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Abstract

Pólya’s EnumerationTheoremis a powerful methodfor countingdistinct arrangements

of objects. J. Turnernoticedthat circulantgraphshave a sufficiently algebraicstructure

thatPólya’s theoremcanbeusedto determinethenumberof non-isomorphiccirculantsof

order � for prime � . Recentresultson CI-groupssuggestthatTurner’s methodcanbeused

to enumeratea larger collectionof circulants,circulantdigraphs,andCayley graphsand

digraphson ���� and ���� .
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Chapter 1

Intr oduction

1.1 Definitions and Notation

Determiningthenumberof distinctgraphsin a givenfamily is oneof themostbasicques-

tions onecan askabouta family of graphs. Graphtheoristshave devotedmuchenergy

to searchingfor elegant answersto the graph isomorphismproblemfor many families

of graphs. Pólya’s theoremof enumeration,when it first becamewidely appreciatedin

theearly 1960s,servedasthe main tool for many graphisomorphismproblems.In 1967

J.Turnerdeterminedthataclassof Cayley graphswaswell suitedto thisapproach.Cayley

graphsaredefinedin relationto groupsandconsequentlyhaveausefulunderlyingstructure.

TheCayley graphsTurnerconsideredpossessaparticularproperty, they areCayley graphs

onCI-groups,andrecentwork in thisareahasfoundmorefamilieswith thischaracteristic,

therebyopeningup thepossibilityof applyinghismethodsto thesenew families.

Throughout, 2 shall denotethe Euler phi-function. Hence 23���4� is definedover the

naturalnumbersasthenumberof integers5 , 6�785�78� , coprimeto � . Theadditivecyclic

groupof order � will bedenotedby �:9 , and �<;9 will alwaysdenotethemultiplicativegroup

of unitsof the ring of integersmodulo � . For a group 	 let =?>�@$��	�� denotethe groupof

automorphismsof 	 . A graphautomorphismis anadjacency preservingpermutationof the

vertex set.Wewill usesimilarnotation=�>A@$�B�C� to denotethegraphsautomorphismsof the

1
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Figure1.1: CAYLEY GRAPH ������� �"!$#$�%#&�"�%#&�')+*(� AND CAYLEY DIGRAPH �����,�"�"!$#$�%#(�-)+*(�

graph� .

Thenext two definitionsdescribeaCayley graph.

DEFINITION. A Cayley subset/ of a group 	 is an inverseclosedsubset( FHGI/ JLK
F(MON:GP/ ) of 	 not containingtheidentity.

DEFINITION. A Cayley Graph is representedby ����	RQ0/1� where 	 is a group,and / is a

Cayley subsetof 	 , alsoknown astheconnectionset. TheCayley graphhasvertex set 	
andedgeset

!��.S N �'S � �$T S N JUS � FV�0F�GW/�*YX

DEFINITION. A Cayley digraph ����	RQ+/Z� is definedon a group 	 anda set /\[I	^]�_ . It

hasvertex set 	 andthereis a directededgefrom S N to S � if andonly if S � JIS N F for some

F�GP/ .

EXAMPLE. The dihedralgroup ���`Jba�#$�') T #$cdJe)f�dJg_V�')f#hJg#iMONj)-k is a fine groupupon

which to definea Cayley graphandaCayley digraph.Figure1.1providesanexampleof a

Cayley graphandaCayley digraphon �,� .
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1.2 CI-Gr oups

Our ultimate goal is to provide someenumerationresultsfor somefamilies of Cayley

graphs.This is mosteasilyaccomplishedwhenthereis a usefulrelationshipbetweenthe

isomorphismsof thegraphsandautomorphismsof thegroup.

If lmGn=�>A@$��	`� , thenfor /U[o	 , let l���/Z�<Jp!&l���F$� TqFRG�/:* . A groupautomorphisml
of 	 canalsobeviewedasa mapbetweentwo Cayley graphson 	 uponconsideringthe

resultingactionof l on thevertices	 . That is, thereexistsa mapbetween����	RQ+/Z� and

�r��	,Q+l���/Z�-� . In fact,this actioncanbeagraphisomorphism.

1.1THEOREM . Let �sJU�r��	,Q0/1� bea Cayley graphonthegroup 	 . If lrGH=?>A@ ��	�� , then

l is an isomorphismfromthegraph � to thegraph �ut�JU����	RQ+l:��/1�'�

PROOF: By thedefinitionof Cayley graphwe have that vxwyG{z|�.�P� if andonly if w}J~v�F
for some F�G~/ . Since l is a groupautomorphism,we have that wnJsv�F if andonly if

l:��w���Jsl:��v��-l:��F$� . Thus wYv8G�z|�B�C� if andonly if l���w���l���v��}G�z}�.�ut�� so l is a graph

isomorphismbetweenthegraphs� and � t .
�

Next weconsiderthereverserelationship.Thatis, in whichcasesdoesanisomorphism

of thegraphcorrespondto anautomorphismof thegroup?

DEFINITION. Let 	 beafinite group,andlet �bJ^����	,Q0/1� and �utAJ^����	RQ0F"t�� beCayley

graphson 	 . / satisfiestheCayley isomorphismpropertyif whenever � is isomorphicto

� t , thereexistsagroupautomorphisml of 	 suchthat l is alsoagraphisomorphismfrom

� to � t . Weabbreviatethis as / is aCI-subset.

DEFINITION. If every Cayley subsetof 	 is a CI-subset,thenwe saythat 	 satisfiesthe

Cayley IsomorphismProperty, or succinctly, 	 is aCI-group.

Thisdefinitioncomesfrom ageneralizationof propertiesof circulantgraphs.Therela-

tionshipandmotivationwill soonbecomeclear.
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1.3 SomeKnown CI-Gr oups

TheCayley Isomorphismpropertyis indeedaniceproperty, almostsuspiciouslyso. It is in

ourbestintereststo determinewhichgroupsareCI-groups,indeedif any exist atall, asthis

will facilitateenumerationgreatly.

The searchfor existencebestbegins with the cyclic groups. J. Turner[16] beganthe

searchwith cyclic groups,andobtainedresultsfor cyclic groupsof primeorder. M. Muzy-

chuk[9] settledthecasefor thecyclic groupsin general.

1.2THEOREM (Muzychuk). Thecyclic groupswhich are CI-groupsare preciselythoseof

order � where � is ���+�A��6 � or �yJ8�&�-� where _�G�!&�A��6��0��* and � is oddandsquare-free.

Thenext obvioussetto consideris theproductsof cyclic groups.Wehavethefollowing

resultsin this case.C. Godsil [4] manageda partial answerto the productof two cyclic

groups.

1.3THEOREM (Godsil). Thegroup � �� ��� prime, is a CI-group.

The following resultwasdeterminedindependentlyby both T. Dobson[2] andM.-Y.

Xu [17].

1.4THEOREM (Dobson,Xu). Thegroup � �� ��� primeis a CI-group.

It is theseCI-groupsthatweshallconsiderin thisthesis.Weshalldeterminethenumber

of isomorphismclassesof Cayley graphsandCayley digraphsof order � on thesegroups:

��9 with � asin Theorem1.2, � �� and � �� for � prime.

Recently[8], it hasbeenshown by J.Morris andT. Dobsonthat �:c� is alsoaCI-Group.

Thereader, at thispoint,mayhypothesizethat � 9� is aCI-Groupfor all � . In fact,L. Nowitz

showed[10] that ���� is not a CI-Group.However, for all � suchthat it is true,themethods

presentedin this work will determinethenumberof isomorphismclassesof agivenorder.



Chapter 2

Cir culantsof Prime Order

Circulantsareaninterestingclassof Cayley graphswell worth studying.They areCayley

graphson the simplestof groupsandthusmay provide directionandinsight into Cayley

graphson other groups,particularly finite groups. All finite vertex-transitive graphsof

prime orderarecirculants,hencethe studyof vertex transitive graphscangain from the

studyof circulants.

DEFINITION. A circulant is a Cayley graphon a cyclic group. We denotethe circulant

�r���:9iQ+/Z� by simply ������Q0/1� .
Thecompletesetof circulantsof order5 is illustratedin Figure2. Noticethat ������Q"!(���%��*(�

and ������Q"!Y6V�%�A*(� areisomorphic.

We shallbegin with a known resultaboutthenumberof circulantsup to isomorphism

X(5;{}) X(5;{2,3}) X
�

(5;{1,4}) X
�

(5;{1,2,3,4})

Figure2.1: THE COMPLETE SET OF CIRCULANTS OF ORDER 5

5
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of prime order � . A very elegantrelationship,that of Theorem1.2, existsbetweengraph

isomorphismsandgroupisomorphismswhichallowsusto usestronggrouptheoretictools.

Further, thesemethods,notablyPólya’s enumerationtheorem,canbe usedto enumerate

circulantgraphsof otherorders.

Enumeratingthe prime casedirectly offers sufficient insight that we include it. First

we show thattheprimecirculantsarethecompletesetof vertex-transitivegraphsof prime

order.

2.1LEMMA . Cayley graphsarevertex-transitive.

PROOF: The actionof a group 	 actingon itself by left multiplication is a permutation.

Thisactionclearlypreservesadjacency in any Cayley graphdefinedon 	 . Thepermutation

which takes v to w is left multiplicationby wYv4MON�GW	 .

�

Definethemapping���0� � actingon �:9 to be ���+� ���.���1J��V���d� . If �}Gu� ;9 , ���+� � is apermutation

of �:9 . Thenotation�¡ m	 indicatesthat � is apropersubgroupof 	 .

2.2THEOREM (Burnside). If G is a transitivepermutationgroupactingona primenumber

� of points,theneitherG is doublytransitiveor

	£¢J ! ���+� �Z¤Y�}GW�¡ ¥� ;� and �?Gu� � *YX

2.3COROLLARY . If 	 is a transitivepermutationgroup acting on a prime number� of

pointsand 	 is notdoublytransitive, then 	 containsa uniquesubgroupof order � .

PROOF: First weestablishexistence.Thesubgroupgeneratedby a.� N � N kZJ~! � N � �"T¦��GW� � * is

of order� andcontainedin 	 by Burnside’sTheorem.

Consider���0� �0�B���:J��V�,�¥� . Noticethat if �C§J¨6V� ����©^6$� is a unit andhasaninversein

whichcase���:©W6$�%MONª�«��©¬��� is afixedpoint for ���+� ���.��� . Since	 is actingon � elementsand
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theorderof a permutationis theleastcommonmultiple of thecycle lengthsin its disjoint

cycle decomposition,anelementof order � in 	 mustbea � -cycle. Hence,anelementof

order� hasno fixedpointsandtheresultfollows from Theorem2.2.

�

2.4THEOREM (Turner). A graph � of order � is vertex-transitiveif and only if � is a

circulantgraph.

PROOF:[16] Sincea circulant is a Cayley graphonedirection follows from Lemma2.1.

Now supposethat � is a vertex-transitive graphof prime order � . If the automorphism

group is doubly transitive, � is either the completegraphor the emptygraph,both cir-

culants.Otherwise,we may assumethat =�>A@$�B�C� is not doubly transitive, andthushasa

uniquesubgroupof order� . We mayconsidera labellingof theverticessuchthatthegen-

eratorof thethis uniquesubgroupis ,J¨���e6®X�X�Xu�¯©m6$� . If 5 is adjacentto ° in � , then

they mustbeadjacentundertheimageof automorphism , thus, 5��^6 is adjacentto °?�I6 ,
anduponconsideringpowersof  , 5L�IF is adjacentto °��IF for �u7pF±78�±©�6 , with all

computationsmodulo� . If welet / denotethesetof verticesadjacentto thevertex labelled

0, we have 5 is adjacentto ° if andonly if 5²©�° and °,©¥5 areadjacentto 0 if andonly if

54©P°RGP/ and °�©n51GP/ . Clearly � is a circulantof order� with connectionset / .

�

Having illustrateda motivation for studyingcirculants,we now return to the ideaof

enumeration.Thenext resultis aspecificationof Muzychuk’sTheoremto theprimecase.

2.5THEOREM (Turner). Two circulant graphs � J ����	RQ0/1� , and �ut¯J ����	,Q0/³t�� of

primeorder � are isomorphicif andonly if thereexistssome�}Gu� ;� such that ��/{J�/³t .

PROOF: First supposethatthereexistssome�RGW�<;� suchthat / t J���/ . Left multiplication

by � is agraphisomorphismfrom � to �ut .
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Now supposethat � and � t areisomorphicasgraphswith isomorphisḿ�¤xµ}�B�C��¶
µ¯�.�ut�� . If � is eitherthecompletegraph· � or its complement ¸· � , then /�J£!Y6V�0����X�X�X�����©
6(* or !i* , respectively. In eitherof thesecases/ t J¡/ . So, considerthe casethat � is

neither · � nor ¸· � . For any circulanton vertices �A�"6V��X�X�X����¬©�6 the rotationpermutation

dJ¹���R6�X�X�XL�R©m6$� is agraphautomorphism.Thesubgroupgeneratedby  hasorder� .

Now,  is anautomorphismof both � and �ut . Further, since ´ is anisomorphism,
º J»��´²���i��´³��6$�¼X"X�Xd´³�«�h©86$�-� is alsoan automorphismof �Ht generatinga subgroupof

order� .

Since � is neither · � nor ¸· � its automorphismgroupis not doublytransitive. Hence,

by Corollary2.3wehave thatthegroupof permutationsof � t containsa uniquesubgroup

of order� . Thus, º Gra��k andwehave that

��´³���i�½´²�f6$�|X�X�X�´²���¯©m6 �'�¡J  � for some6�7^�}7{�R©m6
J �����d����X�X"X �«�R©m6$������X

Thus,if we rewrite º we canseethatfor some�A��7^5�7��R©^6 , ´²��5¾��J8���0´²��5��U6$��J�� and

in generaĺ²�.5¿�r°��3Jg�&° . We cannow prove the theoremuponexaminingtheadjacency

criterionfor circulants.

F�GW/ À¯K 5 is adjacentto 5��¥F in � for all 5ZGH� �
À¯K ´²��5¾� is adjacentto ´²��5��¼F$� in � t
À¯K ����Á��r5j� is adjacentto ����Á��r5��¥F$� in � t
À¯K ����Á��r5j�³©r����Á��r5��¥F$��GP/ t
À¯K ��F�GP/ t

Thus, F�GP/»À}K ��F�GP/³t , or, /²t�JI��/ .

�



CHAPTER2. CIRCULANTSOF PRIMEORDER 9

2.1 Determining the Cycle Index

Theorem2.5providesthenecessaryinformationaboutthestructureof circulantsto appeal

to Pólya’senumerationtheorem.

In a framework suitedto countingwith thePólyaenumerationtheorem,thereis a do-

mainfor whichonehasanunderstandingof apermutationgroup,andarangeof acceptable

values. Pólya’s theoremstatesthat we candeterminea generatingfunction for the num-

berof distinct functionsfrom domainto therange,usingtheautomorphismgroupandthe

generatingfunctionof therange.

Let thedomainbeset � andlet therangebeset Â . Define Â3Ã to beall of thefunctions

from � to Â . The theoremcountsthe numberof distinct functionsfrom � to Â . A per-

mutationgroup 	 actingon � will inducea permutationactionon Â Ã . Pólya’s theorem

reducescountingthe orbits of the inducedactionon Â Ã , that is, the numberof distinct

functions,to countingthedistinctactionsof 	 on � . Themain tool is thecycle index of

	 , which holdstheinformationof thepermutationsof � andwhichwedefinenext.

Let 	 beapermutationgroupactingonaset Ä . Considerthedisjoint cycledecomposi-

tion of º GW	 . Supposeit containsprecisely�+Å cyclesof length Á , for 6�7UÁ±7¨T¦Ä`T . Wede-

fineamonomialÆZ� º � associatedwith thedecompositionasfollows: ÆZ� º �½JU� ��ÇN �
�.È
� X�X�X�� �BÉÊ ,

where�ËJÌT¦Ä`T . Notethat � N �¥�(� � �UX"X�X$�¥Á��0ÅJU� .

DEFINITION. Thecycleindex Í¬��	,�+ÄÎ� of thepermutationgroup 	 actingon Ä is defined

to bethepolynomialin indeterminates� N �-� � ��X�X�Xª�'� Ê

Í¬��	R�+ÄÎ�1J 6
T¦	±T

Ï
Ð$Ñ�Ò ÆZ� º �0X

EXAMPLE. Let 	 be the permutationgroup generatedby the 6-cycle ���£6¥�U�^�8��� .
The monomialcorrespondingto the identity permutationis Æ1��Ó Ò �RJÔ�x�N . The monomial

correspondingto a6-cycle,of whichtherearetwo in 	 , is � N� . Thetwo permutationswhich

areproductsof two disjoint cyclesof length threecorrespondto the monomial �x�� . The
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remainingpermutationis aproductof threedisjoint2-cycles.Thecycle index for 	 is thus

Í¬��	,�"!&�A�"6V�0���+���%�Õ�0��*(��J 6Ö �.� � N �r� �� �¥�&� �� �¥�&� N� ��X

Thenext exampledeterminesthecycle index of thegroupof automorphismsof acyclic

groupactingon thecyclic group.

EXAMPLE. Let � be prime andlet �<;� , themultiplicative groupof unitsof � � , act on the

set � � ]`� by multiplication. Theorem2.6, illustratesthat �IGo� ;� generatesa groupof

permutationsof theelementsof � � . Wecandeterminethecycle index of this action.

DEFINITION. Let �O�%�mG\� with SA×�Ø����O�%�L�ÙJÚ6 . We definitetheorder of � mod � to be

theleastpositive integer ÁL����� suchthat � Å�ÛÜ�-Ý³Þ 6,��ßRà�á|�4� andwe denotethis by àVâ-á�9Õ����� .
Noticethatthis is equivalentto sayingthat � hasmultiplicativeorder ÁL����� in thegroup �<;9

2.6THEOREM . Let 	 bea cyclicgroupof order � . Thegroup =?>A@ ��	�� of automorphismsof

	 is exactlythegroupof all automorphisms!&l¿Å3¤Yl¿ÅV�BSÕ�½J^S Å ��6�7UÁ± ¥�³�1S�×ªØ���Á��%�4�³Jo6�* .
Moreover, themappingÁRã¶ l¿Å is an isomorphismfrom � ;9 to =�>A@&��	`� .

PROOF:[13] First we verify that l¿ÅdG�=�>A@$��	`� . We canseethat l�Å is a homomorphismof

	 , sincefor S N �'S � G^	 , we have l¿Åi�.S N S � ��Jb�.S N S � �
Å JgS ÅN S

Å
� Jäl¿ÅV�BS N ��l�Å��.S � � . Let � be

a generatorof the groupandlet S N JÔ�Oå and S � JÔ��æ0�+�n7ÔFV�')¯ ç� . Now supposethat

l¿Å��.S N �ÎJ¹l�ÅV�.S � � . Thenwe have that �Oå Å Þ ��æ Å �.ß¯à�á¬�4� . Thus, )-Á Þ F&ÁC��ßRà�áh�L� . Since

Á and � arecoprime, ) Þ F±�.ß¯à�áH�L� . Giventhepossiblevaluesfor F and ) , they mustbe

equal,andhenceS N JÌS � and l�Å is injective. Given �Oå , clearly l¿ÅV�B� Åªè Ç å��?JÌ�Oå , implying

that l�Å is surjective.

Next we verify thatany elementof =?>�@&��	�� is l¿Å for someÁ��'S�×ªØ���Á��%�4�½J~6 . Let � bea

generatorof 	 andlet l\G�=?>A@ ��	�� . Since l��.� å �<Jg��l:�.���'� å , theactionof l is completely

determinedby its actionon � . As l:�.��� mustgenerate	 aswell, it hasorder � . Thus,

l:�.���3JÌ� Å for some Á with S�×�Ø���Á��%�L�ÙJÚ6 , asthesearethegenerators.Fromthis we see

thatfor any element�Oå of 	 , l��B�Oå��1JIl��B���fåLJ¨�.� Å �fåLJ�l¿ÅV�B�Oå�� .
�
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2.7LEMMA . Thenumberof elementsof order Á in �:9 is 23��ÁA� if Á�T � andzero otherwise.

PROOF: Certainly the orderof an elementmustdivide the orderof the groupandso we

consideronly thoseÁ which divide � . Theelementsof order � arepreciselytheintegersin

��9 co-primeto � [13]. Thus,thereare 23���L� elementsin thecyclic groupof order � which

have order � . If �WGn�:9 is of order Á , it generatesa subgroupof �:9 of order Á . Fromour

remarksabout � , thereareat least 23��ÁÕ� elementsof order Á .

Now, �:9 is a cyclic groupof order � , hencethereexist subgroupsof order Á for each

divisor Á of � . Sincefor any positive integer � , é Å�ê 9 23��ÁÕ�<J£� , we canaccountfor every

elementin �:9 uponconsideringthesubgroupthey generate.Hence,thenumberof elements

of order Á in �:9 , for Á adivisorof � , is 23��ÁÕ� .
�

2.8THEOREM (Gauss,[14]). Thegroupof unitsof � � is a cyclic group,isomorphicto the

cyclicgroupof order �R©m6 .

2.9THEOREM . Thecycleindex of ��;� actingon � � ]Î� is

Í¬��� ;� �%� � ]<�i�1J 6
�¯©m6

Ï
ë ê � MON

23��Ø��f�³ì è
Çíë �

where thesumis takenoverall divisorsof �R©m6 .

PROOF: Let the orderof � modulo � be ÁL����� . We know that for �Iîï6 , Á������¬J �«�u©
6 �'ð&S�×�Ø����O���²©,6$� . If � is any elementof � � ]A� , thenit is in thecycle �.�|�V�¬� � �£X�X�XZ� ÅªÛñ�'Ý MON ��� .
The permutationS(���B���¯JÚ�V� splits �<;� into cycleseachof length ÁL����� . Since ÁL����� must

divide �R©m6 , thereare ���¯©m6 �'ðVÁL����� cyclesof length Á������ .
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Summingover theelementsof �<;� , wehave thecycle index

Í¬��� ;� �%� � ]�i�»J 6
�R©\6

Ï
� Ñ"òAó

ì
� ì è

Çô�õ¦öf÷ÅªÛñ�'Ý

J 6
�R©\6

Ï
� Ñ"òAó

ì
�Oøjù.ú ÛÜ�+� � MON Ý

ì è
Çû�ü í�õ ö'ý
ì è
Ç ÷

J 6
�R©\6

Ï
ë ê � MON

23��Ø��f�³ì è
Çíë X

�

2.2 Enumerating Cir culantsof Prime Order

Pólya’s Theorembrings togetherthe threenecessarycomponentsfor countingin a very

simpleway. To establishcontext, first recall theCauchyFröbeniusLemma(alsoknown by

theBurnsideLemma). If 	 is a finite groupof transformationsactingon a finite set Ä of

objects,andtwo objectsareconsideredequivalentif oneis transformedinto theotherby

a transformationin 	 , thenthenumberof inequivalentobjectsis Nê Ò ê éIþ+Ñ�Ò�´�5����.SA� , where

´�5����.SA� is thenumberof pointsin Ä fixedby º .

Pólya’s Theoremgeneralizesthis idea. Let � and Â befinite sets.Let Â Ã denotethe

setof all functionsfrom � to Â , andlet 	 bea permutationgroupactingon � . For each
º GW	 defineapermutatioņº actingon Â Ã by

¸º ��´L�ª�.���1J�´²� º �.���-�

for all ´¥G¥Â Ã andall ��G¥� . Themappingtaking º to ¸º is a homomorphismof 	 to a

permutationgroup ¸	 .

2.10THEOREM (Pólya). With � , Â , 	 , ¸	 , and Â Ã aspertheabovediscussion,thenumber

of inequivalent́WGuÂ Ã under ¸	 is determinedbyevaluatingthecycleindex of 	 with each

variablesetto T Â}T .



CHAPTER2. CIRCULANTSOF PRIMEORDER 13

Thetheoremis actuallymuchstronger. A gooddiscussionexists in either[1] or [12].

To summarize,if theweightof anelementÿ in Â is ����ÿA� , thenthegeneratingfunctionfor

Â is then S���v��\JÌé���Ñ��?v � Û � Ý . Thegeneratingfunctioncountingorbitsof ´rG�Â Ã under

¸	 is obtainedby substitutingSL�.v � � for � � in thecycle index of 	 . In particular, thenumber

of orbits of the permutationgroup ¸	 is given by settingall of the weightsequalto one,

essentially, evaluatingthecycle index of 	 with eachvariablesetto T¦Â}T .
WecanapplyPólya’sTheoremto countthenumberof circulantgraphsof order� , � an

oddprime.Let thedomain� bethesetof orderedpairs

!i!Y6V�"©�6�*Y�ª!(����©?��*Y��X�X�X0�"! �R©\6
� � �`�U6

� *i*
with therangeÂ chosento betheset{0,1}. A function ´�� in Â Ã correspondsto acirculant

graph���.�³Q0/1� in thefollowing way. Theset !$5-��©�5�* is in / if andonly if ´����f!$5-��©5-*(�ZJo6 .
Thepermutationgroupactingon � thatwe will consideris � ;� with theactionof multipli-

cation.

Sincemultiplicationby � is thesameasmultiplicationby ©?� with respectto � , in this

casethepermutationgroupcanbepareddown to � � MON ð�!Y6V�"©�6�*Ù¢J � ì è
ÇÈ .

2.11THEOREM (Turner). Let � bea prime. Thenumberof circulantgraphsof order � , to

within isomorphism,is �
�R©m6

Ï
ë ê ì è

ÇÈ
23��Ø��-� ì è

ÇÈ í X

PROOF: We have by Theorem2.5 that two circulantgraphs��� 	 � Q0/1� , and � t � 	 � Q'�?� are

isomorphicif andonly if their connectionsetssatisfy /ÌJ¡�V� for some �\G 	 ;� . Con-

sider the action of � in the cyclic group of order �«��©p6$�'ðV� on � . This mapsthe set

!$5-��©5-* to !$5��x�"©�5��O* . This inducesan action ¸� on Â Ã definedby ¸����´��"�.����Jä´²���V��� . No-

tice that ´²�j!&�Y5-��©��Y5�*(��J 6 if and only if ¸����´L�"�j!$5'��©5-*(�CJ 6 for each 5�G 	 ;� . Since

¸����´L�dGIÂ Ã �+����´��Y��JË´�
 for some�Ô[g� , with /�Jç�V� . Thus,countingthe numberof

orbitsof this groupsimultaneouslycountsthenumberof isomorphismclasses.Thecyclic

index of thelattergroupis �
�R©\6

Ï
ë ê ì è

ÇÈ
23��Ø��j� ì è

ÇÈ íë
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Wenow substitute��JpT¦Â}T for eachvariable,accordingto Pólya’sTheorem,andobtainthe

desiredresult.

�

EXAMPLE. To illustrate this result considerthe circulantson five vertices. Thereis the

empty graph,the five-cycle and the completegraph; the choicesof valency 0, 2 and 4,

respectively. If wenow considerthenumberof classesaccordingto theformula,we have

�
� ��23��6$�-� � �¥23���V�'�V�1JU�A�

asis consistentwith Figure2.

EXAMPLE. To illustratethe power of the formula we considera moreimpressive result.

Let �|J8��� . Thecycle index for this caseis

�
�V� �B� �j�N �n� N��� �^6$�&� � N�� �U6$�$� �j� ���

andit follows thatthenumberof non-isomorphiccirculantgraphsof order53 is

6
� Ö ��� �j� �¼� N�� �U6$��&� � �U6 ���&���½J8�����A6Î�Y���AX

2.3 Cir culant Digraphs of Prime Order

The enumerationof digraphsis simplerthanthe enumerationof graphs,yet hasnot pre-

viously beeninvestigated.Theorem2.5 holdsin the digraphcaseaswell, andhencewe

canusethesamemethod.However, in this situationtheconnectionsetscanbeany subset

of � � ]�� , so we neednot concernourselveswith dealingwith pairs !$5-��©5-* . Insteadwe

simply determinethecycle index of �<;� actingon � � by left multiplicationascalculatedin

Theorem2.9. Whentheorderof a circulantis primethereis not muchdifferencebetween

thedirectedandtheundirectedcase.However, theresultsfor digraphsaretypically simpler

thantheresultsfor graphs.
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2.12THEOREM . Thenumberof non-isomorphiccirculantdigraphsof order � , � prime, is

6
�¯©m6

Ï
ë ê � MON

23��Ø��'� Û � MON Ý�� ë X
EXAMPLE. We cancontrasttheearlierresultwith thenumberof circulantdigraphson five

vertices.Thenumberof non-isomorphicdigraphson � verticesis

6
� ��� c �¥� � �¥��&�V�½J Ö X

EXAMPLE. It is just assimpleto determinethesameinformationof acirculantdigraphof

a largerorder. Consider�|J���� . Thenumberof non-isomorphiccirculantdigraphsof order

29 is 6
�(�

Ï
ë ê � �

23��Ø��'� È��í J������������V��X

2.4 Counting Regular CayleyGraphs

Oneof the charmsof this countingmethod,asopposedto, say, directly appealingto the

Cauchy-FröbeniusLemma,is thatwe canobtainevenmorerelevant information. In fact,

wehavenotmadeuseof thetruepowerof themoregeneralversionof Pólya’s Theoremat

all. Theresultssofar couldjust aseasilyhave beencomputedwith theCauchy-Fröbenius

Lemma.

Insteadof producingthenumberof orbits,which in thiscaseyieldsthenumberof non-

isomorphicgraphs,we cangreatea generatingfunction which givesusmoreinformation

aboutthesegraphs.For example,sinceCayley graphsarevertex transitivethey areregular,

thatis everyvertex hasthesamevalency. WecanusePólya’sTheoremto createagenerating

function �¯�.��� wherethecoefficient of v Å is thenumberof non-isomorphicgraphswhich

are Á�© regular. A Cayley graphis Á�© regularwhentheconnectionsetis of size Á .

To get thedesiredgeneratingfunctionfrom Pólya’s theoremwe needa suitablegener-

atingfunctionfor Â�J~!&�A�"6�* . Recallthat ´��������ZJo6 if andonly if !&�O��©��O*d[�/ . Sincethe
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valency of agraphis thesizeof its connectionset / , andfor eachchoiceof 1 for a function

thesizeof / is incrementedby 2, the element1 in Â shouldhave a weight of 2, and0 a

weightof 0. Thus,thegeneratingfunctionfor Â is 	}�.v��ÎJg6��\v�� . Accordingto Pólya’s

theoremif we substitute	¯��v Å � for �xÅ in the cycle index, the resultwill be a generating

functionfor thenumberof Á�©{#(_"S�v��.�i# graphsof a givenvalency.

EXAMPLE. In thecaseof circulantsof order5, wehadthecycle index of N� �.� � N �y� � � . Thus,

uponreplacingeach� � with 6���v � � wehavethegeneratingfunction N� �'��6���v � � � �}��6���v c �'�1J
6:�¼v � �¼v c . This suggestsa circulanteachof valency 0, 2, and4, which wasalsoevident

from Figure2.

If two Cayley graphsareisomorphictheir complementsareisomorphicunderthesame

isomorphism.Thus,for agivengroup 	 , if thereare � non-isomorphic,Á -regular, Cayley

graphson 	 of order � , therearealso � non-isomorphicCayley graphson 	 of order �
of valency �y©¼Á . Thusoneonly needshalf thetermsin thegeneratingfunctionto get the

completepicture.

EXAMPLE. In anearlierexamplewe calculatedthattherewereover two million circulants

of order53. Thevalency generatingfunction,

6 ��6���v � �d6 ��v c �d6 ����v � ��������v � ���V�(�V��v N�� �3�V� Ö�Ö v N�� ���V���V����v N.c � Ö �A6V6 �(v N�� �d6$���A6��V�(v N � �dX�X�X
indicateshow they aredistributed. For example,thereare25 30014-regularcirculantsof

order53.

We canevendeterminethis formula in general.If we denotethecoefficient of v 9 in a

polynomial ´²��v�� by �qv 9�� ´³��v�� , thenthenumberof circulantsof order� andvalency Á is�qv Å � �
�R©m6

Ï
ë ê Û � MON Ý�� � 23��Ø��ª��6Z�rv � ë � ì è

ÇÈ í

J �qv Å � �
�R©m6

Ï
ë ê Û � MON Ý�� � 23��Ø��

Û � MON Ý��-Û � ë ÝÏ � � � ! ���¯©m6 �'ðÕ����Ø��
5 " v � � ë

J Ï
ë ê þ$# ë ÛñÅª�¦Û � MON Ý Ý�� � 23��Ø��

! �«�R©m6$�-ðÕ����Ø��
ÁÕðÕ���(Ø�� " X

For example,thenumberof circulantsof primeorder� of valency two is always1. The
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numberof valency 4, is �«�R©\6$�-ð(� if four divides�R©m6 and ���¯©r�V�'ð(� otherwise.

We canusethis sametechniquein thecaseof digraphsto countthegraphsof a given

out-valency.

Thenumberof circulantdigraphsof order� andout-valency � is�¦v 9 � 6
�¯©m6

Ï
ë ê � MON

23��Ø��"�f6���v ë � ì è
Çí

J �¦v 9 � 6
�¯©m6

Ï
ë ê � MON

Û � MON Ý��-Û � ë ÝÏ � � � 23��Ø��
! �«�R©\6$�-ðÕ���(Ø��

5 " v � � ë
J Ï

ë ê þ%# ë Û 9(� � MON Ý 23��Ø��
! ���¯©m6 �'ð�Ø

�Lð�Ø " X



Chapter 3

Cir culantsand Cir culant Digraphs

Thecaseof countingcirculantsof primeorderis sopleasinglysolvedit would besatisfy-

ing if the compositecasefollows asnicely. The cycle index in this caseis slightly more

complicated.

Theorem1.2, implies that we can enumeratea larger collection of circulantsusing

Pólya’s theoremand Turner’s clever method. Thus, we can enumeratethe circulant of

order8, 9, 18and �(��� where_�G�!&����6V�0��* and � is oddandsquare-free.Hereweconsider

only thecasewhere � is oddandsquare-free.Theformulaefor theremainingvalueswill

follow from theresultsfrom this andthenext chapter.

Working with the groupof units of �:9 when � is not prime is not asstraightforward

as the prime case. However, we canshow that a groupof units is asstraightforward as

workingwith productof cyclic groups.

3.1LEMMA . Let &d��Â�� denotetheunitsof a ring Â . If /{JUÂ N(' Â �)' X�X�X ' Â å � for rings

Â � ��6�7m517\) , with multiplicativeidentities 6 �+* , then&d��/1�1J,&d��Â N � � &d��Â � � � X�X�X � &d��Â å ��X
PROOF:[14] Addition andmultiplicationaredefinedin thenaturalway, thatis, component-

wise.Wehave that

��# N �%# � ��X"X�X"�%# å �"��F N �0F � ��X�X�Xª�0F å �1J¨��# N F N �%# � F � ��X"X�X"�%# å F å ��X
18
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Thus, �.# N �%# � ��X�X�Xª�%# å � hasan inverseif andonly if # � hasan inversefor each5 from 1 to ) .
Thusthegroupof unitsof Â N-' Â �(' X�X"X ' Â å is precisely&d��Â N � � &d��Â � � � X�X�X � &d��Â å � .

�

3.2THEOREM (ChineseRemainderTheorem).Supposethat � J � N � � X�X"X'� å and that

S�×�Ø���� � �%�/."�3JÔ6 for 5R§Jo° . Let � N �+� � ��X�X"X"�+� å be integers andconsiderthesystemof con-

gruences:

� Þ � � �.ß¯à�á�� � �0� for 5³J£61X�X�X-)0X
Thereexistsa uniquesolutionto this problem,modulo� .

TheChineseRemainderTheoremallowsusto provea well known result.

3.3THEOREM . Let �ËJ^� N � � X X X � å , where the � � arepairwiseco-prime. Then

� ;Ê ¢ J � ;Ê Ç � � ;Ê È � X"X�X � � ;Ê10
PROOF:[14] Let 2 � denotethe naturalhomomorphism�mã¶ �8��ßRà�á�� � � from � to � Ê *
for 51JÌ6V��X�X"Xª�') . Theseform a naturalmap 2 from � Ê to � Ê Ç ' � Ê È ' X�X�X ' � Ê10 defined

by : 2?���L�¬J ��2 N ���L���32 � ���L����X�X"X"�32 å ���4�-� for all �eG¹� Ê . This is a ring homomorphism

aseach 2 � is itself a homomorphism.Further, it is an isomorphismbecausethe Chinese

RemainderTheoremguaranteesa well definedinversefunction. The inverseof 2 takes

�B� N �'� � ��X"X�X"�'� å � to the uniquesolutionmodulo � of � Þ � � ��ßRà�á�� � ���'5�J»61X�X"X-) . This

givesusan isomorphismbetween� Ê and � Ê Ç ' � Ê È ' X"X�X ' � Ê 0 andfrom Lemma3.1,

��;Ê ¢ J ��;Ê Ç � ��;Ê È � X�X�X � ��;Ê 0 .
�

3.1 Cir culants

We first considercirculantsthat have an orderthat is a productof two distinct primes. It

will becomeclearhow to generalizethis to thelargercase.Circulantsof theform �����54�Q+/Z�
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with �4�34 primecanbeenumeratedin amannersimilarto thecirculantsof primeorder. Each

circulantwill beassociatedwith a functionfrom

�gJ�!i!Y6V��©�6�*Y�"!(���"©Ù��*Y�"X�X�X0! �54?©m6
� � �54Î�^6

� *i*
to Â8J�!&�A��6�* definedby

´����f!$5-��©5-*(�1J 6798 6 !$5'��©5-*`GP/
� otherwise.

Theorem1.2 tells us, thatasin thecaseof prime ordercirculants,thegroupactionto

consideris multiplicationby anelement� in �<;�;: . Functions,andconsequentlyconnection

sets,whichcanbemappedto eachotherunderthis actionyield isomorphiccirculants.

As before �¥GI� ;�;: actson � by mapping !$5-��©5-* to !&�i5'�"©?�i5-* . Thus � and ©�� per-

form thesameaction. Hence,thegroupof permutationswe consideris �<;�;: ð�!Y6V��©�6�* . By

Theorem3.3thisgroupis isomorphicto �.� ;� � � ;: �'ð�!��f6V��6$�0�$��©�6V��©�6$�0* whichwedenoteby< �=: .
Thecycle index is calculatedby examiningtheactionof thepermutationgroupon the

domain.

3.4THEOREM . Thecycleindex of
< �=: actingon � is

Í¬� < �=: �+�±�½J �
�R©m6

Ï
ë ê � MON

Ï
� ê : MON � � 23��Ø��'23��_$�j�?> õ ìA@ ÷ÈCB õ¦ífý DB÷E Û ë � � Ý � ì è

ÇÈCF õ¦í¾÷G Û ë Ý � @ è ÇÈCF õ9DB÷G Û � Ý

where

�{�����½J 67 8 � � is odd

��ðV� otherwise

and


��Ø N �%Ø � �ZJ 67 8IHKJ ßh��Ø N �+Ø � �-ðV� Ø N �%Ø � bothevenanddivisibleby thesamepowerof 2HKJ ßh��Ø N �+Ø � � otherwise.



CHAPTER3. CIRCULANTSAND CIRCULANT DIGRAPHS 21

PROOF: Let usdenotetheelement!$�W�"©��u* of � by � , with �� \�s7m�LðV� . An elementof< �=: is of theform !����O�+�����$�f©?�O��©����0* . Wecanrepresentit uniquelyby S Ûñ�0� �.Ý , with �R7^�¯ ��
and �¯7I��7L4�ðV� . We have that SYÛÜ�+� �.Ý actson � in thefollowing way: S�Ûñ�+� �.Ý'�.�h�:JI� where

� Þ �i�¡��ßRà�á��x���'� Þ �0�b��ßRà�á/4�� . TheChineseRemainderTheoremguaranteesaunique

valuefor � . Notice that S �ÛÜ�+� �.Ý ���h�3Jp� where � Þ � � � �.ß¯à�á|��� , � Þ � � � �.ß¯à�áM4V� and

in general,S �Ûñ�0� �.Ý ���h� is thesolutionto � Þ � � � ��ßRà�áR��� , � Þ � � � ��ßRà�áN4V� . Also notice

that if � is a multiple of � this systemreducesto � Þ �¥��ßRà�áC��� , � Þ � � � ��ßRà�áO4�� .
Thusmultiplesof � aremappedto othermultiplesof � . In fact we canpartition � into

threeparts,multiplesof � , multiplesof 4 andthosecoprimeto �I4 . Sincea multiple of � is

necessarilycoprimeto 4 , thereare 23��4��'ðV� membersin the first part, 23�«���-ðV� membersof

thesecondpart,and 23���54V�-ðV� membersof thethird part.

To determinethe cycle index we must find the cycle structureof eachpermutation.

Consider�sGW� . Wehavealreadydeterminedthatthepermutationspermute� within the

partto which it belongs.Hence,letsconsidertheactionof ageneralpermutationon � and

considerthethreepartsseparately. Let ÁV�ÎJ8ÁV� and ÁV�²J^àVâ'á � ����� .
First, let � be a multiple of � . Let S�Ûñ�+� �.Ý be a generalaction from

< �;: . The length

of thecycle in which � is containedundertheaction S ÛÜ�+� �.Ý is the least Á for which either

S ÅÛñ�0� �.Ý ���h�±J®� or S ÅÛñ�0� �.Ý ���h�¬J ©�� . That is, the least Á for which � Å Þ 6¼�.ß¯à�áP4V� or

� ÅÞ ©�6d�.ß¯à�áQ4V� respectively. Thesecondcaseoccursexactlywhen ÁV� is even,andin this

caseÁ is ÁV�"ðV� . In thefirst caseÁPJgÁV� . Thereare 23��4��'ðV�¬JÚ��4�©�6$�-ðV� multiplesof � in

� , andeachis containedin acycleof length Á . This will have theeffectof contributingan

� @ è ÇÈ ôÅ to thecyclic monomialof S�Ûñ�0� �.Ý . Thecasefor multiplesof 4 is identical.Thereare
� MON� Å

cyclesof length Á , where Á is ÁV� if ÁV� is evenand Á is ÁV� otherwise.

If � is coprimeto both � and 4 , thenwe mustcontendwith the doubleequivalence.

The element� is containedin a cycle of length Á , where Á is the smallestinteger such

that S ÅÛñ�+� �.Ý �.�h�ÙJ¨� or S ÅÛñ�0� �.Ý ���h�ÙJä©� . Thefirst caseoccurswhen � Å Þ 6¬�.ß¯à�á}��� , and

� Å Þ 6���ßRà�á/4�� . ThesmallestÁ for which this canhappenis ÁRJ HKJ ßy��ÁV�$�0ÁV�f� .
Thesecondcasehappensonly when � Å Þ ©�6±��ßRà�á,�x� , and � Å Þ ©�6}��ßRà�áR4�� . From

discussiononmultiplesof � thatwould imply thatthiscaseoccurswhen ÁV� and ÁV� areboth



CHAPTER3. CIRCULANTSAND CIRCULANT DIGRAPHS 22

even,andhenceÁ,J H�J ßy��ÁV�$�0ÁV�f�-ðV� . However, if

ÁV�"T HKJ ßh��ÁV�$�0ÁV�f�'ðV� then ��S T�U õ ô ö ý ô�V�÷È ô Þ 6`��ßRà�á/4�� . Hence,this caseoccursexactlywhen ÁV� and

ÁV� arebotheven,andneither ÁV�"T H�J ßy��ÁV�$�0ÁV�f�-ðV� nor Ái�YT H�J ßh��Ái�$�0ÁV�f�-ðV� . The latter two occur

whenoneof Ái� and ÁV� containsapowerof two higherthantheother. In thelattertwo cases,

Á,J H�J ßy��ÁV�$�0ÁV�f� .
So thereare 23���54V�-ðV�PJ �«�y©�6$�ª��4�©£6$�'ð�� membersof this part, eachcontainedin a

cycleof length Á , thusunderS ÛÜ�+� �.Ý thereare ���R©m6$�"�W4Ù©\6$�-ðÕ���VÁA� cyclesof length Á .

Let Ái�<JYX$#�Ø � ����� , and ÁV�²JZX&#(Ø : ����� . Puttingall threecasestogether,

Æ1�.SYÛÜ�+� �.Ý��½J

6[[[[[[[[[[[[[[[[[[[[[[[7 [[[[[[[[[[[[[[[[[[[[[[[8

� \ õ ìA@ ÷È�] ü É õqô ö ý ô^V�÷_ # Ê ÛñÅ ö � Å V Ý � ì è ÇÈ ô öÅ ö � @ è ÇÈ ô^VÅ V ÁV�$�0ÁV� bothodd

� \ õ ì`@ ÷È ô_ # Ê ÛñÅ ö � Å V Ý � ì è ÇÈ ô öÅ ö � @ è Çô�VÅ V � � ÁV�$�0ÁV� botheven

� \ õ ì`@ ÷È ô_ # Ê ÛñÅ ö � Å V Ý � ì è Çô öÅ ö � � � @ è ÇÈ ô VÅ V ÁV� even�0ÁV� odd

� \ õ ì`@ ÷S T�U õ ô ö ý ô V ÷_ # Ê ÛñÅ ö � Å V Ý�� � � ì è ÇÈ ô öÅ ö � � � @ è ÇÈ ô VÅ V � � ÁV� even�0ÁV� evenanddivisibleby thesamepowersof 2

� \ õ ì`@ ÷È S T�U õ ô ö ý ô�V�÷_ # Ê ÛñÅ ö � Å V Ý � ì è ÇÈ ô öÅ ö � � � @ è ÇÈ ô�VÅ V � � otherwise

Now thatthepossiblecycleactionsaresummarized,it remainsto determinethenumber

of permutationsof eachcycle type. Thesecan be countedby enumeratingthroughthe

possibleordersof elementsin � � and � : .
To begin, considerthefollowing observation.

3.5LEMMA . The multiplicative order of ©�� in � � , � prime, dependson the residueof

à�â'á � ����� modulo4. If àVâ-á � ����� is congruentto 0 modulofour, then àVâ-á � ��©�����JaX&#(Ø � ����� . If

à�â'á � ����� is odd,then àVâ'á � �f©?���1J8�(à�â'á � ����� . Otherwise, àVâ-á � ��©����1JIàVâ'á � �����'ð�� .

PROOF: Notice that if àVâ-á � �����dJ ÁL����� , then ��©������ ÅªÛñ�-Ý Þ ��©�6$��� Å�ÛÜ�-Ý �i� ÅªÛñ�-Ý Þ 6C��ßRà�áu�x� .
Hence,àVâ'á � �f©?��� Tq�VÁL����� . By symmetry, ÁL����� Tq�(àVâ-á � �f©?��� . Thus,àVâ'á � ��©����<G|!(ÁL�����0� ÅªÛñ�'Ý� �0�VÁ������0* .
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Let ÁL����� be divisible by four. Then, �f©?��� ÅªÛÜ�-Ý�� �\J ��©�6$� Å�ÛÜ�-Ý�� �0� ÅªÛñ�-Ý�� � Þ ©�6~��ßRà�á��x� .
Hence, àVâ-á � �f©?���|J¡ÁL����� . Next, if Á������ is congruentto 2 modulo4, then �f©?��� ÅªÛÜ�-Ý�� � J
�f©�6 � ÅªÛñ�'Ý�� �0� ÅªÛñ�'Ý�� � Þ 6}��ßRà�á���� , andtheorderof ©�� is ÁL�����-ðV� . Lastly, if ÁL����� is odd,then

�f©?��� ÅªÛÜ�-Ý J¹�f©�6 � ÅªÛñ�'Ý � ÅªÛÜ�-Ý Þ ©�6d�.ß¯à�áÙ��� , hencetheorderof ©�� is �VÁL����� .
�

Now, thenumberof elementsof order Á modulo� is 23��ÁÕ� . Lemma3.5givesusawayto

countthenumberof elements� of order Á modulo 4 where �|7��h L4�ðV� . Now, recall that

if �{Gn� �;: is in a cycle of length �VÁ undermultiplicationby � , thecorrespondingelement

of � , ! �¿��©Î�4* , will bein acycleof length Á underthepermutationassociatedwith � in b .

If � is a multiple of 4 , this cycle lengthwill be Ái�ÙJ~àVâ-á � ����� . Now, if ÁV� is divisible by 4,

©�� will resultin acycleof thesamelength.Hence,thereare 23��ÁV���-ðV��J823��ÁV�ªðV�V� elements

between0 and 4�ðV� which will put anelementin a cycle of order Ái� . If ÁV� is even,but not

divisibleby 4, thenit will still put ! �¿�"©�4* in a cycle of length Ái�"ðV� . In this casetheorder

of ©?� modulo � is ÁV�"ðV� , sowill alsoput theelementof � in a cycle of length ÁV��ðV� . Thus,

thenumberof elementsbetween� and 4�ðV� with order ÁV� is 23��ÁV�"ðV�V� .
Justby consideringonly evenorders,we canaccountfor all of theordersof elements

between0 and 4�ðV� .
Wehave that

Í¬� < �dc¯�»J �
23���54V� Ï

þ õ¦ö'ý V ÷ Ñfe ÆZ�.S ÛÜ�+� �.Ý �

J �
23���54V� Ï

ë ê � MON
Ï
� ê : MON� ê �

23��Ø��-23��_$ðV���f� ì è
ÇÈCF õ¦í�÷G Û ë Ý �g@ è ÇD� � � �h> õ ìA@ ÷ÈCB õ¦ífý DB÷E Û ë � � Ý
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Wecansplit thefinal sumup into differentcasesbasedon theparity of thefirst divisor.

�
23�«�54�� Ï

ë ê � MON�=iê ë Ï
� ê Û : MON Ý�� � 23��Ø��'23��_$�f� ì è

ÇÈ íë � @ è ÇÈ D� � > õ ì`@ ÷È S T�U õ¦ífý È DB÷j ùWk Û ë � � � Ý

� �
23�«�54�� Ï

ë ê � MONc ê ë
Ï
� ê : MON� ê �

23��Ø��'23��_$�f� ì è
Çíë � � � @ è ÇÈ D� � > õ ìA@ ÷È S T�U õ í�ý D ÷j ùWk Û ë � � Ý

� �
23�«�54�� Ï

ë ê � MON� ê ë
Ï
� ê : MONë � � havesamepowers

of 2 asfactors

23��Ø��'23��_$�f� ì è
Çíë � � � @ è ÇÈ D� � > õ ì`@ ÷È S T�U õ í`l È ý DB÷j ùWk Û ë � � � � Ý

�

3.6COROLLARY . Let �L�34 beprime. Thenumberof circulantgraphsof order �yJ��54 upto

isomorphismis �
23�«�54�� Ï

ë ê � MON
Ï
� ê : MON� even

23��Ø��'23��_$ðV�V�-� ì è
ÇÈCF õ¦í�÷ � @ è ÇD � > õ ìA@ ÷ÈCB õ¦ífý DB÷ X

PROOF: Thisvalueis achievedby substitutingT¦Â}T(J�� into everyvalueof � .

�

Considernow someexamplesfor somesmallprimes.

EXAMPLE. We can calculatethe numberof circulantsof order 6. According to Theo-

rem3.6,this numberis

� � J��
sincethecycle index is � � N , which is evidentfrom Figure3.1.

EXAMPLE. Wecancalculatethenumberof circulantsany largesuitableorder. Thenumber

of graphsof order35 is 6V6�6��V� . Wecanalsodeterminethenumberof eachvalency. Recall

thatto determinethegeneratingfunctionwheretheweightis valency we simplysubstitute

6��rv�� � for � � in thecycle index. In this caseweget,

6�����v � �^6��Vv c � Ö �&v � �¼���V��v � �¥�(�V��v N�� �U6 �V�V�(v N�� �U6 Ö �V��v N.c �¥���i�&�Vv N�� �^X�X�XªX
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Figure3.1: THE EIGHT ISOMORPHISM CLASSES OF CIRCULANTS OF ORDER 6

Wecangeneralizetheenumerationformulawith somehelpfromnotation.Let HKJ ßH�j!&� � *(�
denotethe leastcommonmultiple of a set. That is, for each � � G~!&�Õ* , � � T H�J ßy�f!&�Õ*(� , and

it is the smallestintegerwith this property. If thesetconsistsof a singleelement� , thenH�J ßh�����1J�� .

3.7THEOREM . Let � N ��� � �"X�X�X"��� å bea collectionof distinct,oddprimes.Thecycleindex of

thegroupactionof �<;� Ç � Ènmomom � 0 ð�!Y6���©�6(* actingon � � Ç � È%momom � 0 ð�!Y6V��©�6�*�]L� byright multiplication

is

Í¬��� ;� Ç � È momom �;0 ðY!Y6V��©�6�*Y�%� � Ç � È%momom �;0 ð�!Y6V��©�6�*:]�V�
J �p �«� N � � X�X�X�� å �

Ï
Û ë Ç � ë È �omomom � ë 0 Ýë * ê � * MONë 0 ê Û �;0 MON Ý�� � 23��Ø N ��X�X"X%23��Ø å � qr3sut N � � �omomom � å�vr i�-t v � w õ9x�÷ÈCB õzy í *K{ *}| x ÷E Û t ë * v *}| x Ý �

where � and 
 areasin Theorem3.4and b¯��Ó��½J�~ � Ñ r �«� � ©m6$� .

PROOF: Theproof is very similar to Theorem3.4. Theorem1.2holdsin this caseandwe

usethesameisomorphismandactionfrom thegroupto theset.An elementof

� � Ç � È%momom � 0 ð�!Y6V��©�6�*?]3� canbe representedby � with �� p�  �� N � � X�X"X�� å ðV� . An element

of the group �nG^�<;� Ç � È%momom � 0 is representedby SYÛÜ�+Çf� �'È��omomom � � 0 Ý�JçS��� with � � Þ ���.ß¯à�áy� � � and

�u7¨� å 7�� å ðV� . Each S��� actson � as S���(���h�3J¨� where � is theuniquesolutionmodulo
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� N � � X�X�X�� å to thesystemof congruences�hJ8� � �»�.ß¯à�á�� � � . Thus, S���� �.�h� is thesolutionto

�±JI� �� �¡�.ß¯à�á3� � � andin generalS Å�� �.�h� is thesolution � to �¬JU� Å� �¡�.ß¯à�á3� � � .
In the caseof )hJ � threecaseswere evident. The possibilitieswere either that �

is coprimeto both � N and � � or to exactly oneof � N or � � . In the generalcase,� may

be coprimewith somesubsetof the � � . The lengthof the cycle in which � is contained

will dependon this subset.Saywithout lossof generalitythat � is coprimewith exactly

� N ��� � �"X�X�X"��� æ � for 6�78F,7�) . Considertheactionunder S��� . For 5���F , � � � Þ �¬�.ß¯à�á�� � � .
This meansif Á¥J H�J ßy�f!�X$#(Ø � * �����0*(���'5�J 61X�X�X'F , we have S Å�� ���h�|Jb� . Thus, the cycle

lengthof S��� divides Á . This will betheorderof thecycle unlessthereexistsa Á t for which

S Åd��� �.�h�1J~©� . Sucha Á t  ^Á exists,asbefore,if andonly if, eachà�â'á � * ����� is evenandnot

all aredivisibleby 4. If sucha Á t existsit is Á t J HKJ ßy�f!�X$#�Ø � * �����+*(�'ðV� .
It isnotdifficult determinethenumberof � coprimewith exactlytheset !+� N ��� � ��X�X�Xª��� æ * ,

or indeedany subsetof the � � in general. Thereare 23�«� � � elementsof � � Ç � È%momom �=0 coprime

with � � , hencethereare ~ æ�}� N 23��� � �-ðV� possiblevaluesfor � , eachcoprimewith exactly

� N � � X�X�X�� æ .
As before,wesumover thepossibleordersto achieve theresult.

�

3.8COROLLARY . Thenumberof circulantsof order � N � � X�X"X�� å with each � � a distinctodd

primeis
�p �«� N � � X"X�X�� å � Ï

Û ë Çf� ë È��omomom � ë 0 Ýë * ê � * MONë 0 ê Û � 0 MON Ý�� � 23��Ø N ��X�X�X%23��Ø å � qr3sut N � � �omomom � å�vr i�-t v � w õ9x�÷ÈCB õzyBí *K{ *}| x ÷E Û t ë * v *}| x Ý X
3.2 Cir culant Digraphs

The digraphcaseis simpler. As we arenot looking at the quotientgroup,by merelyde-

terminingthecycle index of �<;9 actingon �:9 , we cancounttheclasses.This removesthe

awkwardtermsthatresultfrom determiningtheparity of orders.Though,in reality in the

circulantcasewe havehiddenthis awkwardnessin notation.
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3.9THEOREM . Let � N ��� � �"X�X�X"��� å bea collectionof distinct,oddprimes.Thecycleindex of

thegroupactionof � ;� Ç � È momom �;0 actingon � � Ç � È momom �;0 ]� by left multiplicationis

Í¬��� ;� Ç � È%momom � 0 �%� � Ç � È%momom � 0 ]Î�i�½J 6p ��� N � � X�X"X�� å �
Ï

Û ë Çj� ë È-�omomom � ë 0 Ýë * ê � * MON 23��Ø N ��X�X�X'23��Ø å � qr3sut N � � �omomom � å�vr i�-t v � w õox�÷S T�U õzyBí * { *}| x ÷E Û t ë * v * | x Ý �

where 
 is asin Theorem3.7.

3.10COROLLARY . Thenumberof digraphsof order � N � � X"X�X�� å , with each � � prime, 5�J
61X�X"X�) is 6p ��� N � � X�X"X�� å �

Ï
Û ë Çf� ë Èf�omomom � ë 0 Ýë * ê � * MON 23��Ø N ��X�X�X+23��Ø å � qr3sut N � � �omomom � å�vr i�-t v � w õ9x�÷S T�U õzy í * { * | x X

EXAMPLE. Thenumberof non-isomorphiccirculantdigraphsof order15 is

6
�
Ï
ë ê �

Ï
� ê c

23��Ø��-23��_$�'� � � ë$� c � � � �n� _ # Ê Û ë � � Ý JI�V��6$��X



Chapter 4

Unit Cir culants

Thequestionremains,whatof thecirculantsof otherorders?If wearerelyingonthis tech-

nique,wecansaynothingof theorderswhich fall outsideof thosethatsatisfyMuzychuk’s

Theorem.However, therecentproof [8] of thefollowing conjectureof Toida[15] allowsus

to continuein thesamefashionto counta family of circulantswith no restrictionon order.

4.1THEOREM (Dobson,Morris). For any /Ë[¡�<;9 , whenever ������Q0/ t � is isomorphicto

�r���³Q+/Z� , thereexistsan �¯GW� ;9 satisfying/³t�J���/ .

This result allows us to enumeratethe circulants �r���³Q+/Z� of order � whoseCayley

subsetis a subsetof �<;9 . We shall call sucha circulanta unit circulant. Notice that the

circulantsof primeorderareall unit circulants.Wecanalsodefinetheclassof unit circulant

digraphs. Thesearethedigraphswith theanalogousproperty, thatis, circulantdigraphsof

order � with theconnectionsetasubsetof ��;9 .
EXAMPLE. If �uJ Ö

, thentheCayley subsetswhich yield unit circulantsaretheemptyset

and !Y6V�0��*ÙJI�<;� , asdepictedin Figure4.

In the model we have usedso far we usethe domainof �<;9 in the caseof digraphs

and �<;9 ð�!Y6V�"©�6�* in the caseof graphs. Theorem4.1 implies that the permutationgroup

to usein Pólya’s Theoremis �<;9 . Hencewe areessentiallylooking at �<;9 actingon itself.

To usePólya’s enumerationresult we needto determinethe cycle index of this action.

28
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Figure4.1: THE COMPLETE FAMILY OF UNIT CIRCULANTS ON 6 VERTICES

Thedifficulty lies in determiningtheorderof anarbitraryelementin �<;9 . Fortunately, the

structureof �<;9 is well studiedandwe canmake useof anisomorphismof �<;9 to a product

of cyclic groupsto determinethecycle index.

4.1 Odd Prime Powers

Weknow from Theorem2.8that �<;� is isomorphicto thecyclic groupof order�Ù©P6 when�
is prime.To determinethethegroupof unitsfor otherorders,wewill requiresomenumber

theoretictools.

DEFINITION. An integer � is calleda primitive root mod � , if � generatesthegroup �<;9 .
Equivalently, � is a primitive root mod � if � is of order 23���L� modulo � . If thereexists

someprimitiveroot moduloagiven � , thenwehave that �<;9 is cyclic.

EXAMPLE. To seethat2 is aprimitiverootmod5 notice �(� Þ �}��ßRà�áR�V���0�&� Þ �R��ßRà�á}��� ,
and �&c�Jo6 . On theotherhand,8 hasno primitiverootas �(� Þ �(� Þ �(� Þ 6d�.ß¯à�á,�i� .

4.2LEMMA . If )�î�6 and � Þ �3�.ß¯à�á3�Õå�� , then � � Þ � � ��ßRà�á3�Õå � N'� .
4.3COROLLARY . If )¯îÔ� and �~§Js� , then ��6�������� � 0 è È Þ 6?�I���Õå MON±��ßRà�áH�Õå�� for all

�¯Gu� . Further, if � doesnotdivide � , then�Õå MON is theorder of 6���� � modulo�Õå .
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PROOF: We canprove this resultby inductionon ) . Theresultis trivially truewhen )�J�� .
Next, sayit is truefor �d7\)1JI� . Thenwehave

��6���� �x� �;� è È Þ 6��¼��� 9 MON �.ß¯à�á3� 9 �
��6���� �x� � � è Ç Þ �f6:����� 9 MON � � �.ß¯à�áÙ� 9 � N � by Lemma4.2

Þ 6��
! �
6�" ��� 9 MON �O�ç�.ß¯à�á3� 9 � N �

whereeachterm in � contains� 9 � N asa factorsinceit containsa power of � 9 MON greater

than1. Hence,theresultholdsfor )1JU�R�m6 andtheresultfollowsby induction.Now, this

impliesthat ��6<�\����� � 0 è Ç Þ 6|�.ß¯à�áR�Aå�� , sincetheorderof 6Î�\��� divides �Õå MON . However,

�f6<�m����� � 0 è È Þ 6<�m���Õå MON��.ß¯à�á¯�Õå.� , andhenceas � doesnot divide � , this is not 1. Thus

theorderof 6:����� is greaterthan�Õå M�� , andhenceis �Õå MON .
�

4.4THEOREM . If � is anoddprimeand ):Gu� �
, then ��;� 0 is cyclic.

PROOF:[14] To prove the result, it is sufficient to establishthe existenceof an element

of �<;� 0 with order 23���Õå��WJ ����©¹6$�.�Õå MON . The case )WJ 6 was proven in Theorem2.8,

hencewe maychoosean element�\G\� � with order �h©�6 . If � � MON §Þ 6H��ßRà�á±� � � , then

we can,andmomentarilyshall, illustratethat � is the desiredelementof order 23�«�Aå�� . If

� � MON Þ 6���ßRà�á3� � � , then �,�P� is alsoanelementof order�R©m6 mod � and

�.�d�P��� � MON Þ � � MON ���«�¯©\6$�j� � M�� � Þ 6��I�«�R©m6$�f� � M�� �W�.ß¯à�á3� � ��X
Theexpression�«�R©m6$�f� � M�� is clearlynotdivisibleby � , thus �.�,�W��� � MON?§Þ 6`��ßRà�áÙ�O���0X

We canassumewithout lossof generalitythat � � MON`§Þ 6}�.ß¯à�ád�O�0� . We canwrite � � MON
as 6��¼� � , where� doesnot divide � . Themultiplicativeorderof 6��¥��� modulo �Õå is �Õå MON
by Corollary4.3.

Now, considerany whole number � suchthat � 9 Þ 6¥��ßRà�ár�Aå�� . Thus, �.� 9 � � MON Þ
�f6<�\����� 9|Þ 6|��ßRà�á,� å � , and � å MON mustdivide � . Further, � 9 Jg6Î�\�¾� å for someinteger
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� , so � 9 Þ 6W�.ß¯à�á¬��� . If we write �¥Jo�Õå MON�� , thensince � � Þ �I��ßRà�á¬��� , 6 Þ � 9 Þ
� Ê �.ß¯à�áy��� . Sincethe orderof � modulo � is �h©�6 , �h©�6 divides � . Thus,for any �
suchthat � 9 Þ 6¬�.ß¯à�á}�Õå.� , 23�«�Aå�� divides � . We have illustrateda primitive root modulo

�Aå , implying that � � 0 is cyclic for prime � .

�

It remainsto determinethecycle index of �<;� 0 on itself. Oncewe have establishedthis

result,theenumerationformulawill fall from it. Fromthis point on assumethat � and Â
areasthey havebeento this point.

4.5THEOREM . If � beis anoddprime, then

Í¬��� ;� 0 �%� ;� 0 �»J 6
23��� å �

Ï
ë ê �ÕÛ � 0 Ý 23��Ø��f� �AÛ � 0 Ý�� ëë X

PROOF: Thegroupactionof �yGn�<;� 0 actingon itself is l¿���B����Jo�i�r��ßRà�á,�Õå�� . Hence,an

arbitraryelement�uGu��;� 0 is containedin thecycle

�.�g�V�ç� � � X�X�X�� Å MON ���

where Á is the multiplicative orderof � in � � 0 . The sizeof � ;� 0 is 23�«� å � , henceeach �
contributesa termof � > õ ì 0 ÷ôÅ .

The fact that thegroupis cyclic implies that thereare 23��ÁA� elementsof order Á in the

group.

�

4.2 Productsof Odd Prime Powers

Next weconsidertheproductof oddprimepowers.
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4.6THEOREM . Let � and 4 bedistinctoddprimesandlet �yJr�I�d4�æ . Thecycleindex of �<;9
actingon itself is

Í¬��� ;�=��:`� �%� ;�;�W:`� �½J 6
23�«� � 4 æ � Ï

ë Ç�ê �AÛ � � Ý Ï
ë È%ê �AÛ : � Ý 23��Ø N �'23��Ø � �j� > õ ì � @ � ÷] ü É õ¦í Ç ý í È ÷_ # Ê Û ë Çf� ë È¾Ý

PROOF: We have so far that theautomorphismgroupis isomorphicto � ;�;� � � ;:`� . Given

���O�+���PGp�<;� � � �<;: � , the correspondingaction S Ûñ�0� �.Ý on ��9 maps � Gp�<;9 to the unique

solution � modulo � of

� Þ �i�¡�.ß¯à�á3� � �
� Þ �+�»��ßRà�áQ4 æ ��X

It follows that S �ÛÜ�+� �.Ý ���h� is theuniquesolution � modulo � of

� Þ � � �¡�.ß¯à�á3� � �
� Þ � � �¡�.ß¯à�áQ4 æ ��X

Hence,thegeneralelement�sG 	 ;� � : � is containedin thecycle

�.� S Ûñ�0� �.Ý ���h�PS �Ûñ�0� �.Ý ���h�çX"X�X�S Å MONÛÜ�+� �.Ý ���h�'�0�

where Á is the smallestinteger suchthat � Þ �¬� Å ��ßRà�áy�I�0� and � Þ �¬� Å ��ßRà�á�4(æ-� .
It mustbe that Á\J���×0�C��Á��������0Á������'� . We have alreadyillustratedthat thereare 23��ÁL�����-�
elementsof order Á������ in � � � , thusthenumberof pairs ���O�+��� with �x�%� of ordersÁ��������0Á������
respectively is 23��ÁL�����'�'23��ÁL�����-� .

�

4.7COROLLARY . If �yJn� � ÇN � � È� X"X�X�� � 0å where each � � is a distinctoddprime, then

Í¬��� ;9 �'� ;9 �1J 6
23�.�4�

Ï
Û ë Çj� ë È��omomom � ë 0 Ýë * ê �AÛ � � ** Ý 23��Ø N ��X�X"X+23��Ø å �j�

�ÕÛ 9 Ý�� _ # Ê t ë * v_ # Ê t ë * v X
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4.3 Unit Cir culantsof All Orders

Powersof two areonly slightly morecomplicatedto incorporate.

4.8THEOREM . Primitiverootsexistmodulo�&å for )1Jo6 and � , hence� � and � c arecyclic.

If )��^� , then � ;� 0 ¢ J � � � � � 0 è È .
PROOF: [14] The first statementfollows from the observation that 1 is a primitive root

modulo2 and3 is aprimitiverootmodulo4. Henceforthlet )�î^� . Weshow theequivalent

statementthat �»J !���©�6$� � � � T¦��J ����6 and �\7b�C s� å M�� * is a reducedresiduesystem

modulo �&å . That is, every elementin
	 ;� 0 is equivalentto anelementin � modulo �&å . We

proveby inductionthat

� � 0 è�� Þ 6��¥� å MON �.ß¯à�áR� å ��X (4.1)

This is clearlytruefor )½J�� . Now assumeit is truefor )1JI� . Wehave,

�(� � è�� Þ 6:�¼� 9 MON ��ßRà�áR� 9 �
JLK �(� � è È Þ ��6��¥� 9 MON � � ��ßRà�áR� 9 � N � by Lemma4.2

Þ 6:�¼� 9 �¼� � 9 M�� ��ßRà�áR� 9 � N �
Þ 6:�¼� 9 ß¯à�áH� 9 � N

since �&�±©¥��î^�¯�I6 when ��îU� . We haveestablished(4.1)by induction.In proving the

claimwehaveestablishedthemultiplicativeorderof 5 in � � 0 to be �$å M�� .
We next show that themembersof � aredistinct in in � � 0 . If they aredistinct, � will

coverall of � � 0 sincewehavealreadydiscoveredaninjectiverelationship.

Saythat ©?� � Þ � � � �.ß¯à�á¯�&å�� . Thatwould imply that

� � M � � Þ ©�6d�.ß¯à�áR� å �
JLK �Õ����©r� t � Þ �R��ßRà�á¯� å M�� �
JLK ���:©r� t � Þ � å M�� ��ßRà�á¯� å M�� �
JLK � � 0 è�� Þ ©�6d�.ß¯à�áR� å �
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contradicting(4.1). If � � Þ � � � ��ßRà�á}�$å�� , then

� � M � � Þ 6`��ßRà�áR� å �
JLK ���:©r� t � Þ �¯��ßRà�áR� å M�� �
JLK � J�� t X

Since �'�f©�6 � � � � ��� 0 è È Þ 6h�.ß¯à�áP�&å.� , no elementin �<;� 0 hasorderhigherthan �&å M�� , and

thustherecouldbenoprimitiverootsof � å , for )�î^� .
�

We cannow closethe story on the unit circulantsandunit circulantdigraphs. Theo-

rem 4.1 establishesthe connectionbetweenthe permutationgroupof the connectionsets

and isomorphismclassesas was the casefor circulantsand circulant digraphsof prime

order.

4.9THEOREM . Let �yJ8��� Ç � � È� X"X�X�� � 0å whereeach � � is a distinctoddprime. Thenumberof

unit circulantsof order � is

�
23�.�4�

Ï
Û ë%� � ë Çj� ë È��omomom � ë 0 Ýë Ç�ê � � Ç è��ë * ê �AÛ � � ** Ýën� ê �

23��Ø N �������'23��Ø å �'� > õ � ÷È S T�U õzyBí * { ý í � ÷ �
when# N î^� , �

23�.�4�
Ï

Û ë Çf� ë È��omomom � ë 0 Ýë Ç ê � � Ç è Çë * ê �AÛ � � ** Ý 23��Ø N �������'23��Ø å �'� > õ � ÷È S T�U yBí * {
when �� \# N  ¥� , and

�
23���L�

Ï
Û ë Ç � ë È �omomom � ë 0 Ýë * ê �AÛ � � ** ÝB� N�� �K� å 23��Ø N �������%23��Ø å �-� > õ � ÷È S T�U yBí * {

otherwise.
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PROOF: We proceedin a manneridenticalto theenumerationof circulantsof primeorder.

This is justifiedby Theorem4.1. A substitutionof 2 into each� � of thecycle index gives

theresult.

�

4.10THEOREM . If �IJs��� Ç � � È� � � �� X�X�X�� � 0å , where each � � is a distinct odd prime, thenthe

numberof unit circulantdigraphsof order � is

6
23���L�

Ï
Û ë Çj� ë È��omomom � ë 0 Ýë Ç�ê � � Çë * ê �AÛ � � ** ÝB� N�� �K� å 23��Ø N �������'23��Ø å �'� > õ � ÷S T�U yBí * {

when#`7U� , and 6
23�.�4�

Ï
Û ën� � ë Çj�omomom � ë 0 Ýën� ê �ë Ç�ê � � Ç è Èë * ê �ÕÛ � � ** Ý � N�� �K� å

23��Ø N �������%23��Ø å �-� > õ � ÷S T�U õzy í * { ý í � ÷
otherwise.

To illustratethese,it is bestweendthissectionwith acoupleof examples.

EXAMPLE. Considertheunit circulantsof order16. Theformulayields

�
�
Ï
ë ê c

23��Ø��f�
�È íë J 6

� ��� c �����r�Y�½J Ö �

asonecanseefrom Figure4.3.

EXAMPLE. We canusethe formula from Theorem4.9 to countthenumberof unit circu-

lantsof order35 to comparewith thenumberof circulants.Thenumberof unit circulants

is

�
�(�

Ï
ë ê �

Ï
� ê c

23��Ø��'23��_$�'� Ç ÈS T�U õ¦ífý DB÷ J 6
6 � ��� N�� �¼� � �¥��&� � �¥���&� c �¥��$� � �����$���

J �V�V��X
This is asmallportionof the11 144total numberof circulantsof order �i� .
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Figure4.2: NON-ISOMORPHIC UNIT CIRCULANTS OF ORDER 16

By wayof contrastwecanalsocalculatethenumberof unit circulantdigraphsof order

35. Thenumberof non-isomorphiccirculantdigraphsof order35 is

6
�(�

Ï
ë ê �

Ï
� ê c

23��Ø��-23��_$�-� È��S T�U õ¦ífý DB÷ J Ö �V� Ö 6 Ö X



Chapter 5

CayleyGraphs over ��� � ��� with �
prime.

Thestrategy of appealingto Pólya’sTheoremto countisomorphismclassescanbeusedto

counttheCayley graphson � �`� � � , sincethis is anotherfamily of CI-groups.However,

theautomorphismgroupof � �`� � � is thegenerallineargroupandhenceour methodsto

determinethecycleindex arequitedifferentthanfor determiningthecycleindex of acyclic

group.

Weconsider� �3� � � asanadditivegroup,andconsequentlythink of � �3� � � asa two

dimensionalvectorspaceover �<;� . In generalweconsiderof � 9� to bean �}©�Øi5��¬_��LF 5AX&�����
vectorspaceover � � . With this view in mind, thegroupof automorphismsis clear.

5.1THEOREM . Theautomorphismgroup of � 9� is isomorphicto 	�
�.�³����� , the group of

invertible � � � matricesover
	 � .

PROOF: Define _ � J ���A�"X�X�X��+�A��6V�%�A��X�X�X��+�i� , with the 1 in the 5�å � position. Since � 9� is

generatedby thesetof _ � ��6d785�7I� , theactionof any automorphismis determinedby its

actionon !&_ � �%5�J~6ZX"X�X-��* .
We canconstructa generalautomorphisml , andin the processcountthe numberof

possibleautomorphisms.We have � 9 ©¨6 non-zeroelementsto which we can map _ N .
37



CHAPTER5. CAYLEY GRAPHSOVER ��  � ��  WITH b PRIME. 38

Ouronly constraintin determiningthevalueof l���_ � � is linearly independencewith _ N , and

hencenoneof the � scalarmultiplesof l:��_ N � leaving � 9 ©{� possibilities. Likewise, the

choicefor l:��_ � � cannotbe in the spanof l���_ N � and l:��_ � � , thus � 9 ©{�O� possibilities. In

general,thereare � 9 ©W� � MON choicesto which onemayassignl���_ � � . Thusthetotal number

of possibleautomorphismsl of thegroup � 9� is

T =?>�@$� 	 9� � T(J
9 MONq � � � � 9 ©u� �

whichweshalldenote��� � 9 .
Now, clearly the action of any � Gp	�
�.�³����� is an automorphismof

	 9� andhence

	�
���������:[^=?>A@ � 	 9� � . As thesizesof thetwo setsareequal,thetwo setsareequal.

�

The problemof determiningthe cycle structureof linear transformationsover a finite

field wasfirst tackledby Kungin [6]. His aim wasto determinecharacteristicsof random

matrices.His maintool wasa vectorspaceanalogof thePólyacycle index, hencewe will

requireeffort beyondhis work. Recently, Fripertinger[3] calculatedthePólyacycle index

of thegenerallineargroup(aswell asaffineandprojectivegroups)andusedthecycleindex

to enumerateisometryclassesof linearcodes.

Thecycle index asFripertingercalculatedit is suitableto enumeratedigraphs,but re-

quiresmodificationto beusefulfor theundirectedgraphcase.Furthermore,sincewe are

first interestedin specifying �¨J � , we canwrite the expressionin a far more explicit,

thoughlesscompact,form.

5.1 Rational Normal Form

In this context we are regardingthe matricesas permutations.Recall that permutations

which areconjugatehave thesamecycle structure.This is theessenceof our strategy. As

eachmatrix is in asingleconjugacy class,wecandeterminethecycle index by determining
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the sizeof eachconjugacy classandthe cycle structureof a representative. This section

definestherationalnormalform andillustratesits suitabilityasa representative.

Let µ be a vector spaceof finite dimension � over field � . An automorphismis a

bijective linear transformationof µ to itself. Let � be sucha linear transformationof µ
over � throughout. The notation ¡ � indicatesthe finite field of � elements.The vector

spacewe will consideris � 9� , hence,we have �gG�	�
��������� . However, theseresultshold

overany field andhenceweshallpresentthemin full generalitywhenthis is reasonable.

DEFINITION. Thespaceµ is cyclic with respectto � if thereis somew}GWµ suchthat

!$wx�3�d��w����d� � �.w�����X X X �3� 9 MON �.w��0* formsabasisfor µ .

DEFINITION. A polynomial
p �.���PG¢�£� � � is an annihilating polynomial in µ of � if

andonly if
p ���Ù��w¼J¡� for every wUG¹µ . We call

p �B��� the minimal polynomialof � ifp �.��� is themonicannihilatingpolynomialof minimumdegree. � is guaranteedto possess

an annihilatingpolynomial, and consequentlya minimal polynomial, sincethe Cayley-

HamiltonTheoremstatesthat thecharacteristicpolynomial ØY_")ª���U©¼Ói��� , of a matrix � is

annihilating.

DEFINITION. Let
p �.���<J£� � �\� N �¯�IX�X�X(�¥� � � � Gh¡)�¦� � . Thecompanionmatrix of

p �B���
is the # � # matrix ¤ � p �½J

¥¦¦¦¦¦¦¦§ � 6 � X�X"X �
� � 6 X�X"X �
...

...
...

. . .
...

� � � X�X"X 6
©?� � ©?� N ©�� � X�X"XÌ©?�V9 MON

¨ª©©©©©©©«
Noticethattheminimalpolynomialof

¤ � p � is
p �B��� .

If µ is an � -dimensionalvectorspacecyclic with respectto lineartransformation� and

theminimal polynomialof � is
p �B���ÙJp� � �^� N �}�8X�X�Xi�m�V9 MON �

9 MON �\� 9 , thenthereis a

basisof µ over � suchthatin this basisthematrixof � is
¤ � p � . Therationalnormalform

is ageneralizationof acompanionmatrix.

A vectorspaceµ canalwaysbe broken down into cyclic subspaces.Recall [5] that

givenalineartransformation� of µ over � , with minimalpolynomial
p �B���¬J ~ � p � �.��� #W* ,
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with each
p � �B��� monic, irreducible,andunique,then � decomposesµ into a direct sum

of � � -dimensionalcyclic subspaces,eachinvariantunder
p � �.��� #W* for some 5 . Notice that

é � � � × � JU� .

DEFINITION. Theprimary decompositionof � is auniquerepresentationof µ asa direct

sumof � -invariantsubspaces& � suchthat & � is thekernelof
p � �W�3� #W* .

Each� -invariantsubspace& � canbefurtherdecomposedinto adirectsumof subspaces& � � . suchthat � restrictedto & � � . is cyclic. Each & � � . is thekernelof
p � ���3� . for °¯7^× � .

DEFINITION. A partition of � is an unorderedsetof integerswhich sumto � . We can

summarizea partition with a partition vector ¬pJ �^¬ N �¬ � �¬ � �"X�X�X � , a sequenceof non-

negative integerswith finitely many non-zerotermssuchthat �uJa¬£���f6V�0���+����X X Xñ��J¨6�¬ N �
�®¬ � �r��¬ � �mX"X�X . Henceforthpartitionswill referto thevectorsand To¬½T will denotethesize,

which is � .

DEFINITION. Giventhe # � # companionmatrix
¤ � p � wecandefinetheassociatedÁ�# � Á�#

matrix known asthehypercompanionmatrix
p ÛñÅ+Ý by

p ÛÜÅ+Ý J
¥¦¦¦¦¦¦¦§ ¤ � p � � � � � X"X�X � �

z � � ¤ � p � � � X"X�X � �
� � z � � ¤ � p � X"X�X � �
...

...
...

. . .
...

� � � � � � X"X�X ¤ � p �
¨ ©©©©©©©«

wherez � � J¨��_ � .ª� �K� � � . � � with _ � .ÎJo6V� if ��5-�j°��ZJ¹��6V�%#�� and0 otherwise,and � � is the # � #
0-matrix.Noticethat

p Û N Ý J ¤ � p � andthattheminimalpolynomialof
p ÛÜÅ+Ý is

p �B��� Å .
DEFINITION. Givena monic, irreduciblepolynomial

p �.��� of degree Ø , anda partition ¬
wedefinethe ØLT9¬²T � ØLTo¬½T matrix �W� p �;¬�� asthediagonalblockmatrix

�u� p �¬��²JIØY5��VS¯� p Û N Ý ��X�X�Xª� p Û N Ý° ±ª² ³´ ÇCµK¶ k(·W¸ � p Û � Ý �"X�X�X"� p Û � Ý° ±ª² ³´ ÈWµK¶ k(·W¸ �"X�X�X"� p Û � Ý �"X�X�X�� p Û � Ý° ±ª² ³´ * µ�¶ k(·W¸ ��X�X�X � X
5.2THEOREM . Suppose� is a linear transformationof an � -dimensionalspacewith min-

imal polynomial 2?�.���:J p �.��� # , with
p �.��� monic,irr educibleandof degree Ø . There exists

a partition ¬ with To¬½T ØdJI� such that � is similar to �W� p �;¬�� .
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Thepartitioncomesfrom theway � decomposesµ into cyclic subspaces.Thatis, ¬ � is

thenumberof cyclic subspacesof µ of dimension5 .

5.3COROLLARY . Let � bea linear transformationin the � -dimensionalvectorspaceµ
over � with minimal polynomial

p �B���HJ ~ � � N p � �.��� #�* with each
p � unique, monic and

irr educibleand Ø � the degreeof
p � . There existsa sequenceof partitions �^¬ Û N Ý �¬ Û � Ý �"X�X�Xñ�

with é � To¬ Û � Ý T¦Ø � JI� , andanorderedbasisof µ such that � relativeto thatbasisis

¸�IJIØi5¾�VS��q�W� p N �;¬ Û N Ý ���+�u� p � �;¬ Û � Ý ����X"X�X"�+�u� p � �;¬ Û � Ý �0��X�X�X �
DEFINITION. Thematrix ¸� of � asdescribedin theabovecorollaryis therationalnormal

form of � . Eachmatrix is similar to a matrix in rational normal form uniqueup to the

orderingof theblocks.

To determinethe rationalnormalform for a matrix � , first factorits minimal polyno-

mial
p �B��� into

p �.���hJ ~ � p � �B��� #W* whereeach
p � is an irreducibleminimal polynomial.

Determinetheprimarydecompositionof µ into & N�' & �¹' ����� ' & å where & � is thekernel

of
p #W*� ���3� . For each 5 determinethe number ¬ Û � Ý9º of subspacesof & � with dimension× � �I.

whicharecyclic with respectto therestrictionof � on & � . Thiswill correspondto thenum-

berof spaceswhich arecontainedin thekernelof
p 9º �W�3� but not thekernelof

p 9º MON ���Ù� .
Thesumof all dimensionsof all cyclic subspacesmusttotal � , thedimensionof µ , thatis,

é � To¬ Û � Ý T¦Ø � JI� .

EXAMPLE. To illustrate this processconsiderthe following � GÔ	�
���A�+�V� . Let � J» N³N�NN4����³�1�u¼ X Theminimumpolynomialof � is �.��©,�V�f�&�.��©d�Y� . Thespacespannedby �W�±©,�(Ó � ���
is equalto the spacespannedby

» N4�1��)�1��)�1� ¼ X andhencethe kernel is two dimensional.The

kernelof �¥©r�(Ó � containsonly thezerovectorsinceit is of full rank.Hence,thekernelof

�W�m©��(Ó � ��� is cyclic. Thus, ¬ Û N Ý J¨������6$� . On theotherhand,thekernelof ���m©n�VÓ � � is one

dimensionalandso ¬ Û � Ý J¹�f6$� . Thisgivesa rationalnormalform of

�M� �|©n���$������6$� � �M� �R©n�Õ�$��6 � � J ¥¦¦§ � � �
6 � �
� � �

¨ª©©« X
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EXAMPLE. To constructan � � � matrix in rationalnormal form oneneedsonly a col-

lectionof irreduciblepolynomials
p
N �

p
� ��X�X�Xª�

p
å of degreesØ N �%Ø � ��X�X�Xª�+Ø å eachlessthan � ,

respectively, anda setof ) partitions ¬ Û � Ý suchthat é � T9¬ Û � Ý T¦Ø � Jp� . When �nJg� it is not

a strainto imagineall of thepossibilities.Let µÌJ£� ��� � � . We will considerthevarious

definitionsandconsequencesin this context.

Theirreduciblepolynomialsof degreeatmosttwo areof theform � � �|�V�Z�|� and �<©R� ,

with �O�+�?Gu� � .
If a matrix hasan irreducible,degreetwo, minimal polynomial

p �.����Jg�x���U�i�|�I� ,
thenclearlyall of µ is annihilatedby

p ���Ù� . Thus,thepartition ¬ Û N Ý Jo6 , sincethereis one

cyclic subspaceof dimension��i6 . Therationalnormalform is

�M�¦� � �¼�V���¼� �$��6 � � J¾½ � 6
©?� ©���¿ X

If the minimal polynomialfactorsas
p
N �B���

p
� �.����J¡�.�y©m���"�B�H©m��� , thentheprimary

decompositionwill split µ into & Nª' & � where& N J�ÁA_�#&�L_����W�}©��YÓ � � and & � J8ÁA_�#&�L_������¯©
�+Ó � � . Thesearebothof dimensionat leastoneandsincethedimensionof µ is 2 thereare

both of dimensionexactly 1, andhencecyclic. Thus, ¬ Û N Ý J ��6$� and ¬ Û � Ý J ��6$� . The

rationalnormalform is

�M� �}©r�O�$�f6$� � �M� �}©r� �$�f6$� � JÀ½ � �
� ��¿ X

Next consider�y©^� . Therearetwo possiblepartitionsof 2, ���V� and ���A��6$� . The first

impliesthattherearetwo cyclic subspacesof dimension1 hence�\©n�iÓ � annihilatesall of

µ and �¯©r� is theminimumpolynomial.Thisgivesriseto a rationalnormalform of

�M�¦�}©n�O�$����� � J ½ � �
� ��¿ X

In theothercase,thereis onecyclic subspacewith respectto thematrix, of dimension

2. Thus, �.�|©{���f� is theminimumpolynomialandtherationalnormalform is

�M� �}©r�O�$���A��6$� � J ½ � �
6 �Á¿ X
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5.2 The Sizeof a Conjugacy Class

Kung [6] determinedthe sizeof a conjugacy classin 	�
��������� . Let
p �.���hGa¡ � �¦� � be a

monic,irreduciblepolynomialof degree Ø , andlet ¬±J¨�A¬ N �;¬ � ��X�X"Xñ� beapartition.

5.4THEOREM ([6]). Thesizeof thecentralizerof �W� p �;¬�� in 	�
�+T9¬²T¦ØO����� is

�&�A¬4�+ØO�����½J ê ´ êq �}� N ´ *q. � N �«� ë�Â * ©H� ë Û Â * M .'Ý �
where Ã � J �Ï

Å � N ÁI¬OÅZ� ê ´ êÏ
Å �u� � N 5�¬OÅ�X

A key thing to noticehereis that thenumberdependson Ø andthepartition,not thepoly-

nomialitself.

5.5COROLLARY . Thenumberof matrices�£GW	�
�.�³����� with rationalnormalform

¸�IJIØi5¾�VS��q�W� p N �;¬ Û N Ý ���+�u� p � �;¬ Û � Ý ����X"X�X"�+�u� p � �;¬ Û � Ý �0��X�X�X �
is �ª� � 9~ æ� � N �(�^¬ Û � Ý �+ØO����� X
PROOF: Every matrix is conjugateto a uniquematrix in rationalnormalform. As conju-

gacy definesanequivalencerelation,to countthenumberof matriceswith a givenrational

normalform wecandeterminethesizeof aconjugacy class.Thecardinalityof aconjugacy

classin a group 	 containinga fixed elementS is the orderof 	 dividedby the orderof

the centralizerof S in 	 . It is thussufficient to show that the orderof the centralizerof

¸� , a matrix in rationalnormal form, is ~ æ�}� N �&�^¬ Û � Ý �+ØO����� . It is a block matrix hencethe

centralizeris the direct productof the centralizersof eachblock. The orderof a block is

givenby Theorem5.4.

�
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EXAMPLE. Againweexaminethe �yJI� caseto clarify.

Considerthe numberof matriceswith rationalnormalform �M� �H©^�O�$���V� � . Theseare

thescalarmultiplesof theidentity. We would expectexactly oneeachof thesesincethese

matricescommutewith any otherandaretheonly matriceswith produceaneffectof scalar

multiplication. We calculate

Ã
N Je� , and �&�-���V�0��6V������J ���O�<©��x�"�«�Õ�<©���� . This is exactly��� � � hencethenumberof matricesin a conjugacy classwith �M�¦�}©��x� ���V� � is exactly one.

Similarly we cancalculatethevaluesfor theotherclassesandthey work outasfollows.

Minimal polynomial Rationalnormalform Numberin aclass

�B�|©r��� �Ä�¦�¯©r�O�$���V� � 1

�B�|©r����� �Ä�¦�¯©r�O�$���A�"6$� � �O��©¥6
�B�|©r���"�B�}©r���0�+�u§JI� �Ä�¦�¯©r�O�$��6$� � �Ä�¦�¯©n� �$��6 � � ���«�`�U6 �
� � �¥�V�d�¼� , irreducible �Ä�¦� � �¼�V�d�¼� �$��6 � � � � ©y�

Table5.1: Sizesof Conjugacy Classesin 	�
�������x�

5.3 The Cycle Index of ÅÇÆYÈ�ÉËÊ�Ì/Í
The cycle index of 	�
��������� actingon � �R� � � ]}���A�+�V� is nearlyat hand. The previous

exampleshave illustratedthe completesetof conjugacy classesandtheir sizes.To finish

werequirethecyclestructureof eachclassactingasapermutation.

Observe that in general,the actionof an � � � diagonalblock matrix on � 9� canbe

decomposedinto a productof actionsof the blockson vectorsof the appropriatelength.

Now, Pólyaobserved[11] thatgivengroups	 and � actingonsets� and Î , respectively,

the cycle index of the inducedaction of the product 	 � � on � � Î , �.S��;Ïx�"�B�¿�%ÿÕ�¬J
�BSY�¿�;ÏÕÿÕ� , canbeexpressed

Í¬��	 � �W�½JIÍ¬��	`��Í¬���W�0X

A matrix ¸� in rationalnormal form is a block diagonalmatrix. Eachblock is a hy-
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percompanionmatrix of a monic, irreduciblepolynomial
p � of degree Ø � over � � . We can

decomposethis into anactionof thedirectproductof hypercompanionmatrices,

æq � � N ê ´ õ * ÷ êq. � N ´ õ * ÷ºqÅ � N p Ûo.-Ý�
actingon

æq � � N ê ´ õ * ÷ êq. � N ´ õ * ÷ºq
Å � N � . ë *� X

Hencetheproblemof determiningthecycle index of any matrix reducesto determiningthe

cyclestructureof hypercompanionmatricesof monicirreduciblepolynomials.

To determinethecyclestructureof justsuchamatrix,considertheconnectionbetween

thehypercompanionmatrixandits polynomial.

DEFINITION. Given �~GP	�
��.�³���x� , we definetheorder of � to betheleastinteger ÁR�^�
suchthat � Å JUÓª9 , the � � � identitymatrix.

DEFINITION. Let
p GN¡ � � � � beapolynomialof degree� suchthat

p ���i�Ù§JU� . Theorderofp
, denotedàVâ'á4� p � or àVâ-á¿� p �.���-� , is theleastinteger ÁR�\� suchthat

p �.��� divides � Å ©\6 . It

canbeshown thatsomeÁ�7U� Ê ©�6 exists. If
p ���i��Jp� , we candefinetheorderof

p
by

writing
p �B���1JU� 9 2?�.��� suchthat �PGÄÐ , 2?���i�Ù§J�� , anddefineà�â'á¿� p �1JUàVâ-á¿��2:� .

5.6THEOREM ([7]). Let
p GÑ¡ � � � � bean irr educiblepolynomialover ¡ � of degree � withp ���i�¬§JË� . Then àVâ'áL� p � is equalto the order of any root of

p
in the multiplicativegroup¡�;� É .

5.7COROLLARY ([7]). Let
p GL¡ � � � � be an irr educiblepolynomialover ¡ � of degree �

with
p ���i�Ù§J�� . Then àVâ'áL� p � divides� Ê ©\6 .

The following providesa very usefulsummaryregardingthenumberof irreduciblepoly-

nomialsof agivendegree.
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5.8THEOREM ([7]). Thenumberof monic irr educiblepolynomialsin ¡ � � � � of degree �
andorder Á is equalto 23��ÁA�'ð(� if ÁWî~� and � is themultiplicativeorder of � modulo Á .

It is 2 if �ËJIÁ¯J~6 and0 in all othercases.

If �ÔJ�� , thenfor all positive Á suchthat Á�T��«� � ©m6$� and�{§Þ 6 modulo Á , Á is theorderof

23��ÁÕ�'ð�� irreduciblepolynomialsin � � � � � .
Wecandeterminetheorderof reduciblepolynomialswith thefollowing two results.

5.9THEOREM ([7]). Givenirr educiblepolynomials
p
N �

p
� GN¡ � �¦� � with

p
N ���i�Ù§JI��� p � ���i�Ù§J

� , àVâ'á4� p N p � �1J H�J ßh��à�â'á¿� p N �0�%àVâ'á4� p � �'� .
5.10THEOREM ([7]). If

p GM� � � � � is anirr educiblepolynomialof degree � with
p ���V�Ù§J�� ,

then àVâ-á¿� p Å �1Jn� � àVâ'á4� p � , where � is thesmallestinteger with � � î^� .

For ourpurposes,since�Ñ�\� and �äJ�� , � will be1.Theconnectionbetweenthecompan-

ion matricesandthepolynomialsis direct.

5.11LEMMA . If
p �.��� beanirr educiblepolynomialin ¡ � �¦� � with

p ���i�Ù§JI� , then X$#(Ø�� p Û N Ý �ZJX$#(Ø�� p � .
5.12COROLLARY ([7]). Let

p �B��� be an irr educiblepolynomialin ¡ � � � � with
p ���i��§J»� .

ThenX&#(Ø�� p ÛñÅ+Ý �1JYX$#(Ø�� p �B��� Å �ZJn� � X$#�Ø�� p �.���-� where � is thesmallestinteger with � � îm� .

5.13THEOREM . Let µ becyclic with respectto linear transformation� . Let
p �.��� bean

irr educible, monicpolynomialand theminimalpolynomialof � . Asa permutationof the

non-trivial elementsof µ , � is a productof cyclesof a length àVâ-á¿� p � .
PROOF: Since µ is cyclic with respectto � , thereis somew±GWµ suchthatany ��GCµ can

bewritten as �oJÒ2?���3�fw for some2~G�¡1�q� � of degreelessthanor equalto thedegreeofp �.��� . Now, let àVâ'á¿� p �<J¨Á . Hence
p �.���$T��.� Å ©I6 � , andthus � Å ©�Ó¬J¹� . For any �pGrµ ,

�W� Å ©{Ó��n�UJ���JLK � Å �UJZ� and � is in acycleof lengthat most Á .
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Now say � Ê � J � for someinteger � � � . We write � J 2?���3�fw , and hence� Ê 2Ù�W�3��w�JZ2?���3�fw and ��� Ê ©hÓ��n2Ù�W�3��w�JI� . Any polynomialwhichannihilatesw annihi-

latesµ andthus
p �B��� will divide it. Hence,

p �.��� T«�'�B� Ê ©�6$�n2Ù�B���'� . Since
p �.��� is irreducible

it mustdivideeither 2?�.��� or � Ê ©u6 . In thefirst case,2?�.���1J p �.��� sincethedegreeof 2Ù�B���
is at mostthedegreeof

p �.��� . In this case�IJU� . Otherwise,
p �.��� T«�B� Ê ©m6$� which implies

that �sî�Á by thedefinitionof orderof apolynomial.Thus �ÔJ�Á andall elementsin the

spacearein cyclesof length àVâ'á¿� p � .
�

5.14THEOREM . Thecycleindex of 	�
��������� actingon � ��� � � ]������+�i� is

Í¬��	�
����������0�%� �?� � � ]����A�+�V�'� (5.1)

J 6
�«� � ©u���ª�«� � ©m6$�

Ï
ë ê Û � MON Ý

23��Ø��f� Û � È MON Ý�� ëë (5.2)

� 6
�Õ�«� � ©\6 �

Ï
ë ê Û � È MON Ý� iÓ N Û k(Ô�ú ë Ý 23��Ø��j� Û � È MON Ý�� ëë (5.3)

� 6
� � ©u�

Ï
ë ê � MON

23��Ø��j� Û � MON Ý�� ëë � Û � MON Ý�� ë� ë (5.4)

� 6
�«�R©\6$� �

Ï
ë ê Û � MON Ý

Ï
� ê Û � MON Ý� � ë 2 t ��Øx�%_$�f� ì è

Çíë � ì è
ÇD

� �
õ
ì è
Ç ÷ ÈS T�U õ¦ífý DB÷j ùWk Û ë � � Ý (5.5)

where 2�t���ØO�+_$�½J823��Ø��'23��_$� if ØH§JI_ and 23��Ø�� � ©m6 otherwise.

PROOF: If we consider�ÚG^	�
��������� asa permutationlÖÕ²�B��� , it is a productof disjoint

permutationslÖÕ�Ç�lÖÕÕÈLX"X�X%lÖÕ É whereeach� � is ahypercompanionmatrix. Thevectorspace

µsJÚ� ��� � � is divided into subspaces× � suchthat × � is cyclic with respectto � � for

each5 . An element� in � ��� � � canbeuniquelyexpressedas � N¹' � �g' X�X�X ' � Ê with� � GØ× � . If ��GO× � for some5 , thenby Theorem5.13,under l¹Õ it is in a cycle of length

à�â'á¿�W� � � . If it is the direct sumof non-trivial elementsfrom morethanonesubspace,say× tN �;× t� ��X"X�X"�;× t_ , it is in acycleof length HKJ ßy��àVâ-á¿��� t N ���%à�â'á¿�W� t � �0��X�X�Xª�%àVâ'á4��� t _ �-� .
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To determinethecycle index we sumover thedifferenttypesof rationalnormalforms

asuncoveredin the previous discussion.The first summand,(5.2), givesus the cycle in-

ventoryfor elementswith the rationalnormalform �äJç�Ä�¦�y©m�O�$����� � . As notedearlier,

matricesof this form have theeffect of scalarmultiplication. Hencethecycle structureis

straightforward. Thenumberof transformationsfor eachorderis thenumberof elements

in � � with order à�â'á¿����� , or 23�.àVâ'á¿�����'� by Lemma2.7.

µ is alsocyclic with respectto transformationswith rationalnormalform �M� � � ���V���
� �$�f6$� � for irreduciblepolynomials� � �¼�i�,�¥� . Theorem5.8givesusthenumberof poly-

nomialsof degreetwo with agivenorder, hencewehave(5.3)to accountfor thesetypesof

transformations.

The third summand,(5.4), accountsfor the matriceswith rationalnormal form �»J
�Ä�¦�y©^�O�$���A�"6$� � . Therearetwo cyclic subspaces,onewith order àVâ-á¿����� anda secondof

order àVâ-á¿�'�B��©}�����ª�1Jr�¯àVâ'á¿����� , by Theorem5.10.Bothsubspaceshave � elements,but the

remainingelementsin thesubspacealsohaveorder�RàVâ-á¿����� , sincethatis theleastcommon

multipleof thepair.

Thelast,andmostcomplicated,typeof rationalnormalform comesfrom matriceswith

the remainingnormal form, �M� �u©^�O�$��6 � � �M�¦�H©^� �$��6$� � when �I§JÚ� . Heretherearetwo

cyclic subspaces,oneeachof ordersà�â'á¿����� and àVâ'á4����� . Thus,theelementsin eachof these

respectivesubspacesareorganizedin cyclesof lengthsàVâ'á4����� and àVâ-á¿����� , respectively. The

sizeof bothsubspacesis � . Theremaining ���}©^6$�f� elementsin thesubspacearein cycles

of length �.×��C�.àVâ'á������0�%àVâ-á4�����-� . This is alsoa consequenceof Theorem5.9. Thereare 23�����
elementsof order � and 23����� elementsof order � . However, we do not includethe case

when �dJ�� sincethey arespecialandarecoveredin (5.4). Thisgivesus ����Xñ�V� .

�

5.15COROLLARY . Thenumberof non-isomorphicCayley digraphson � �4� � � for � prime
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is

6
�«� � ©u���ª�«� � ©m6$�

Ï
ë ê � MON

23��Ø��'� ì è
ÇÈ í �«� � ©\6��¥�

õ
ì è
Ç ÷ Èí �

� 6
� � ©m6

Ï
ë ê Û � È MON Ý� iÓ N Û k(Ô�ú ë Ý 23��Ø��-� Û � È M � Ý�� ë MON

� 6
�«�R©\6$� �

Ï
ë ê Û � MON Ý

Ï
� ê Û � MON Ý� � ë 2 t ��Øx�%_$�'� Û � MON ÝBÛ � MON � íAÙ�Dû�ü í�õ¦ífý DB÷ Ý�� _ # Ê Û ë � � Ý

with 2 t definedin Theorem5.14.

EXAMPLE. Thecycle index for 	�
�����+�i� actingon � � � � � ]����A�+�V� is

6
�V� ��6 �&� �� � � N �^6$�&�x��� Ö � �c ���(� � � � ���(� �� � � N �r� c� �r� � N �0X

Hencethenumberof non-isomorphicCayley digraphson � � � � � is

6
�V� ��6$���&� � �&� � �U6$���&�Î� Ö �&� � �¼���&��$�Î�¼���&� � �&� � �¥� c �¼� � �1J~6 ��X

Thegeneratingfunctionfor valency is

6��rv��¥�&v � �¼�(v � ���Vv c �¼��v-Ú��¥�&v � �rvÜÛ��rv � X

To determinethe analogousresult for ordinarygraphsrequiresa modificationof the

actionof 	�
���������� on � �Z� � � . As in thecirculantcasewearelookingat thegroupof auto-

morphismsactingonthequotientgroup,in thiscase��� �� � � ]?���A�+�i�-�'ð�!��f6V��6$�0�$��©�6V��©�6$�+* ,
which we shalldenoteÝ . In thecirculantcaseit simplifiedmattersto paredown theauto-

morphismgroup.In this case,it is simplerto use 	�
��������� .
Wehavealreadydeterminedthenatureandsizeof theconjugacy classes.However, the

cyclestructureof a transformationis differentwhenwe identify � and ©� in ���� .

5.16LEMMA . Considermonic, irr educible,
p GÞ¡ � � � � with ÁIJ®à�â'á¿� p � . Let Á t be the

smallestinteger such that
p �.��� divides � Å � ��6 , if it exists. Then Á t J¹ÁÕð�� if Á is evenand

doesnotexistsif Á is odd.
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PROOF: If ÁIJï�(Ø , then
p �.��� divides �x� ë ©¹6�J �.� ë ©¹6$�ª�.� ë �¨6$� . By the definition

of order,
p

must divide � ë �g6 . Thus Á�t|7 Ø~J ÁÕðV� . If Á�t|  Ø , then
p �B��� divides

�B� Å � �^6$�"�B� Å � ©m6 �½JU�x� Å � ©m6 , contradictingtheorderof
p
.

If Á is odd, thenasin thepreviouscasecertainlyif Á t existedit couldbeno lessthan

ÁAðV� , no morethan Á andmustdivide Á . Thus,it doesnot exist.

�

This Á t servesasa new form of order. If µ is an � –dimensionalsubspacecyclic with

respectto �£GW	�
��������� , thenthelengthof acycleof � actingonanelementof µ where�
and ©� areidentifiedis ÁRJ�X$#�Ø����Ù� if Á is evenand ÁÕðV� if Á is odd.Wecapturethisaction

with thenotation

�n�.���1J 67 8 � � is odd

��ðV� otherwise.

5.17THEOREM . Thecycleindex of 	�
��������� actingon Ý is

Í¬��	�
�����������=ÝZ� (5.6)

J 6
��� � ©y���"��� � ©¥6$�

Ï
ë ê Û � MON Ý

23��Ø��j� ì
È è ÇÈCF õ¦í�÷G Û ë Ý (5.7)

� 6
�Õ��� � ©\6$�

Ï
ë ê � È MON� iÓ N Û k(Ô-ú ë Ý 23��Ø��f� ì

È è ÇÈCF õ¦í�÷G Û ë Ý (5.8)

� 6
� � ©u�

Ï
ë ê � MON

23��Ø��f� ì è
ÇF õ¦í�÷G Û ë Ý � ì è

ÇF õ¦í�÷� G Û ë Ý (5.9)

� 6
���¯©m6 � �

Ï
ë ê � MON

Ï
� ê � MON� � ë 2 t ��ØO�+_$�f� ì è

ÇF õ¦í¾÷G Û ë Ý � ì è
ÇF õ9DB÷G Û � Ý �

õ
ì è
Ç ÷ ÈB õ¦ífý DB÷E Û ë � � Ý (5.10)

where 2 t is asdefinedin Theorem5.14,and


��Øx�%_$�½J 67 8 �.×0�C��ØO�+_$�'ð�� Bothd andeareevenandaredivisbleby thesamepowers of two�.×0�C��ØO�+_$� otherwise.
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Figure5.1: THE FIVE ISOMORPHISM CLASSES OF ����� � � � � �0/1�

5.18COROLLARY . Thenumberof non-isomorphicCayley graphson � ��� � � for �ß�e�
primeis

Í¬��	�
�����������fÝ1� (5.11)

J 6
�«� � ©u�x�"�«� � ©m6 �

Ï
ë ê Û � MON Ý

23��Ø��-� ì
È è ÇÈCF õ¦í�÷ (5.12)

� 6
�Õ��� � ©m6$�

Ï
ë ê � È MON� iÓ N Û k(Ô-ú ë Ý 23��Ø��'� ì

È è ÇÈCF õ í¾÷ (5.13)

� 6
� � ©u�

Ï
ë ê � MON

23��Ø��-� ì è
ÇF õ í¾÷ � ì è ÇF õ¦í�÷ (5.14)

� 6
�«�R©\6 � �

Ï
ë ê � MON

Ï
� ê � MON� � ë 2 t ��ØO�+_$�'� ì è

ÇF õ¦í�÷ � ì è ÇF õ9DB÷ � õ ì è Ç ÷ ÈB õ¦ífý DB÷ (5.15)

where 2 t is asdefinedin Theorem5.14,and 
 is asdefinedin Theorem5.17

EXAMPLE. Thecycle index for 	�
�����+�i� actingon � � � � � ]����A�+�V�'ð�!Y6V�"©�6�* is

6
�i� ��6$�&� � � � N �^6$�&� c �

Ö � �� �U6 Ö � � � N �¼�&� c N �
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hencethenumberof non-isomorphicCayley graphson � � � � � is

6
�i� �f6$���&��&� � �U6$��&�Î� Ö �$� � �U6 Ö �&���&�Î�¼���&� c �½J8���

asillustratedin Figure5.3.Thevalency generatingfunctionis 6Z�nvx���rvOc��nvx���rv � , also

asexpected.

5.4 à �� and Beyond

Themethodswehavedevelopedsofar this chapterhavebeensufficiently generalthatthey

canbeusedto countCayley graphsover ���� andany otherCI-Groupof theform � 9� . How-

ever, a abetternotationis essential.Thefollowing notationwasderivedby H. Fripertinger

[3] for the cycle index of 	�
��������� actingon � 9� . It encapsulatesmuchof the work and

removestheintuition, but allowsoneto calculateandsoit is included.

5.5 The Cycle Index of ÅÇÆYÈ=áâÊ�Ì/Í
To facilitatethedescriptionof thecycle index we introducea productnotation.Let � and� bepolynomialsin indeterminates� N �'� � ��X�X�X suchthat�d�.� N ��X"X�X"�'�O9V�»J Ï

Û .'Ý �AÛo.-Ý 9q � � N � . *��±�.� N ��X"X�X"�'� Ê �»J Ï
ÛñÅ+Ý

�"ÛÜÅ%Ý
Êq � � N � Å *� X

Definetheoperatorã on � and � asfollows���B� N ��X�X�Xª�'�O9V�Üã�±�B� N ��X�X�Xª�'� Ê �½J Ï
Û .'Ý Ï

ÛÜÅ%Ý
�ÕÛ .'Ý.�"ÛñÅ+Ý 9q � � N Êq _ � N � . *� ã� Å ]_

where

� . *� ã� Å ]_ J^� . * Å ] øjù.ú Û � � _ Ýj ùWk Û � � _ Ý X
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Wewill denotethe Á�å � powerof this operatorby �d�.� N ��X�X"Xª�'�O9i��ä Å X
We have alreadydeterminedthecycle structureandsizeof a conjugacy class.Thelast

taskfor determiningthecycle index of 	�
��.�³���x� is to determineall possiblenormalforms.

Let

Ã
betheMöbiusfunction.Thereareå � ��Ø��½J 6

Ø
Ï
å ê ë

Ã
�B)-�.� ë � å

monic,irreduciblepolynomialsof degreeØ over � � . Eachmonic,irreduciblepolynomialof

degreeatmost � with theexceptionof
p �B���1J^� canoccurasadivisorof thecharacteristic

polynomialof a matrix �ïGÌ	�
��.�³���x� . Label these)j9¼J é 9�}� N å � ��5¾�©¹6 polynomials

as
p
N �B�����

p
� �.�����"X�X�X"�

p
å � �.��� , with the degreeof

p � �B��� as Ø � . We needto find all solutionsæ J¨� æ N �"X�X�X"� æ å � � , to

å �Ï � � N æ � Ø � J^� (5.16)

where æ � is a non-negative integer. For eachsolution æ onemustdeterminethe possible

cycle types,thatis, thepartitions ¬ Û � Ý of æ � . Call this set
¤ �`� æ � � . Therepresentativeof the

conjugacy classof matrices� with characteristicpolynomialp �.���1J å �q � � N p � �.���`ç *
is

¸�UJIØY5��VSL���W� p N �;¬ Û N Ý �0��X�X�Xª�+�W� p å � �;¬ Û å � Ý ��X
Wenow haveourcycle index for 	�
��.�³���x� .

5.19THEOREM . Thecycleindex of 	�
��������� actingon
	 9� ] ¸� is

6�ª� � 9 Ï ç Ï ´ ��� � 9~ æ�}� N �&��Ø � �;¬ Û � Ý � å �q � � N ç *q. � N ½ .qÅ � N � � * ô� * ô ¿ ä ´ õ * ÷º
�

where _ � Å�JaX$#(Ø�� p � �.��� Å � . Furthermore � � Å�J � ô�í * M � õ ô è Ç ÷ í *� * ô , �(� � 9 is theorder of 	�
���³����� ,
and �&��Ø � �;¬ Û � Ý � is thesizeof thecentralizer of �W� p � �;¬ Û � Ý � ascomputedin 5.4. Thefirst sum
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runs over all solutions æ J � æ N ��X�X�Xª� æ å � � of 5.16 and the secondruns over all )j9 -tuples¬}J¨�A¬ Û N Ý ��X�X"X"�;¬ Û å � Ý �<GM~ å �� � N ¤ �`� æ � ��X
Theformulafrom Theorem5.19canbeuseddirectlyto enumeratedigraphsin amanner

similar to everyotherfamily of Cayley digraphswehaveencounteredsofar. With somead-

ditionalnotationasonecouldalsodevelopa formulafor Cayley graphs.Lemma5.16gives

how to modify this cycle index to getthecycle index of 	�
�.�³����� actingon � 9� ðÕ��6"9���©�6"9V� .

5.6 Final Thoughts

Cayley graphsanddigraphsareaveryelegantfamily of graphs.By demandingaspecificre-

lationshipbetweentheautomorphismsof thegroupandtheisomorphismsof Cayley graphs

on the group,we have beenableto developa nice way to enumeratethe non-isomorphic

Cayley graphsof a given order for certainCI-groups. As moregroupsare identifiedas

CI-groups,this methodcanberevisitedasa methodof enumeration.Sincecurrentlymost

energy in theCI-groupproblemis directedat productsof cyclic groups,a betterform for

Í¬��	�
�.�³�����0�%� 9� � would producemoresatisfyingenumerationresults.For every casethat

Pólya’s EnumerationTheoremis used,it may be worthwhile to investigateotherusesof

thecycle index apartfrom straightenumeration.For example,onecouldcountthenumber

of distinct edgecolouringsusing Á coloursby substitutingÁ,�~6 for each� � in the cycle

index. A different, thoughlikely interesting,epilogueto theseresultsherewould be the

computationof asymptotics.Of particularinterestmaybe to determinethepercentageof

circulantswhichareunit circulants.
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