingon Zy. It encapsulatemuchof the work and
removestheintuition, but allows oneto calculateandsoit is included.

5.5 The CycleIndex of GL(n,p)

To facilitatethe descriptionof the cycle index we introducea productnotation.Let A and
B bepolynomialsin indeterminates, z-, . . . suchthat

A(l‘l,...,xn) = Za(j)ng"
B(z1,...,Tm) = Zb(k)wai.

Definethe operator on A and B asfollows

n m

A(x1y .o xn) o Bz, ... 2p) = ZZa(j)b(k) HHxZ’ oz
(k)

) i=1 =1

where

Ji ki _, Jikiged(d,l)
i 0T = Tiem(iy)
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Wewill denotethe k** pawer of this operatorby A(zy, . .., z,)%*.

We have alreadydeterminedhe cycle structureandsizeof a conjugag class.Thelast
taskfor determiningthe cycle index of GL(n, p) is to determineall possiblenormalforms.

Let u bethe Mdbiusfunction. Thereare
D) = 5> n(ep
t|d
monic,irreduciblepolynomialsof degreed overZ,. Eachmonic,irreduciblepolynomialof
degreeat mostn with theexceptionof ¢(z) = x canoccurasadivisor of thecharacteristic
polynomialof a matrix A € GL(n,p). Labeltheset, = ", N,(i) — 1 polynomials
as¢y(z), po(x), ..., ¢4, (x), with the degreeof ¢;(z) asd;. We needto find all solutions

V= (Y153 Y) 1O
tn
=1

where~; is a non-ngative integer For eachsolutiony one mustdeterminethe possible
cycle types,thatis, the partitionsA® of ~;. Call this setCT(y;). Therepresentatie of the
conjugay classof matricesA with characteristigpolynomial

~Tlotay

A= diag(D(¢:1,A),..., D(¢,, \¢).

We now have our cycle index for GL(n, p).

5.19THEOREM. Thecycleindex of GL(n,p) actingon Z7 \ 0 is

o)\(-i)
S e T (TT)

11]1

di _p(k—1)d;

whee e;, = ord(¢;(x)*). Furthermoe a;, = £t , | p ]n is theorder of GL(n, p),
andb(d;, \?) is the sizeof the centrlizer of D(¢;, A?)) ascomputedn 5.4. Thefirstsum

ek
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runs over all solutionsy = (vi,...,v;,) of 5.16 and the secondruns over all ¢,-tuples
A=A, AE)) e [T, CT ().

Theformulafrom Theorenb.19canbeuseddirectlyto enumerateligraphsn amanner
similarto every otherfamily of Cayley digraphswve have encounteregofar. With somead-
ditional notationasonecouldalsodevelopaformulafor Cayley graphs.Lemmab.16gives
how to modify this cycle index to getthe cycle index of G L(n, p) actingonZ; /(1,, —1,).

5.6 Final Thoughts

Cayley graphsanddigraphsareavery elegantfamily of graphs By demanding specificre-
lationshipbetweertheautomorphismsf thegroupandtheisomorphism®f Cayley graphs
on the group,we have beenableto develop a nice way to enumerateéhe non-isomorphic
Cayley graphsof a given orderfor certainCl-groups. As more groupsare identified as
Cl-groups.this methodcanbe revisited asa methodof enumerationSincecurrentlymost
eneqgy in the Cl-groupproblemis directedat productsof cyclic groups,a betterform for
Z(GL(n, p), Zy) would producemoresatisfyingenumeratiorresults. For every casethat
Pdélya's EnumerationTheoremis used,it may be worthwhile to investigateother usesof
thecycle index apartfrom straightenumerationFor example,onecould countthe number
of distinctedgecolouringsusing coloursby substitutingk + 1 for eachz; in the cycle
index. A different,thoughlikely interesting,epilogueto theseresultsherewould be the
computationof asymptotics.Of particularinterestmay be to determinethe percentag®f
circulantswhich areunit circulants.
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